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Becryn

KBaHTOBOMeXaHiYHi ABUILA

KBaHTOBa MexaHiKa € 3arajJibHO0 Teopi€to. K yABASETHCS, Il MOKHA 3aCTOCY-
BaTH |0 BCbOTO Ha CBIiTi — BiJi aTOMIB Ta MOJIEKYJ [0 3ipOK i rajakTuk. [Ipo-
Te 3 NPUPOJHUX NMPUYMH HANOINbIINI iHTepec BUKJIUKAIOTh Ti ABULIA, 1110 €
HaWBU3HAYHIIIMMMU /11 KBAHTOBOI MEXaHiKH i CBOT0 Yyacy nNpyU3BeJiy Ao ii Bij-
KpPUTTs. 3aMicTb IepenoBijlaTH iCTOPUYHHUM PO3BUTOK KBAaHTOBOI MeXaHiKH,
PO 1[0 MOKHA IPOYMUTATHU B 6araTboxX KHMKKaX', IPOITIOCTPYEMO KBAHTOBI
SIBUILIA ¥ TPbOX iXHIX XapaKTepHHUX MposiBax — duckpemHocmi, dugpakyii Ta
KozepeHmHocmi. Byjie n1oBYa/IbHO NOPIBHATHU OPUTiHAJNBHI JOCIIAH, 10 IPU-
3BeJIM [|0 HOBHUX BiZJKPUTTIB, 3 IX Bi;TBOPEHHAM 3a JONIOMOr0K0 Cy4YaCHUX Te-
XHOJIOTiM.

3 sBUILA duckpemHocmi ocTaja caMa Ha3Ba KBaHTOBOI MexaHiku. [leB-
Hi AMHaMi4YHi 3MiHHi MOT/IM HabyBaTH JiM1le AUCKPETHOI0, KBAHTOBAHOI'O Ha-
60py 3HaYeHb y LIJIKOBUTIN CynepeyHOoCTi /1o nepeabayeHb KJIaCUYHOI Mexa-
Hiku. [lepiie npsiMe cBifYeHHSI JUCKPETHOCTI aTOMHUX PiBHIB eHepril 6yJsio
otpuMaHo ®Ppankomilepuomy 1914 pori. BixHboMy ekcliepuMeHTi eeKTpoO-
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Puc. 1. Cuna cTpyMy depe3 TpyOKy 3i pTYTHOIO TapoIo0 B 3a/IEXKHOCTI BiJf HAIIpyTH, 3a
Janumu @pankailepua (1914).

! luBiThbCsa, HanpuKIaz, Aiic6epr i Pesnik [56] /14 moYaTKOBOro 3HAHOMCTBA, a60 [xxamep [95]
JJ1s1 IOaJIbIIOT0 BUBYEHHS L.
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HHU, BUNIYILlEeH] pO3:KapeHUM KaTOoZ,0M, IPOXOAUJIU Yepe3 HAllOBHEHY PTYTHOO
napow TPyOKY [0 aHOAA MiJ Ji€0 30BHIIIHbOI pi3HULi moTeHIianiB. 3aje-
JKHICTB CTPYMY BiJj HAlIpYTH, IK [I0Ka3aHo Ha Puc. 1, He € MOHOTOHHO1O, a Ma€
cepito mikiB 3 nepioanyHicTIO 4,9 BoJIbTIB. Tenep HaM BiJloMo, 1110 1ie eHepris,
HeoOXiZiHa [/l mepeBeleHHS aTOMa PTYTi B eplInii 36y xeHuH ctaH. Kou
Hanpyra CTa€ J0CTaTHbOIO [JIsl TOTO, 11006 eJIeKTPOH HabyB KiHETUYHOI eHep-
rii 4,9 eB, BiH npu 3iTKHEHHI 3 aTOMOM nepefa€ KoMy cBo eHepriro. Kosn Ha-
npyra nepeBumye 4,9 B 6i/1b111 HiXK yABidi, e/IeKTPOH Ha LJISXY 10 aHO/Ia MOXKe
30y/AUTH JIBA aTOMH PTYTIi, 0 ¥ MOSICHIOE MOC/TiZ0OBHICTH MiKiB Ha Puc. 1.
YTiMm, 1i nmiky gyxe MUPOKi, TOMy He MOXKYTb He3allepeyHo CBIJYUTH PO
HaABHICTb YUCTO JUCKPETHUX eHepreTUYHUX PiBHIB y aToMi. | cupasni, Ak-
6u He OyJIO iHIIMX, IEPEKOHIUBIIINX A0Ka3iB, CKENTUK MaB 6U BCi mificTaBu
CYMHIBaTHCh Y BUCHOBKAX i3 Liboro gocaify. [[poTe 3apas icCHye MOXJIUBICTB,
NOEAHABIIH JIa3epHe 30y KeHHs Ta GibTpyBaHHS Yepes eJIeKTPUUHE MOJIe,
YTBOPIOBATH MYYKH, 1[0 CKJAAAIOTHCA 3 aTOMIB y 0JJHAKOBOMY KBAaHTOBOMY
ctaHi. Ha Puc. 2 HaBezieHO pe3yJsibTaTH, oTpuMaHi KoxoM Ta cniBpo6iTHHKA-
mu (1988), y AKUX 4iTKO PO3/i/I€eHO CTAHU BOJHIO 3 TOJIOBHUMHU KBAHTOBUMU
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Puc. 2.TocTpi niku Ha rpadiky BiANOBiAal0Th pi3HUM 36y/?>KEHUM CTaHAM aTOMapHOT0
BozHIO [nepeapyk 3 Koch et al., Physica Scripta T 26, 51 (1988)].

YyucaaMu Biin = 63 fjon = 72. AnpUCYyTHICTb ApiOHINIUM MiKiB MOSICHIOETHCS
THUM, 110 JJIs KOXKHOT'0 N icCHy€e 6araTo miJicTaHiB, BUPO/PKEHUX 32 BiZICYyTHOCTI
eJIEKTPUYHOTO M0JIsl; HaliBMpasHille iX BUAHO NpU 3HaYeHHi n = 67. Pery-
JIIOIOYHU B [IbOMY AOCJiJiI 4aCTOTY Jia3epa i HallPYy»KeHIiCThb I10J15, MOXXHa pO3-
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AIJIMTHU Pi3Hi aTOMHI CTaHHY, a BiATaK YTBOPUTHU OKpeMi NyYKH aTOMIB BOJHIO
3 IEBHUMH 33/laHUMU KBAHTOBUMH 4HMCJIaMU. Tenep AUCKPETHICTb aTOMHUX
PiBHIB eHepril He BUK/IMKAE }KOAHUX CYMHIBIB.

54 B

Puc. 3. 3asiexHiCcTb IHTEHCUBHOCTI pO3CisiIHHSA €JIeKTPOHIB BiJ MOJISIPHOTO KyTa B Jj0-
caigax Jeeicona i ['epmepa (1927) CBiYUTE PO HASABHICTh AUpaKIii.

ABuime nudpaxuii, AKke HalyacTille CIOCTePiEThCA Ha MPHUKJAAI CBITJA,
3arajioM xapakTepHe AJs 6yAb-sKOTr0 XBUJIbOBOTro mpolecy. BoHo BUHUKaE
BHACJ/IJ0K TOTO, 1[0 [TOBHA aMILIITY/a XBUJII € CYMOIO aMILIITy[, 4aCTKOBUX
XBWJIb, IKI IPUXOAATh A0 MicClifd NIpU3HAYeHHSA Pi3HUMU LIAXaMu. AKuio 1i
XBUJIi 36iraroThbes y ¢asi, To ixHi aMIIITy AU 10alI0ThCsl, YTBOPIOIOYH MaKCH-
MyM CyMapHOI iHTEHCHUBHOCTI; a fIKILO NPUXOAATDb Y nNpoTudasi, To B3aEM-
HO raciTh OJIHA OJIHY, i B pe3y/IbTaTi 3'ABJSETHCA MiHIMyM iHTEHCHBHOCTI.
YV 1927 poui JleBicoH i [epMep, BUXOAAYH 3 TEOPETHYHOTO NpUnyieHHs Jyi
Jie Bpoiisis npo XBUJIbOBY NPUPOAY YACTOK, IPOJEeMOHCTPYyBaJIu BUHUKHEHHS
Audpakuil npy po3cigHHI eJIeKTPOHIB Ha MOBEpXHi KpUcTaly Hikenrw. [Jedaki
ixHi faHi HaBeeHo Ha Puc. 3, i npucyTHicTh niky npu KyTi 50° cTana jokazoM
eJIeKTpOHHOI Audpakiil. Yepes ecATh POKiB MiC/I OMUCAHOTO eKCIIepUMeH-
Ty JleBicoH oTpumMaB HobeniBcbky npeMito 3 ¢pizvku. CborofHi, Maro4yu B po3-
MOPAJPKEHI JOCKOHAJIIIII TeXHOJIOr'(], HABITh CTYJE€HT JIETKO OTPUMA€E KapTUHY
eJIEKTpPOHHOI udpakliii, sKka MaTUMe HabaraTo BUINY SIKiCTb HDXK Ti pe3yJib-
TaTHy, o B 1937 pori 6ysu BijaHaueHi HobemiBcbKo0 npeMiern. 3o6pakeHa
Ha Ha Puc. 4 esnekTpoHorpaMa rpadiToBOro Kprcrasay 6yJa oTpyuMaHa mij 4ac
3BUYaliHOI JJabopaTopHOI po60oTH B YHiBepcuTeTi CaliMoHa Ppelizepa. ['ekca-
roHaJ/IbHe pO3TalllyBaHHS CBITJ/IMX IJISIM BifioBiae AU pakIitHOMY po3CisiH-
HIO BiJi pi3HUX KPUCTANIYHUX [JIOLUH.
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Puc. 4. ludpaxuis 10eB enextponiB yepe3s rpadiToBy osbry; JaHi OTpUMaHO B CTY-
JIeHTCbKOMY J1abopaTOPHOMY eKcllepUMeHTI. Jlesiki MJIsIMUA ThMsIHI, OCKiIbKU $oJsIbra
MiCTUTB 6araTo KpUCTaJiYHUX GJIOKIB, IPOTe reKcaroHaJbHa CUMeTpis 306parkeHHsA
O4YeBH/IHA.

Judpakiiis He € AKOIOCh YHiIKaJbHOI BJAACTUBICTIO CAaMUX JIMIIIE EJIEKTPO-
HiB. Tak caMo ii 3a3HalOTh yci iHIIi eJleMeHTapHi YaCTKU ¥ yTBOPeHi 3 HUX Mi-
KpOCKOIIiYHi 06’'€KTH — aTOMHU Ta MoJieKyu. lle yHiBepcasbHe sBUlE, SIKe
MU JleTaJIbHillle 06ToBOpHUMO B Po3zisi 5. CBOro yacy BiIKpUTTS eJIeKTPOH-
Hoi Audpakiii BUKJIUKAJI0 BEJUKY pO3rybJ/eHiCTh cepe/i HayKOBOIO 3arasny;
BCi 3aiaBa/ucs MMTAHHAM, HEeBXe YaCTKHU CIIPaB/ii € XBUJIAMU | 4K 1ie IIOACHHU-
TU. PaHHi gocaigu 3 fudpakiii He faBasiM MOXKJIMBOCTI BUSIBUTU OKpeMi eJie-
KTPOHH, Ha poTorpadivyHux miaiBkax GikCyBaBCs JIUIIE Pe3YJbTaT PO3CITHHS
BeJIMKOI KiJIbKOCTi 4aCTOK. YHacAiAoK nboro chopMyBanacsa AyMKa, 110 Kop-
MYCKYJIAPHI Ta XBUJILOBI BJIACTUBOCTI B3aEMHO HECyMicCHi, ab0 KoMNn/iemeH-
mapHi (To6TO, JONOBHIOBAHI), B TOMY PO3YMiHHi, 1110 AJ15 IX ClIOCTepeKeHHs
noTpi6Hi pi3Hi BuMiptoBasibHi npuctpoi. OfHaK 1e NpUNyleHHs 6yJ0 Julle
HeBJAJIMM y3arajJbHEHHSAM TOJILIHIX TeXHIYHUX 06MexeHb. Tenep icHye Mo-
YJIUBICTb BUSBJSITA OKPEMI €JIEKTPOHU U OTpUMaTH AUPaKLilHY KAapTUHY,
SIK CTATUCTUYHUU PO3MOJiJ APIOHUX LSATOK, 3a/JMLIEHUX KOKHUM i3 Hux (To-
HoMypa [180]).

Y kjacu4Hift onTUIl Ko2epeHMHIcMb 03HAYa€E MOCTiIMHY B Yaci pi3HUIIO
¢das, sk Heo6XiAHY YMOBY BUHUKHEHHS iHTepdepeH1il. ¥ kBaHTOBi# Teopil
MOHSATTS KOTEPEHTHOCTI TaK0X BiJiCUJIa€ HAC A0 MOCTiliHOCTI a3, ane Bxe B
y3arajibHeHi popwmi, 6e3 6y/1b-SIKUX aHAJIOTH 3 XBUJILOBUMHU MpoljecaMu. 3a
BeJIMKHUM PaxyHKOM, KO2epeHMHA Cyleplo3nLiis KBaHTOBUX CTaHIB MOe Ma-
TH BJIACTUBOCTI, 1110 SAKICHO BiZjpi3HATUMYTbCS BiJ NOEJHAHHS BJAaCTUBOCTEN
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CKJ1aJl0BUX CTaHiB. Hanpuk/az, cTaH HeUTpoHa 3i ClIiHOM, OpiEHTOBaHUM y Ha-
NPSMKY +X, MOXKHa BUpa3uTHu (y NO3HAYEHHSX, 1[0 iX MU JIeTaJbHO PO3TJIsIHe-
MO B HACTYITHUX PO3Aiaax), AK KOTePEHTHY CYMy CTaHiB 3 noJigpusaliemn +z i
—z:|+x) = (| +2) + | — 2))/V2. AHasOr'iYHO, CTaH 3 NOJIAPH3AL€I0 +2Z MOXKHA
BMPA3UTH Yepe3 CTaHM, IOJAPHU30BaHi B3ZoBX oci x: |[+2) = (|+x)+|—x))/V2.

ExcnepuMeHTa/IbHY peaJiizanito [ux GopMasbHUX CIiBBiAHOLIEHb POJe-
MOHCTpPOBaHO Ha Puc. 5. Y yactuHi (a) uboro pucyHka ny4oK HeUTpPOHIB, I0-
JIIPU30BaHUX Y HANPSAMKY +X, NOTPAILIsSE€ HA TPUIaJ, IKAHM NPONyCKae Kpi3b
cebe yacTKH 3i ClliHOM, 30piEHTOBAHUM y +2, i Bii6UBaE Ti, YU CITiH 30pi€EHTO-
BaHO y —z. Takum ¢isibTpOM MOKe 6y TH CHJIbHE MAarHITHE MOJIe, CIPSIMOBaHE
B3/,0B:X oci z. EHeprisa marniTHoro MomeHTy B noJii, —B - W, Ai€ 9K noTeHLiliHa
siMa Ji/1g ofiHi€l criHOBOI opieHTal{l i IK HENPOHUKHUN NOTEHLiHHUHN 6ap’ep
Juis iHwoi. EpeKTUBHICTD LIbOTO IPUCTPOIO B po3AiJeHHi +2z i —z nonspusanii
MO3Ke Oy TH MiATBEp/KeHa 3 JOIIOMOT 00 IeTEKTOPA, 1110 BUMIPIOE Z-CKJIaJl0BY
CIiHy HEUTpOHa.

(b)

Puc. 5. (a) Po3uensieHHs +X MoJIIpU30BaHOr0 My4YKa HEUTPOHIB HA +Z 1 —z KoMIO-
HeHTH; (b) KorepeHTHa peKoM6GiHaNLis LUX JBOX KOMIIOHEHTIB; (C) po3lieneHHs 10-
JISPU30BaHOI0 My4YKa Ha +X i —X KOMIOHEHTH.

Y yactuHi (b) 06uABa NyYyKH 3HOBY 00’€JHYIOTbCS B OJUH, IKUH IPOXO-
JUTh Yepe3 NPUCTPiil A A/ po3lleNieHHs Ha +x i —x cniHoBi mosisipu3a-
nii. k1o Take 06’€IHAHHS KO2epeHmMHe i He BHOCUTD 3CyBY 10 pa3i Mixk JBoMa
ny4YKaMH, TO 6y/e BiITBOPEHO CTaH |+ x), i B KiHLeBUX JleTeKTOpax 6y/ie BUSB-
JieHo Jjiule +x noJsspusalir. B yactuHi () ny4yok | — z) 3a6J10K0BaHO, TOMY
Ha IPUCTPIN A/ Po3LiellJIeHHSI MOTPaIIsi€ JUIle Ny4oK | + z). A oCKibKH
| +2) = (| +x)+ | —x))/V2, ueit ny4ox po3zinaeTbca Ha +X i —X KOMIIOHEHTH.

[ xoua ekcriepuMeHT Ha Puc. 5 € ijeaniizoBaHUM, KOXKHa HOT0 YaCTHHA I[iJI-
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KOM 37iicHeHHa. PaKTHUYHO, 6JU3bKI 3a 3MiCTOM J,0CaiAM 6YyJI0 NIPpOBEJEHO Ha
MPaKTUL.

Y ubomy BCTyIi MU KOPOTKO PO3TJISHYJIU KiJIbKa XapaKTEpPHHUX ABUIL, i3 1a-
PUHU KBaHTOBOI pi3ukH. JIUCKPETHICTDb iCTOTHO Biipi3HAETHCSA B BJ1acTUBOI
KJIaCUYHiN MexaHini HerepepBHOCTI. ludpaxuiiiHe po3cisiHHA NY4YKiB 4aCTOK
Ma€ CTPOTY aHaJIOT'i10 3 KJIAaCUYHOI0 XBUJIbOBOIO TEOPIEL0, aJle M TYT NPUCYTHIN
eJIeMEeHT JJUCKPETHOCTI: AudpaKIiiiHa KAPTHUHA, AKY MU CIIOCTEPIraEMo B I[bO-
My BUIIaKy, HACMpaB/i sIBJIsi€ CO6010 CTATUCTUYHUN PO3MOAIA OKPEMUX Ya-
CTOK. MOJIUBICTb 00’€/JHyBaTH KBAHTOBI CTAHU B KOTePEHTHI cynepno3uiii,
1110 SIKiCHO BiJIpi3HSIOThCSA Bij| IXHIX CKJIa0BUX, 1le, MOXKJIMBO, HAaUBiAMiHHi1IIa
0CO6JIMBICTh KBAHTOBOI MeXaHiKH; BOHA 3alPOBA/[P)KYE HOBUH, HEKJIACUIHU I
eJleMeHT HellepepBHOCTI. | 3a/jaya KBaHTOBOI Teopii moJisArae B ToMy, 11106 C/1y-
KUTH HaJiWHUM OiATIPYHTSM /15 NOSICHEHHS BCIX LUX SIBUIL,



Po3pia 1

MaTeMmaTH4Hi nepeayMOBH

[leBHi MaTeMaTHU4Hi TEMU BaXKJIMBi AJid KBAHTOBOI MeXaHiKU He JiUlle [AJis
NpoOBe/leHHsI 06YUC/IEHD, @ 1lle i TOMY, 110 BOHU yTBOPIOIThL HaJ3BUYaHHO
epeKTUBHY MOBY, 3 JIONIOMOI0I0 sIKOi MOXXHa cHopMyJ/itoBaTH ii TEOpeTUUHI
3acagu. [lo Takux TeM HaJjleXaTb Teopisl JIiHIMHUX BEKTOPHUX NPOCTOPIB Ta
JIIHINHUX onepaTopiB y HUX i Teopisd HMoOBipHOCTI. 3B’130K Mi>k KBAHTOBOIO
MeXxaHiKor U JiHIHOI0 aNre6po0 BUHUK, IK O4YEBUIHUN MOGIYHUN MPOSYKT
Ji"ifHOI npupoau piBHAHHA llpoauHrepa. [Ipote HeBAOB3I Teopito 6yJ10 y3a-
rajibHeHO 3a Mexi ii nepBiCHUX eJleMeHTapHUX 3aca/l, y Hill 3’IBUIMCh abCcTpa-
KTHIi ,XBWJIbOBi QyHKI{I“ B 3N-BuMipHOMY npocTopi KoHirypauii N 4acTok,
a BifiTak 6y/iv 3apoBa/>KeH] AUCKpeTHI BHYTPillIHI cTeneHi cBo60o/ 1, Ha 3pa-
30K CIIiHY, 110 Be He MaJIu KOJHOI'0 CTOCYHKY 10 XBHUJIbOBOIO pyxy. CIijib-
HOIO JIJ14 BCiX IIUX PiI3HUX BUNIAKiB MaTEMAaTUYHOIO CTPYKTYPOIO € Teopid Jii-
HiIHUX OllepaTOpiB Ha BEKTOPHOMY IpocTopi. YHipikoBaHa Teopisi, 6a3oBaHa
Ha I[iil CTPYKTYpi, Biiepiiie 6yJsa 3anponoHoBaHa Il. A. M. Jlipakowm, i dopmytio-
BaHH4, 1110 BUKOPUCTOBYIKOTbCS B LIl KHU3Ii, Ha 3araJl € MOJlepHi30BaHUM Ba-
piaHTOM JiipakoBoro ¢popmasismy.

Te, 1110 KBaHTOBa MeXaHika He JJa€ CTPOro JleTepMiHOBaHUX NepeibadyeHb,
a WBH/LIEe MaHINy/J10€ KMOBIPHOCTAMHU Pi3HUX aJlbTEPHATUBHUX MOXKJIUBUX
noJiK, 6y/10 3’sicoBaHO Ille Ha paHHIX eTamax PoO3BUTKY Teopil, 1 0cob6JMBO
3HayHa B IjboMy 3aciayra Makca bopna. Cy4acHi 3acTocyBaHHs Aefaji 6ib-
1le 3a1yTYIOThCA B KOpeaaLiHUX QYHKIiAX | HEeTpUBiaJlbHUX CTaTUCTUYHUX
posnofinax (Ha/TO X y KBAHTOBiM ONTHIlI), TOMY BUHUKAE MOTpeda y I'PyH-
TOBHOMY 3’sICYyBaHHi CTOCYHKIB Mi>k KBAHTOBOIO TEOPi€l0 Ta Teopi€eo UMOBIip-
HOCTI.

@®i3MyHUU pO3rJiSa] KBAHTOBOI MEXaHIKU IOYUHAETHCA B Po3aii 2, i maTe-
MaTHUYHO MiITOTOBJEHHUHN YU TAaY MOKe BiJpa3y NepexoAUTH A0 HbOTO. A TIpo-
Te, IOTOYHUHN PO3/iJ BaXX/JIMBUU He JIMILE 3 OTJIAAY Ha HaBeJleHI B HbOMY pe-
3yJIbTaTH; 3alIpOBa/»KeHi B HbOMY MOHATTS Ta caMa Horo JioriuHa cTpyKTypa
MaTUMYTh BEJMKH BIUIMB Ha MOJAAAbIINN BUKI[ pisudHoi Teopii, ToMy MU
paauau 6 yuTady 60/al mob6i>kHO 03HAMOMUTHUCS 3 HOr0 3MiCcTOM, MepII HiX
NepexoAyTH 10 HAaCTYIHOTO.
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§1.1. JliHiHHUHA BEeKTOPHMUM NPOCTIp

JliHiliHutll BekmopHuUll npocmip 1le MHO>XKHHA eJIEMEHTIB, 1110 HA3UBAOTHCS Be-
KTOpaMH, sKa € 3aMKHEHOI0 Bi[HOCHO onepaliii jojaBaHHs Ta MHOXKeHHS Ha
ckassapu. To6To, sikio ¢ i P € BekTopamu, To ad + by TakokK € BEKTOPOM JJIs
OyAb-sIKO1 JOBIJIbHOI Napy CKaJIAPIB a i b. K10 ckaisspy HaJeXKaTh A0 MOJIS
KOMILJIEKCHUX (JiMCHUX) YUCeJ, TO MU KaKeMO MPO KOMIJIEKCHUM (JicHUI)
JIiHINHUM BeKTOpPHUM npocTip. Hagani ckansapu 6yAyTh KOMIIJIEKCHUMH YHd-
CJ1aMJ, K10 OKpeMO He 3a3Ha4eHO IPOTUJIeKHe.

Cepep 6araTbOX NPUKJIAAIB JIIHINHUX BEKTOPHHUX [IPOCTOPIB € ABa KJIacH,
1110 CTAHOBJISAITH 0COOJIMBUM iHTEpeC:

(i) JuckpemHni sekmopu, o0 MOXYTb OYTH NpeJCTABJIEHUMH, SIK CTOBIILI
KOMIIJIEKCHUX YHCeJ,

a
az

(ii) Ilpocmip pyHkyiii TIEBHOTO THUIy, HAPUKJIAJ, IPOCTIp ycix qudepeHii-
1oBaHUX QYHKILIH.

Mo2xHa JierKo nepeKoHaTHCs, 10 L NPUKJIaLU 3a40BOJBHATL 03HAYEHHIO
JIIHIHHOTO IPOCTOPY.

Ha6ip BekTOpiB {¢,,} Ha3UBAETLCA NIHITUHO HE3ANEHCHUM, SIKILO He iCHYE
»KO/IHOI X HeTpUBia/IbHOI JiHiHHOI KOMGiHallii, ika 6 yTBOpIOBaJa HYJIbOBUH
BeKTOD. [HaKIIe KaxKy4uH, PiBHICTb ), cnd,, = 0 BUKOHYEThCS JIUIIIE 33 YMO-
BHY, 1110 ¢, = 0 A/ Bcix n. AKuio 1st yMoBa He JOTPUMaHa, Habip BEKTOpPiB Ha-
3UBAETHCA JIHIUHO 3a/1e}CHUM, 1 B IbOMY Pa3i KOXKeH BEKTOP 3 TaKOTro Habopy
MOXXHa BUPa3UTH yepe3 JiHilHY KoMObiHallito iHIIuX BeKTOpiB (1meBHa piy, 3a
YMOBH, 110 BiH BXOLUTb A0 PiBHAHHA En cn®, = 0 3 HeHy/1bOBUM Koedini-
€HTOM).

Hai6inbia KifbKicThb JIIHIHHO HeaJIeXXHUX BEKTOPIB y MPOCTOpPi HAa3UBaE-
ThCSl PO3MIPHICMIO 1IBOT'0 MIPOCTOPY. A MaKCUMaJIbHUW Habip JiHiliHO He3aJle-
»KHUX BEKTOPiB yTBOPIOE 6a3uc npoctopy. KoxeH BeKTOP i3 1ibOoro npocropy
MO>XHa BUPA3UTHU yepe3 JiHiliHy KOMOiHallit0 6a3UCHUX BEKTOPIB.

BHympiwniti do6ymok (a6o cKkaJsipHU# JOGYTOK) CTaBUTh Y BiJIIOBiAHICTD
KO>KHiM BeKTOpHil napi (P, ¢) neBHUM ckasigp. BHyTpiliHii 06y TOK Ma€ Bij-
MOBiJJaTU HACTYIIHUM YMOBaM:
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(@) (P, d) = koMIIEKCHE YUCJIO,

ORCAYEICAON
© (d,c1yy +cay,y) = ca(d,Yy) + c2(d, Uy),

(d) (b,d) = 0, 110 nEpeTBOPIOETHCS HA PiBHICTb ¥ TOMY i JiMille B TOMY BHU-
najaxy, koau ¢ = 0.

I3 (b) i (c) BUMIMBaE, 1110

(c1Wy + 2y, d) = 1 (Wg, D) + 3 (W, D).

OT>Ke, MU MOXXeMO CKa3aTH, 1[0 BHYTPIlIHINA A06YTOK € JiHIHHUM 3a ApyrUM
apryMeHTOM i aHTUJiHIHHKUM — 3a MepUIKUM.

Jlig Hanmyx nomnepejHix NPUKJIAAIB JiHIHHUX IPOCTOPiB MU MOXEMO 3a-
NPOBaAUTHU TaKi BHYTPIiLlIHI JOOYTKH:

(i) Akwo P € cToBNLIEM BEKTOPIB 3 eJlIeMeHTaMU a4, dy, ..., a ¢ MA€E eJleMeH-
TH b1, by, ..., TO
(llJ, (I)) = a’{bl + a;bz + ...

(ii) Axmo P i ¢ € PyHkuiel AificHOI 3MiHHOI X, TO
W) = [ ¥ @eCoweId

Zie w(x) Aesika HeBiZ eMHa BaroBa QyHKILis.

BHyTpilHii A06YTOK y3araJbHIOE MOHATTS JOBXHHU Ta KyTa Ha AOBUIbHI
npocTtopu. Ko 106y TOK JBOX BEKTOPIB J0PiBHIOE HYJII0, BOHU HA3UBAIOThCS
0pMOT'OHANbHUMU.
Hopma (abo [0B:XHHA) BeKTOpa 03Ha4yaeThcd, K ||d]| = (P, ¢)1/2. A
BHYTPILIHBOTO JJOOYTKY Ta HOPMH BUKOHYIOThCS /IBi BAXK/IMBi TeOpeMHU:
HepisHnicmsb llsapuya:

|, I < (W, ¥)(P, ). (1.1)
HepisHicmb mpukymHuka:
W+ Ol < NIl + llll. (1.2)

B 060x Bulajikax piBHICTb BUKOHYETbHCA JIMLIE 32 YMOBH, 1110 BEKTOPH BiJpi-
3HSIIOTHCS OJIMH BiJl 0/THOTO HAa MEBHUH CKAJIIPHUN MHOXXHHUK, TOOTO Y = c.
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151 3HakKy piBHOCTI B (1.2) HE06XiAHO TaKOX, 11106 ¢ 6yJ10 AINCHUM i TO3UTHUB-
HUM.

Ha6ip BekTopiB {¢;} MM Ha3UBaEMO OPMOHOPMOBAHUM, IKILLO BCi BOHU T10-
MapHO OPTOroHaJbHI i MalOTh OIMHUYHY HOPMY; TOGTO IXHil BHYTpillHIN f0-
6y TOK 3aJ0BOJIbHSAE yMOBI (;, ;) = 8ij.

151 KO>KHOTO0 JIIHIHHOTO BEKTOPHOT0 NpocTopy V icHye BiAMOBIAHUY O-
My cnpsiceHuli npocmip aiHitiHUX pyHkyionanie Ha V. JliHiiHUE QyHKIioHAT
F npu3Havyae KO>KHOMY BEKTOPOBi ¢ ckasspHy BeJuduHy F(d), Taky, 1m0

F(ad + by) = aF(¢) + bF(P), (1.3)

JJUIs1 Oy ib-sIKMX BeKTOpiB ¢ 1 P Ta AOBibHUX CKaApiB a i b. MHOXUHY BCixX
JiHiAHUX QyHKIiOHAIB HA pocTopi V MoXKHa po3riasa/aTy, ik CaMOCTiHHUI
JiHiIMHUE npocTip V', 03HaYMBIIM B HBOMY CyMY JIiHIHHUX GyHKI[iOHATIB:

(F1+ F2)(9) = F1(d) + F2 (). (1.4)

Teopema Pica. [cHye Taka B3aEMHO 0JHO3Ha4yHa BiANOBIAHICTb MiX JIiHIHHU-
MU pyHKLioHasmamMu y V' i BekTopaMu y V, 10 41 KOKHOTO GpyHKioHana F €
BEKTOpP f, AKWH 33/]0BOJILHSIE PIBHOCTI

F() = (f, ) (1.5)

JJIS1 I0BiJIbHOTO BeKTopa . TakuM 4rHoM, npoctopu V i V/ ictroTHo i30Mop-
¢Hi. Hapasi Mu joBeieMo 110 TeopeMy, irHOPYIOUYM NUTAHHS 361KHOCTI, AKi
BUHUKAIOTb IIPU PO3IJ/A/i HeCKIHUeHHOBUMIipHUX NpocTopiB. (I3 nuMu nura-
HHSIMHU MU po36epemocs B § 1.4.)

JosedenHsi. O4ueBUAHO, 1110 OYAb-IKUM BeKTOp f y V mopomxye AiHiiHUMN QyH-
kiioHasn 3a ¢opmyJioro (1.5). Toxk MU MaeEMO JiHIlle JJOBECTH, 1[0 AOBIIbHUI
JIiHIMHUE QyHKIioHaN F yTBOPIOE BEKTOp f, 110 3a/10BOJIbHSE piBHOCTI (1.5).
Hexali {¢,,} € opToHOpMOBaHUM 6a3ucoM y V (TOOGTO A/l HUX BUKOHYETbCSH
ymoBa (¢, d,,) = Onm I He iCHy€e KOJHOTO HEHY/JbOBOIO BEKTOpPA, OPTO-
I'OHaJIBHOI'O [0 HUX ycix). Po3kyafeMo 3a UM 6a3ucoM [OBIIbHUM BEKTOp

Y= >, xp,. Toxis (1.3) maemo:

FO) =Y xaF(§y)-

Jlani yTBOpHMO BEKTOP

f=> _[F@)] by

n
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Horo BHyTpilIHiK 106y TOK i3 0BiIbHUM BEKTOPOM I €

(F0) =D F(dp)xn = F(f),
110 ¥ BUMarasiocd JOBECTH.

JipakoBi 6pa- i KeT-BeKTOpH

Y KBaHTOBIN MeXaHilli IIMPOKO BXXKMUBAKThCS MO3HAYEHHS, 3anpoBakeHi /li-
pakoM, BiAMOBIZHO [10 IKUX BEKTOP y NPOCTOpi V Ha3MBAETHCS KET-BEKTOPOM
i 3anucyeTbes, 9K | ), a NiHIMHKME pyHKLIOHAN y cripsxkeHoMy npocTopi V'’ Ha-
3MBaETbCS O6pa-BekTOpoM i nuuethbest (F|. YucioBe 3HaueHHs GyHKLioHaMa
3aMUCYEThCH, AK

F($) = (F|d). (1.6)

3rigHo 3 TeopeMoto Pica, icHye B3a€EMHO 0JlHO3HA4YHA BiAOBIAHITE MiXK Gpa-
i keT-BekTOpaMHu. OTKe, MU MOXKEMO BUKOPUCTOBYBAaTU TOM caMuil andasi-
THUI cUMBOJI i 11 GyHKIioHasa B mpocTtopi V', i asis BignosigHoro oMy Be-
KTopa B npoctopi V. 3asexxHo BiJ no3HadeHHs, (F| a6o |F), 6yae 3po3yMiJo,
npo sk nmpocTip ife MoBa. Bupas (1.5) MoxHa 3anucaTu B TAKOMY BUTJISI:

(Fld) = (F, ), (1.7)

Jie |F) e BeKTOpOM, IKMH MU paHillle Mo3HavYaau yepe3 f. 3a3HaYMMO, O/IHAK,
10 TeopeMa Pica BcTaHOBJIOE aHTUJIHIAHY BiAnoBigHiCTL MiX Opa- i KeT-
BekTopamu. fkio (F| & |F), To

c1{F| + c3(F| © c1]F) + c2|F). (1.8)

Y cuny cniBBifgHoweHHs (1.7), Bupas (F|$) MoxxHa po3r/isiAaTH IPOCTO K
IHaKIIMM 3anuc /1 BHYTPIIIHbOTO J0OYTKY. [I[poTe B NeBHUX cCUTYyalisIX Bap-
TO MaM’ATAaTH, [0 MOYATKOBO Gpa-BEKTOPH OYJIO 3aNPOBA/KEHO, K JIiHiNHI
dyHKIiOHA/M HAa TPOCTOPi KET-BEKTOPIB.

[[ Y cBoiii opurinaibHii npesenTauii Jlipak npunycmues icHyBaHHS B3a€EMHO OJJHO3Ha-
YyHOI BiZmoBigHOCTI Mixk 6pa- i KeT-BeKTOpaMH, NPOTe He 6YyJI0 10 KiHLs 3po3yMiso,
yH 1e € pisuyHe NpUNyLleHHS, YU CyTO MaTeMaTU4He. Teopema Pica 3acBiguuia, 1o
KOJHI IpUNYIIeHHA TYT He NOTPi6HI, Ta ¥ HefopeyHi. 3rooM NepeJ; HAMHU MOCTa-
He HeoOXiZiHICTb PO3TJ/ITHYTH 3arajbHIIIKN KJIac npocTopiB (ocHalueHi riyib6epToBi
MPOCTOPH), AJIsI IKUX He iCHYEe B3a€EMHO OJIHO3HAYHOI BiINMOBiZHOCTI Mixk 6pa- i KeT-
BEKTOpaMH. ||
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§1.2. JliniAHi onepaTopu

OnepaTop Ha BEKTOPHOMY [IPOCTOPI NIepeBOAUTHL BEKTOPH Y BEKTOPH; IHaKIle
KaXKy4H, 9K1o0 A — onepartop, a Y — BeKTop, To ¢ = Ay TaK0XK € BEKTOPOM.
OnepaTop € NOBHICTIO BU3HAYEHUM, AKILO0 3a[laHO HOr0 Ji10 Ha BCi eJIeMeHTH
BEKTOPHOTO NpocTopy (abo Ha ejleMeHTH NEBHOIO MiJIPOCTOPY, Ae Horo Ais
Mae€ CeHc, i Tofi LieH MiIpOCTip HA3UBAETLCA 06.1ACMI0 8U3HAYEHHS OIlepaTo-
pa).

JlinitiHutll onepamop 3a10BOJILHSIE YMOBI

A(c1y + c2U;) = c1(APy) + c2(AY,). (1.9)

3 LbOr0 BUIIJIMBAE, 10 JIJ11 BUSHAYEHHS JIIHIMHOTr O onlepaTopa JO0CUTh 3a1aTH
Horo fito Ha Habip 6a3MCHUX BEKTOPIB, M0O3asK KOXKEH BEKTOP MOXKHA BUpa-
3WUTH Yepe3s JiHilHY ix koM6iHanit0. MU MaTUMeMO cpaBy JIULIE 3 TiHIHHUMU
omnepaTopaMu, TOMY HaJjaJli 6yZieMo BUNTYCKATH 3 IXHbOI Ha3BW 03HAYEHHS ,,JTi-
HilHI"

TBepmxeHHA Npo pigeHicmb ABOX onepaTopiB, A = B, o3Havae, mo Ay =
By ans ecix  (a TouHile, 151 BCix BEKTOPIB 3i ClisibHO1 06J1aCTi BUSHAYEHHS
A1iB; npoTe A CTUCIOCTi MU 3a3BUYal He OY/1eMO BJIaBaTHUCA B TaKi TOHKO-
mi). Toxk MU M0KeMO 1aTU 03HAUYEHHS CYMU Ta A,00YTKY OllepaTopiB, K

(A+ B)Y = Ay + By,
ABYy = A(BY),

Jle o6ujiBa CHiBBiAHOIIEHHS CIpaBe/JIuBi A Bcix Y. I3 nboro o3HayeH-
Hsl BUILJIMBAE, 1110 OTlepaTOpHe MHOXXeHHA 3 HeoOXIiAHICTIO € acoyiamugHuM:
A(BC) = (AB)C. IlpoTe BOHO He KOHYe Ma€ 6yTH KomymamusHuMm: AB B 3a-
raJlbHOMy BUIIQJIKy He JOpPiBHIOE BA.

Npuknaag (i). Y npocTopi AUCKpeTHUX BEKTOPIB, peACTaBJeHUX Y BUTJISAA]
CTOBIIIIB, JIHIHHUNA KOMyTaTOpP € KBaJ[paTHOW MaTpuien. PakTU4YHO, 6y Ab-
siKe orepaTopHe piBHAHHSA B N-BUMipHOMY npocTopi MoXKHa TpaHchopMyBa-
TH B MaTpU4He piBHAHHA. PO3r/IsiHEMO HalNpOCTillle 3 HUX:

M) = ). (1.10)

O6epemo [10BiIbHUI OpTOHOPMOBaHu# 6a3uc {|u;), i = 1...N}i poskiaaemo
B HbOMY BEKTOPHU:

W)= ajluj), [§) = brlux).
j k
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[TopigBuiu Ha (1.10) 6pa-BeKTOpPOM (U;|, OTPUMYEMO:

D (wilMluy) = (wilw)bi = by,
j k

10 Mae ¢opmy cuctemu 3 N JiHIHHUX PiBHSHB:

ZMijaj Zbi. (1.11)
J

Hab6ip M;; = (u;|M|u;) Binomui, ax mampuyuHuii enemenm onepatopa M. Ta-
KHUM YHHOM, Oy/ib-siKa 3aZjaya B N-BUMipHOMY JiHIHHOMY npocTopi, He3aJe-
KHO BiJ 11 IOXO/P)KEHHS, 3pElITO0 3BOAUTHCA 0 MATPUYHOI'O PiBHAHHA.

Taki >k dopManbHi BUKJIAZKH MOKHA NIPOPOOUTH i JIJisT HeCKiHUEeHHOBH-
MipHOTO BEKTOPHOTO MPOCTOPY, KO BiH Ma€ 3JiYeHHUH OPTOHOPMOBaHUM
6a3uc. Aste ToAi moctae npo6sieMa 361>KHOCTi HECKIHUEHHUX CYM, PO3TJIA IKO1
MU BifiK/1aJleMO Ha MaHlbyTHE.

Ipuknaag (ii). Onepatopu y npoctopi ¢yHKLiNA YacTO MAOTh BUTJISA], MOXi-
JHUX a60 iHTerpasiB. OnepaTopHa piBHICTh Ha 3pa30K

0

i)
x=14+x5
0x ox
MO>Ke BUJaTHCsl 6e3rJ1y3/1010, KOJIU 3a6yTH, 1[0 OllepaTOPH BU3HAYAIOThCS JIU-

1ie yepes iXHIO [1i10 Ha BeKTOpU. TOMy HaBeJileHWH BULlle IPUKJ/IAJ O3HAYAE

Ix )] LIJ(X)] lJJ( )

=y(x)+x——=  puadaBcix P(x).

Jloci My posrigaiu onepaTopu Juile 3a IXHbOI i€ Ha KeT-BEKTOPHU.
Takox MU M0OXKeMO 03HAYUTH iX 0i10 81180, Ha 6pa-BEKTOPH, K

(DlA) W) = (bl (Alp)) (1.12)

i Bcix ¢ 1. lle BUrasijae TpuBiaJbHUM y IipaKOBUX O3HAYEHHSX, | Taka
TPUBIAJILHICTD € 1le OJHUM CBiJYeHHAM Ha KOPUCTB IX NPAaKTUYHOTIO 3aCTO-
CyBaHHs. A IpoTe, HAM He 3aBaJIUThb JleTaJlbHillle JOCHIJUTU MaTeMaTUYHUU
3micT Bupasy (1.12).

3a o3HayeHHAM, 6pa-BeKTOPHU € JiHINHUMU yHKIiOHA/IaMHX Ha pocTopi
KeT-BEKTODIB, 1 0BiIbHUM 6pa-BeKTOp (| MOKHA 3aNUCaATH, K

Fo() = (d,°), (1.13)
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Ae ¢ € BEeKTOpOM, BiJTIOBIAHUM /10 F ¢, 3a TeopeMoto Pica, a kpanka BKasye Ha
Miclie /11 BEKTOPHOTO apr'yMeHTa. My M0xeMO 03Ha4YUTH it onepaTopa A
Ha NpocTip GyHKLiOHaJIB, 9K

AFy(U) = F(AY)  paa Beix Y(x). (1.14)

Jlerko nepeKoHaTHucs, 1o pasa yactuHa (1.14) 3a/10B0OJIbHSIE O3HAYEHHIO JIi-
HiltHOTO dyHKIiOHAJa 3 apryMeHTOM U (a He Jiulie 3 apryMeHTOM Ar), OTXKe,
BU3Ha4Ya€ HOBMH QyHKuioHan AFg. 3a Teopemolo Pica, Mae icHyBaTH Takui
KeT-BeKTOp X, A/ IKOTO

AF () = (6 1) = Fy(W). (1.15)

Ockinbku X EAMHUM YUMHOM BHU3HAYAETLCA 4Yepe3 (1) 3a nnocepegHUITBa A, TO
t

Ma€ iCHyBaTH TaKH ollepaTop A" moyx =A ¢. Tomy (1.15) MoxkHa 3anucaTy,
AK

AF gy = F a1y, (1.16)
I3 (1.14) Ta (1.15) maemo (¢, AY) = ()}, V), a oTxe,

(A"$,0) = (b, AY)  masBcix d i (1.17)

[le 3BMYaliHe 0O3HAYEHHS /1] AN — orepaTopa, cnpsixceHozo 10 A. Bes 14 He-
TpUBiaJIbHA MaTeMaTHKa HESIBHO IPUCYTHS y IpocToMy piBHsIHHI (1.12)!

CnpsbxeHuii onepaTop Mo)kHa GpopMaJibHO 03HAYMUTH dYepe3 AipakiB ¢pop-
MauizM: gk (¢ | i |p) € B3aemoBignoOBiHI 6pa- i KET-BEKTOPH, TO ((1>|AJr = (|
iA|}) = |w) Takok MalOTh 6YTH B3aEMOBIANOBIAHUMHU Opa- i KET-BEKTOPaAMH.
Buxozsayu 3 Toro, mo (w|P)* = (P|w), Maemo

(GIAT WY = (UlAlp)  ansBcix diP. (1.18)

lle cniBBigHOIIEeHHs ekBiBasieHTHe (1.17). Xo4ya neit dopmaibHUN MeTon, i
NpPOCTIlINH, HiX 3anmpoBa/pkeHHsA A depes TeopeMmy Pica, BiH, npoTe, He B 3M0-
3i J0BeCTH icCHyBaHHA onepaTtopa 4 .

Jeski eseMeHTapHI BJaCTHUBOCTI CHPSKEHOro ollepaTopa BUIJIMBAIOTH
6e3nocepeaHbO i3 camoro o3HavyeHHs (1.17):

(CA)Jr =c*'AT

(A+B) = AT + BT,
(AB)t = BTAT,
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Ha pnopauyy mo BHYTpilIHbOrO A0OYTKY 6pa- i KeT-BeKTOpiB, (p|Y), 110 €
CKaJIIpOM, MU MOKeMO 3alIpOBaIUTH 308HIWHIl do6ymok, |P){d|. CkopucTas-
IIMCh acOLiaTUBHO BJACTHUBICTIO omnepalii MHOXEHHS, MU 6a4MMO, 110 el
00’EKT € OMepaTOpPOM:

([WXPNIA) = [W)((bIN)). (1.19)

llei Bupa3 noBHicT0 BU3Havae Aito0 |P)(¢d| Ha BCbOMy BEKTOPHOMY MPOCTOPI.
[3 (1.18) BunMBag, 110

(1) = o)l (1.20)

Ha migcTaBi 1bOro CITiBBiAHOLIEHHS BUHUKAE croKyca 3anucatH [P)T = (Y. 1
X04a TaKi MaHinyaAuil He 3aBAAKOTh CYTTEBOI LIKOAY, IX He BApTO 3a0X04yBa-
TH, 60 BOHH 3aCTOCOBYIOTh CUMBOJI CIpskeHHA T 710 06’€KTiB, 1[0 He € omepa-
TOpaMH i He 33/]0BOJIbHAIOTh PyHAAMeHTaJbHOMY 03HaueHHIo (1.16).

KopucHO xapaKTepUCTHUKOIO OllepaTopa € HOro ¢/1id, 1[0 BU3HAYAEThCS,
K

TrA=> (uj|Aly),
j

Ae {|u;)} — noBiIbHUE OPTOHOPMOBAaHUM 6a3uc. MoxHa nokasatu (AuB. 3a-
Jauy 1.3), mo 3HaueHHs Tr A He 3a/eXKUTh BiJi KOHKPETHOIO OPTOHOPMOBA-
HOro 6a3ucy, ob6paHoro aJjs ob6uucaedb. CjaiJ MaTpULi JOCTOTY € cyMolo ii fi-
aroHa/IbHUX eJleMeHTIB. /[Jid onepaTopa B HECKIHYeHHOBUMIipHOMY IIPOCTOPI
CJ1iJ1 icHy€ Jiville 32 yMOBU 361)KHOCTI HECKIHUEHHOT'0 PS/1y CYMH.

§1.3. CamocnpsKeHi onepaTopu

OmnepaTop A, AKuii JOpiBHIOE CBOEMY CIIpsXKeHOMY onepaTopoBi AT, HasuBae-
ThbcA camocnpaxceHuM. Lle 03Havag, 1110 BiH 3aZJ0BOJIbHAE YMOBI

(DlAIW) = (V|A|P)” (1.21)

i o6sacTb BU3HaUYeHHS A (TOGTO MOHOXKHHA BEKTOPIB O, /151 IKUX iCHYIOTh Be-
kTopu Ad) 36iraeThbca 3 o6aactio AT, OnepaTtop, o 3a10B0IBbHAE MHIIE YMO-
Bi (1.21) Ha3UBaA€ETHCA epMIiMOB8UM, 32 AHAJIOTIEIO 3 EPMITOBUMU MAaTPULSIMH,
AN AKUX M;; = M;fl-.

[[ PisHuus mixx epMiTOBUMHU i caMmocnpsKeHUMU OlepaTopaMy iCTOTHA JIMIIE JJIs
onepaTopiB y HeCKiHUeHHOBHMMIPHUX JIiHIHHUX pocTopax, i ii MU oroBoproBaTHUMe-
MO TiZIbKM TOJ, KOJIY Lie 6y/ie Baxk/uBO. OnepaTopH, IKi MM Ha3UBaEMO epMiTOBUMH,
B MaTEeMaTHUYHIH JiTepaTypi 3a3BU4Yall MalOTh Ha3BY ,,cuMeTpU4Hi“. Taka TepMiHOJI0-
ris /i Hac HeGaXkaHa, OCKIJIbKY BOHA CyNepeYUTh BiJINOBIJHUM BJIAaCTUBOCTSM Ma-

TpULb. |]
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HactynHa TeopeMa KopucHa /151 po3Mi3HaBaHHS epMITOBUX OllepaTopiB
Ha BEKTOPHOMY NMPOCTOPi 3 KOMIIJIEKCHUMHU CKaJIIPaMHU.

Teopema 1. ko (U|A|Y) = (Y|A|P)” aas Beix [Y), TO 3 11bOTO BUIIMBAE, 110
(P11A]d2) = (d,]Aldy)" Ana Beix [dy) i |dy), a oTxe, A = AT,

Josedenns. Hexamt |§) = a|d,) + b|d,) ana posinbHux a, b, [P,) 1 |P,). Toxi

(WIAIY) = al*(d1|AIby) + 113 (b 1AIb,) +
+a’b(d,|A|dz) + b ald,|Ald,)

Ma€ Oy TH AiCHOIO BeJIMYUHOI0. [lepIiuii Ta Apyryui JOJAHKU € OYeBUAHO Jil-
CHUMM 33 YMOBOIO TEOPEMH, TOMY 3aJIMIIAETHCS PO3IJIAHYTH TIJIbKY TPETIiN Ta
yeTBepTHH. OCKIJIbKY @ i b TOBiJIbHI BEJIMYWHHU, BCTAHOBUMO, o a = b = 1,1
1le IPUBOJUTH 10 YMOBU

(114]d,) + (D, ]Ald1) = (b1]A1d,)" + (D, lAld, )"

BcTaHoBuBIIM HaTOMicTb a = 11 b = i, MaeMo

(P 1Alby) — {2 |Aldy) = —i(dq|Ald,)" + i{d,]AIDy)"

OnycTUBIIYM MHOXXHHUK I B IPYroMy piBHSIHHI i JogaBIIK 06UBi HOT0 YaCTUHU
J10 IEPLIOTo, OTPUMAEMO GaxKkaHUH pe3ysbTaT: (P4 |A|d,) = (P, |A|d,)".

[la TeopeMa BU3HA4YHA TUM, 110 il TepeyMOBa € 0O4€BUHUM OKPEMUM BU-
MaZIKOM OCTAaTOYHOTO pe3yJibTaTy, i e Ay»e HE3BUYHO, 1110 3 HbOTO BUIJIH-
Ba€ 3araJibHUM BUIaI0K. 3a3HAYMMO, 1110 KOMILJIEKCHI 3HAYEHHS CKaJApiB 6y-
JIU BKpal BaXKJIUBi IpU I0BeJIeHHI, i })KOJAHOr0 aHAJIOIY IIi€i TeOpeMU He MOXKe
iCHyBaTH y BEKTOPHUX NIPOCTOPAxX HaJ MoJieM JiMCHUX YUCel.

Axuwo pis onepaTopa Ha MeBHUM BEKTOP MPU3BOAUTDL 10 TOTO K CAMOTrO
BEKTOPa, IOMHOXXEHOT0 Ha CKaJsp,

A|d) = ald), (2.22)

MU KaXKeMo, 110 |d) € 81acHUM 8eKMOPOM, A CKANIAP A — B8AACHUM 3HAYEHHAM
onepaTtopa A. AHTWJIiHIMHA BignoBigHicTh (1.8) Mixk 6pa- i KeT-BeKTOpaMy,
pa3oM 3 03HaYeHHAM chpsbkeHoro omneparopa A, sacBiguyroTs, mo ,/1iB0Gi-
yHe" piBHSIHHS Ha BJIaCHI 3HaYeHHS

(dlAT = a*(dl, (2.23)

BUKOHYEThCS JIMIILE TOJIi, KOJIU € cripaBeAauBuM (1.22).
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Teopema 2. fIkiio A € epMiTOBUM OllepaTOpPOM, TO BCi HOro BJIacHi 3HaYeHHS
JiMCHI.

Josedennsi. Hexait A|p) = a|d). Ockinbku A € epmiToBUM, TO (p|A|P) =
(b|A|d)". ligcTaHoBKa piBHSAHB HA BJacHi 3HaveHHs (1.22) i (1.23) gae

(dlald) = (dlald)”,
a(dld) = a’(dld),

3 YOT0 BUIIMBAE, 1[0 @ = a”, 60 JIKIIe HEHY/IbOBi BEKTOPU MOXKYTb PO3TJis/a-
TUCH, 1K HETPUBiaJIbHI pillleHHA PIBHAHHA Ha BJIaCHI 3HaYeHH4.

Hacnigkom miel Teopemu B nmoeaHanHi 3 (1.23) € Te, mo A camocnps-
>keHoro onepaTopa, A = A%, cnpskenuit 6pa-Bektop (¢p| Ko BIacHoro Ket-
BEKTOPA |}) TaKoXK € BJACHUM BEKTOPOM 3 TUM CAMUM BJIAaCHUM 3HAYEHHAM

a: (|4 = a(d|.
Teopema 3. BsiacHi BeKTOpY, 1110 BiIOBiJal0Th PI3HUM BJIACHUM 3HAYEHHSM,
MaloTb OYTH OPTOTrOHAJTbHUMU.

Josedenns. Hexann A|d,) = a1¢, i A|d,) = azP,. Ockinbka A € epMiTOBUM, TO
3 (1.21) BUBOAUMO

0 =(d|A|ld,) — <¢2|A|¢1)* =
= a1(d,|dy) — a2(¢1|¢2)* =
= (a1 — a2){P,|d4)-

Otxe, (d,|P,) = 0, akwo a; # a,.

[Ipy a; = a; = a 6yJb-Ka JiHiliHa KOMOiHallis 8upodiceHuUx BJIACHUX
BeKTOpIB |};) 1 |P,) TakoXk € BJaCHUM BEeKTOPOM 3 TUM CaMHUM BJIACHUM 3Ha-
YyeHHAM a. lle 103BoJIsIE 3aMiHUTH Habip HEOPTOrOHA/IbHUX, aJie JIiHINHO He-
3aJIeXKHUX BEKTOPIB Ha Taki ixHi koMOGiHaIil, [0 € B3aEMHO OPTOrOHAJIbLHUMH.
Axuio He GyAe ABHO 3a3HaUY€HO 3BOPOTHE, MU BBaKaTUMEMO, 1110 TaKy OpTO-
roHaJiizaito 6yJio NpoBe/ieHo, i, KAXKy4H Mpo Habip He3a/IeXKHUX BJIAaCHUX Be-
KTOpiB epMiTOBOI0 0O11lepaTopa, MaTUMeMO Ha yBasi, 1110 BCi BOHU OPTOI'OHAJIb-
Hi OJUH [0 OJHOTrO.

AKIo BEKTOpHM MalTh CKiHYeHHI HOPMH, MU MOXXeMO IlepeBHU3HAYUTHU
iXHI0O OBXUHY [0 OAUHUYHOI. TaKUM UMHOM, 3aBXKJH 3MOKEMO 0OUPATH [AJis
po6OTH OpmMOHOPMOBAHULl HAGIP BEKTOPIB:

(b, b)) = 64 (1.24)

Y 6araTbox niJipy4yHuKax CTBepAKY€ETbCs (YyIeBHEHO ab0 3 HaJi€l0), 1110
OPTOHOPMOBAHUM HaGip BJIACHUX BEKTOPiB epMiTOBOI0 ONIEPATOPA € NOBHUM,
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TOOTO YTBOPIOE 6A3HC, 1[0 OXOILJIIOE BeCh pocTip. [lepin Hixk mepeBipuTH Ma-
TEMAaTUYHY OOI'PYHTOBAHICTh TAKOTO TBEP/KEHHS, PO3TJISTHEMO KOPUCHI Ha-
CJIIZIKH, 1110 BUIIJIMBAJIM 6 i3 HOT0 iCTUHHOCTI.

B/1acTUBOCTi HOBHOrO OpTOHOPMOBAHOI'0 HAGOPY

Ao Habip BeKTOPIB {¢;} € TOBHUM, MM MOXEMO PO3KJIACTU B HbOMY JJOBI/Ib-
HUM BeKTOD |v), K [V) = > ; v;|d;). 3 yMmoBU opTOHOpMOBaHOCTi (1.24) slerko
3HaWUTH KoedilieHTHU po3KaajeHHs: V; = (P;|v). TakuM 4yuHOM, MOXKEMO 3a-
MCcaTH

|v) Z 1) ((d;v)) =

(1.25)

> 1)l | Iv)

JJ1s1 foBisibHOTO BekTopa |v). Kpyrai ayxku B (1.25) HenoTpi6Hi i npucyTHi
JivlIe JiJ1s1 TOro, 06 MiAKpeCcJUTH Ba CIIOCOOM iHTepIpeTalii 1[boro piBHs-
HHA. [lepmuii psAAoK yKasye, 1o |V) JOpiBHIOE CyMi 6a3MCHUX BEKTOPIB, MO-
MHOXEHHUX Ha CKa/IApHi KoedillieHTH; a B pyroMy pAaAKy IeBHUH onepaTop
(v ayxkax) aie Ha |v) i B pe3y/ibTaTi Aae Tol camuil BeKTop. OCKijJIbKY pPiBHS-
HHS1 BUKOHYETbCS /151 BCiX BEKTOPIB |v), el onepatop Ma€e 6yTH OAUHUYHUM
ornepatopoM (a6o omnepaTopoM TOTOXKHOCTI):

> Xyl = 1. (1.26)

Axwo A|d;) = ai|P;) i B1acHi BeKTOpH yTBOPIOWOTH NOBHUK OPTOHOPMO-
BaHMWH Habip — TOOTO, cipaBenBi piBHOCTi (1.24) i (1.26), — To onepaTop
MOXKHa BiAITBOPUTH B 3py4Hill ZiilaroHasnbHiN Ppopmi yepes Horo BaacHi 3Have-
HH4 | BJIACHI BEKTOpHU:

A= ai|d ;) (1.27)

et BUpa3 jierko nepeBipuTy, mifcTaBuBiuu B (1.27) f0BiIbHUI BEKTOD, pO3-
KJaaeHuu yepes (1.25). BukopucToByouu AiaroHajbHe MpeCcTaBeHHs, MO-
»KHa JaTu 03HayeHHs @yHKYIi 8id onepamopa,

FA = Fl@)ldXd;. (1.28)

KopucHicTh uX pe3yJbTaTiB i € MPUUYUHOK TOTO, YOMY 6araTo aBTOpiB 6e3-
JIOKa30BO MPUIYCKAITh, 1110 BCi epMiTOBi onepaTopu B KBAaHTOBIM MexaHilli
NOBUHHI MaTHU NOBHUM Habip BJacHUX BeKTOPiB. Ta uu ye cnpasdi mak?
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Byab-akuii onepatop y ckiHdeHHOMY N-BUMipHOMY BEKTOPHOMY IIPOCTO-

pi MoxkHa Bupasuty, ik N X N-MaTpuio [AuB. o6roBopeHHs micas (1.10)].

YMOBOI0O HeTpUBIaJILHOTO pillleHHA MAaTPUYHOI'0 PiBHAHHSA HA BJIACHI 3Ha4e-
HHA

Mo = A, (1.29)

e M xBaZijpaTHa MaTpHulis, a ¢ BEKTOP-CTOBMELb, €
det|M — Al| = 0. (1.30)

Po3ksa/ieHHs IbOTO JleTepMiHAHTA Jla€E MHOTOYJIeH 3a A cTeneHs N, SKUii mmo-
BHHeH MaTH N kopeHiB. KoxxeH KOpiHb € BJIaCHUM 3Ha4eHHAM, AKOMY Ma€ BiJ-
MOBiaTU BJAACHUN BeKTOP. AKIo Bci N BJacHUX 3Ha4YeHb Pi3Hi, TO BiMOBij-
Hi IM BEKTOpPH 3 HEOOXiIHICTIO OXOI/IATh YBeCh N-po3MipHUM npocTip. [leB-
Ha 06epexXHiCTb MOTPiGHA NPU PO3TJIAAI KPaTHUX KOpeHiB (BUPO/XKEHUX BJIa-
CHUX 3HAY€Hb), aJIe U ¥ I[bOMY BUINIAJKY AOBEIEHHS He € CKJIaHUM. [/IuB., Ha-
npukaaz, kuury Jpkopaana [99], Teopema 13.1].

OfHak Li apryMeHTH He MOXXHa MepeHeCcTH Ha HeCKiHYeHHOBUMipHHUM
npoctop. | cipaBi, gkio B3TH N piBHUM HecKiHueHHOCTi, To (1.30) macTh
HeCKiHYEeHHUM cTeneHEeBUM psi/J| 3a A, SKUM He KOHYe Ma€ KOpeHi, HaBiTh 3a
yMOBHU 36iKHOCTI. (PaKTUUHO, AeTepMiHAaHT HeCKIHUEHHOBUMipHOI MaTpuIi
€ HeBM3HAYE€HUM 3a BUHSTKOM JIeIKUX OKpeMUX BUMazakiB.) [IpocTuit KOHTp-
NpUKJIaJ 3aCBiIUYE, 110 Iid TeOpeMa 3arajoM HeclipaBeAJMBa AJisl HeCKiHUeH-
HOBUMIpPHOI'0 IPOCTOPY.

PosrsiisiHemo onepaTtop D = —id/dx, BU3Ha4YeHUH Ha NPoCTOpi AudepeH-
nifoBaHUX QyHKLiH 3a x Ayid a < x < b (Mexi a i b MOXKyTb 6YTH fIK CKiH-
YeHHHUM, TaK i HecKiHueHHUMHU). CIpskeHUH 1o Hboro oneparop D Busna-
yaeTbcs yepes piBHAHHA (1.21), ike Hapasi Ma€ BULJISA,

*

b
f P ODG() dx b =

b
f " (D (x) dx
. (1.31)

b
f " DY) dx + ([P0 )] |7

Jpyrui pssfoK OTPUMaHO iHTerpyBaHHSAM 0 YaCTUHAaX. K10 rpaHUYHi yMo-
BM HaKJIaJIeHO TakK, 11106 OCTaHHIN J0/JaHOK 06epTaBcsA Ha HYTh, TO D, 04eBU-
JIHO, € EpMITOBUM OIlepaTOPOM.

PiBHAHHA Ha BJIaCHI 3Ha4YeHHA

—iL o) =200, (1.32)
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e gudepeHiiiiHe piBHAHHSA, O Mae pimeHHs ¢(x) = ce™, e ¢ = const.
OpHak npu Koro posrJisji, K piBHSIHHS Ha BJIaCHI 3Ha4eHHA onepartopa D,
Hac LiKaBJATH Julle BJAaCHI QYHKIII B Mexax IeBHOTO JIiHIHHOT0 MPOCTOpY.
B 3a/1eKHOCTI Bi, T[paHUYHUX YMOB, MO>KHa BU3HAYUTH KiJIbKa JIiHIMHUX IPO-
CTOpiB:

IIpocTtip V1. be3 rpaHUYHUX YMOB.

Bci koMI/IeKCHi A € BlacHUMH 3Ha4eHHAMU. OCKiJIbKY TOIi D He € epMiTOBUM,
Lle¥ BUNa/I0K HAC He I[iKaBUTh.

IpocTip V2.a = —o0, b = +o0, |p(x)| o6MexkeHa mpH |x| — co.

Bci niiicHi A € BMacHUMU 3HaYeHHAMU. BiacHi yHk1ii ¢p(x) He MalOTh CKiH-
YeHHOI HOPMH, IPOTe BOHH YTBOPIOIOTH MOBHUU HAbIp y TOMy ceHCci, o A0-
Bi/IbHY QeHKIIi10 MOXKHA 3anKcaTH Yepes iHTerpan Pyp’e — KU, 32 6aKaHHS,
MOKHa pO3LiHUKY, SIK HellepePBHY JiHiHHY KoOMbiHalif0 BJacHUX QYHKIiH.

Ipocrip V3.a = —L/2, b = +L/2, nepiognyni rpanu4Hi ymoBu ¢(—L/2) =
$(L/2).

BilacHi 3HaueHHs yTBOPIOIOTh JUCKPETHY MHOXUHY A = A, = 2mn/L, e n
npobirae Bci 1is1i 3HaUeHHA BiJf —oo 710 +00. BiacHi dyHKILii yTBOPIOIOTH OPTO-
HOpPMOBAHUM Habip (Mpu 3py4YHOMY BUOOPI €), TOBHOTA SIKOTO JJOBOJIUTHCS B
Teopii psaiB Pyphbe.

IpocTtip V4.a = —oo, b = +00, d(x) = 0 npu x - +oo.

Xoua onepaTtop D € epMiTOBUM, BiH HE Ma€ BJacCHUX QYHKI[IH ¥ IbOMY IIPOCTO-
pi.

Lli npukJIaau BUPA3HO 3aCBiAUYIOTH, 110 epMimosuli onepamop y HeckKiH-
YEHHOBUMIPHOMY 8€KIMOPHOMY NPOCMOpPI MoJce Mamu, a Moce Ul He Mamu nos-
HO20 Ha6opy 8/1aCHUX 8eKMOpIs, 3aJIeXXHO Bif XxapaKTepy caMoro omneparopa
Ta KOHKPETHOT'0 BEKTOPHOTO IpocTopy. Ha macTs, 6axaHi AJg HAaC BUpa3u
Ha 3pa3ok (1.26), (1.27) i (1.28), MoxxHa nnepedopMyJIt0BaTH TaK, LI[0 BOHU He
BHMaraTUMyThb iCHYBaHHH YiTKO BU3HAYEHUX BJIACHUX BEKTOPIB.

Cl'leKTpaJIbHa TEeopemMa

3oBHilHIN f06yTOK |); }{(P; |, yTBOpEHUH 3 BeKTOPiB OJMHUYHOI HOPMHU € NIPH-
KJIaZloM npoekyiiiHo2o onepamopa. Baaraini, 6y ib-aKui caMoCNIpsKeHUH ole-
paTtop P, 10 3a/j0B0/IbHsA€E yMOBi P? = P, € npoekuiiiHuM. BiH BUOKpeMIoe
NpOEeKIilo BekTopa |¢;) Ha NeBHUM NiANPOCTIp i 3HUILYE pelITy HOro CKJa-
JIOBUX, 1110 OPTOT'OHA/IbHI I[bOMY mifmpocTopoBi. ko onepatop y (1.27) mae
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BUPO/PKEHUH CIIETP, MU MOXKEMO YTBOPUTH MPOEKIiHHUI onlepaTop Ha mij-
NpOCTip, HATATHEHUH HAa BUPO/PKEH] BEKTOPH 3 BJJACHUMHU 3HAYEeHHSMU a; =
a,

P(@) = |d:Xdil8aa, (1.33)
i
i (1.27) moxHa nepenucaTy, 1K

A=) aP(a). (1.34)

CyMa 3a a 6epeTcsi 10 BCbOMY CIIEKTPY BJIaCHUX 3Ha4YeHb. [Ta ockisbku P(a) =
0 ns151 Bcix @, 1110 HE € BJACHUMU 3HAYE€HHSIMHU, TO MU BiJIbHO MOXKEMO MOIIU-
PUTH CyMy ¥ Ha Bci AilicHI 3HaUYeHHS a 033 MeXaMHU CIEKTPY.]

HaBegneHi micasa (1.32) npukiaaau HaBOASATh Ha NpunyieHHs (K BUSAB-
JISIEThCS, IPaBUJIbHE), 1110 HAsSIBHI B HUX NP06JieMU 0B’ s13aHi 3 HellepepBHUM
CIleKTpOoM, ToOMY cJifa nepenucatu (1.34) y BUTVIsIAL, AKUM 0JJHAKOBO rOIUBCS 6
i /11 AMCKpEeTHOTO, i /11 HeNepepBHOTO CcrieKTpiB. Hai3pyuHiile 1je 3po6uTH
3a AonoMorom inTerpasa CTU/IbTBECA, LI[0 BU3HAYAETHCS, AK

b n
[ 90do) = im 3" gGxoon —oCan),  (139)
2 k=1

Jle Mexa 6epeThCsl TAKUM YHHOM, 1[0 KOXKeH iHTepBas (X, — Xk—1) MparHe Ao
HyJig Ipu n — oo, HecrmagHa ¢yHKLia o(Xx) Ha3UBA€EThCA Mipoio. Y BUNAJAKY
o(x) = x, To (1.35) nepexoauTsh y 6ijablin 3BUYHUHN iHTerpas Pimana. fkigo
do(x)/dx icHye, ToO

| swam= | (%) d

(CTunbTHEC) (Piman)

lle y3ara/ibHeHHS CTa€ HETPUBiaJIbHUM JIUILIE TO/i, KOJU MU 103BOJISEMO O (X)
6yTu po3puBHoIo. [Ipunycrimo, 1110

o(x) = ho(x — ), (1.36)

feB(x) = 0pnax < 0,0(x) = 1 gnax > 0. Equnuil goaaHok y (1.35),
SIKUW JJaBaTUME BHECOK y IHTerpaJ, 1e ToH, AJid IKOro Xx—1 < C,a Xx > C.
3HaueHHsAM iHTerpasa € hg(c).

Tenep mu rotosi chopmyr0BaTH chempa/ibHy meopemy.
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Xk-1 € Xk

Puc. 1.1. OguH 3 npuk/iaaziB po3puBHoi ¢yHKIIT Mipu [auB. piBHAHHA (1. 36)].

Teopema 4. /l1s1 KOXKHOTO CaMOCIIPs>KEHOTO onepaTopa A icHye eauHa cim's
npoekIiHux onepatopiB E(A), e A npob6irae Bci AificHi 3HaYeHHs, 3 TAKUMH
BJIaCTUBOCTSIMHU:

() Axkmo Ay < Az To E(AM)E(A2) = E(A2)E(A1) = E(A1) [mpocTiue Ka-
KyuH, Lle 03Hayvae, mo E(A) npoekTye Ha miAnpocTip, SKUi BianoBigae
BJIACHUM 3HaYeHHSIM < A];

(ii) Axmoe > 0, To EAA+€)|Y) = EQ)|P) e - 0;
(iii) EQ)|P) = 0 mpu A — oo
(iv) EQ)|Y) = [§) mpu A - +oo;

) }wx dEQV) = A. (1.37)

Y (ii), (iii) i (iv) ¥ € poBinbHUM BeKTOpOM. [HTerpas y (v) 3a NpoeKToOpo3Ha-
yHOoIo Mipow E(A) popmanbHO Bu3HavyaeThcs 3a npaBuioMm (1.35), goctoTty
TaKUM CaMHUM YUHOM, sIK 3BUYaliHa 4YMCI0Ba Mipa.

PiBHicTb (1.37) € y3aranbHeHHAM (1.27) AJ151 AOBIIBHOTO CAMOCIIPSXKEHO-
ro onepaTopa, SKUH MoXKe MaTH JUCKPETHUH ab0 HellepepBHUH CIIEKTD, a60
K OEHAHHSA 000X TUMIB cieKTpy. BianosigHe y3aranbHeHHs (1.28) mae Bu-
Wi i

fA) = f FO) dEQY. (1.38)

2 JloBefieHHSI AUB. y PicaiC.-Hapgs [153], § 120.
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[puK/IaA: AUCKPETHUI CIEKTP

Kousin (1.37) 3acToCcOBYEeTbCSA A0 onepaTopa 3 AUCKPETHUM CIIEKTPOM, €JJUHI]
BHECKH [0 iHTerpaja JaroTb PO3PUBH Y IPOEKTOPO3HAUHIN PyHKIil

EQ) =D 1b)b;] 06(A — ), (1.39)

1[0 CTAIOThCsl HA BJIACHUX 3HaYeHHsAX. Po3puB npu A = a fae sikpas P(a) 3 piB-
HsHHA (1.33). Tox y ubomy Bunaaky (1.37) 3soautbes ao (1.34) a6o (1.27).

IIpuknaj: HemepepBHUHA CIEKTP

3a npukJaj onepaTopa 3 HellepepBHUM CIIETPOM, PO3IJITHEMO onepaTop Q,
BU3HayeHUH, AK QY(x) = xY(x) pna Bcix ¢yHkuin Y(x). OueBUJHO, 110
Q = Q. PiBnanHA Ha BiacHi 3HauenHsa Qd(x) = Ap(x) Mae popManbHe pi-
meHHA ¢(x) = 8§(x — A), Zie A € AilicHOIO BeJIMYUHOI0, a 6(x — A) — AipakoBa
JAenbra-oyHkiisg“. HacpaBzi 8(x — A) He € iJIkoM BU3HaYeHOI PYHKIIEO?,
TOMY, CTPOTO KQOXKy4H, oniepaTop Q He Ma€ BJacHUX QYHKIIIH.

A npore, cnekTpasibHa TeopeMa BUKOHYEThCA U y LIbOMY BUIAAKYy. [Ipoe-
KIiHHUH onepaTop AJid () BUSHAYAEThCS, SIK

EMY(x) = 6(x = D)(x); (1.40)

BiH gopiBHIOE YP(x) npu x < A1 0 npu x > A. Mu MoKeMo JIerKo nepeBipuTH
cnpaBeauBiTh (1.37) ans goBinbHOT GyHKIIT P(X):

fAdE(A)q;(x)= f Ad[BA — )P ()] =

= xP(x) = QU(x).

(ITpu o64yMcneHH] NbOTro iHTerpaja MaeMO MaM’'AITaTH, 10 A € 3MIHHOIO iHTe-
I'PyBaHHs, a X y JAHOMY pasi BUCTYIA€ CTAJIO0 BEJUYHNHOIO.)

34aciB [lipaka y KBaHTOBil MexaHili 3aBeZieHO nrucaTH GpopMasbHi piBHS-
HHA Ha BJIACHI 3Ha4eHHH 1 I/I ollepaTopiB Ha 3pa3okK @, 1110 MalOTh HellepepB-
HUH CIIEKTP:

Qlg) = qlq). (1.41)
YMoBa OpTOHOPMOBAHOCTI /151 IbOT'0 BUNaKy HaOyBa€ BUTJISAAY
(@'lq"y = 8(q" — q"). (1.42)

31i MoxxHa po3rIAAaTH, K ,pO3NOALN“ a60 ,y3aranbHeHy QpyHKiin“. Iup. Fenbdansa i llnmo-
Ba [71] A5 cMCcTEeMaTUYHOT'O BUBYEHHS.
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OdeBHAHO, 10 HOpMa LMX (OPMaJbHUX BJACHUX BEKTOPiB HECKiHUYEHHa,
ockinbku (1.42) nae {(q|q) = oo. 3amicTb cnekTpasbHOi Teopemu (1.37) gus
Q, Jlipak 3anucaB 6u:

0= f qla)al dg, (1.43)

1110 € HellepepBHUM aHaI0roM piBHAHHSA (1.27).

JipakoBe GpopMy/tOBaHHS He BIHUCYETbHCS B MaTeMaTH4YHY Teopito 2iib-
6epmosozo npocmopy, SKWU MiCTUTD JiMllle BEKTOPU 3i CKIHUEHHOI0 HOPMOIO.
[IpoekuiiiHuit onepatop (1.40), popmasibHO 3aNIUCaHUN ¥ BUTISAI

A
EQ) = j la)(al dg, (1.44)

€ LiKOM BU3HAYe€HHUM Ha TiIb6epTOBOMY NpPOCTOPi, MpoTe HOro moxigHa
dE(A)/dq = |q){q| He icHye B Mexax, OKpecJeHUX LIUM IPOCTOPOM.

BisbiicTe cipo6 HaAaTHU KBAaHTOBIK MeXaHilli CTPOroro MaTeMaTUYHOTO
BUIJISAZY NOJIATAIOTh Y BUIIpaBJ/ieHi abo o6MexxeHHi JiipakoBoro ¢popManismMy
JIJ1s1 HOTO y3ro»KeHHs 3 riib6epTOBUM npocTopoM. [IpaBa6/iMBoO0 albTEpPHA-
THBOIO L[bOMY € PO3LIMPEHHS CTPYKTYpPU CaMOro rijibbepTOBOro NpocTopy,
1110 03BOJISIE BKJIIOYUTH B NOCTILOBHUN PO3T/IAJ BEKTOPH 3 HECKIHYEHHOIO
HOpMoOI0. fIkpa3s Lie MU 1 pO3IJIAHEMO B HAaCTYNHOMY naparpadi.

Ha6ip KoMyTaTUBHMX onlepaTopiB

Jloci Mu 06roBoproBaIy Julile BJaCTUBOCTI OKpEMO B3ATUX onepaTopis. [Ipe-
JIMETOM DPO3TJ/IAAY HAaCTyNHUX BOX TEOpPEM € B3aEMO3B'AI30K MiXK pisHUMU
onepaTopaMH.

Teopema 5. fkiio A i B € camocnpsiXKeHUMHU OllepaTopaMu, KOXKeH 3 IKUX Ma€
MOBHUM Habip BJIaCHUX BEKTOPIB, i AKIo0 AB = BA, To TaKoX iCHy€e MOBHUHI
Habip BeKTOPiB, IKi 0JHOYACHO € BJIACHUMU BeKTOpaMu A i B.

Hosedenns. Hexali {|an)}i{|bm)} noBHi HaGopU BJ1acCHUX BEKTOPIB 0IlepaTopiB
A i B BignoBigHO: A|an) = agnlan), B|lbp) = bm|bm). MU MoxkeMo po3KJIacTH
Oy/1b-IKUM BJIACHUM BEKTOp A yepe3 Habip BJIaCHUX BEKTOPIB B:

lan) = cmlbm),

Jie koeilLliEHTH ¢y, 3a/1€3KaTh BiJ KOHKPETHOTO BeKTOPa |ay ). [lesiki 3SHauYeHHsA
by MOXYTB 36iratucs (y pa3i BUpOKEHHS CIIEKTPY), TOMY 6a)KaHO MOEHATH
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BCi I0laHKH 3 by, = b B OJUH BEKTOP

|@n)b) =D cmlbm)8p by

BiaTak MU MO>KeMO 3allMcaTH

lan) = [(an)b), (1.45)
b

Jle cyMa 6epeTbCs 3a BciMa BiIMIHHUMU BJIaCHUMU 3HaYeHHsAMU B. Tenep
(A—ap)lan) =0
=Y (4 - an)l(@n)b). (1.46)
b

Jasi nozieMo onepaTopoM B Ha KoXeH OKpeMHH J0JaHOK y JpPYroM pAafKY
(1.46) i 3acTocyemo BaacTtuBicTb BA = AB:

B(A — an)|(an)b) = (A — an)B|(an)b) =
= b(A — an)|(an)b).

3Biacu BummMBag, mo (A — an)|(an)b) € BIacHUM BeKTOpOM omeparopa B 3
BJIAaCHUM 3HaueHHAM b. OTxe, foAaHku B (1.46) MOBUHHI 6YTH OPTOTrOHA/b-
HUMH, 2 TOMY JIiHIHHO He3a/e)KHUMU. Bcsl cyMa Moxke J0piBHIOBATU HYJIIO JIU-
11Ie 32 YMOBHY, 1110 KOXKEH ii OKpeMHUU YJIeH € HYJIbOBUM:

(A —an)|(an)b) =0

Takum yuHoOM, |(ay)b) € B1aHUM BEKTOPOM fIK A, TaK i B, 3 BTaCHUMHU 3HAYEH-
HSMU Ay, 1 b BignosigHo. Ockinbku Ha6ip {|a,)} € moBHUM, TO HaGip {|(a,)b)},
1110 SIBJISIE CO60I0 HOTO PO3LIHPEHHS], TAKOXK € TOBHUM. OT>Ke icHye NOBHUH Ha-
6ip cninbHUX AJ18 A i B B1aCHUX BEKTOPIB.

[[to TeopeMy Jierko MOLIMPUTHU HA LOBIJIBHY KUJIbKICTb B3aEMHO KOMYTa-
TUBHUX ollepaTopiB. Hanpukiaj, AKI0 MU MaEMO TPU Taki onepaTopy, 4, B i
C, TO MOX€eMO PO3KJIACTH BJAAaCHUHM BeKTOp C yepe3 HAGip CHiJIbHUX BJIACHUX
BEKTOPIB /1 A Ta B, i NOBTOPUTH BCi KPOKHU 3 IONIePeIHbOTO A0BEeHHS, 11106
OTPHUMATH MOBHUH HaGip cniJibHUX BeKTOpiB Ad A, Bi C.

3BOpPOTHE 0 Lji€l TeEOpeMHU TBeppKeHHAd — 110 A i B KOMyTaTUBHI, AKILO
MaloTh MOBHUM Habip CHiJIbHUX BJACHUX BEKTOPiB, — TpHUBiaJbHO JJOBOJHU-
ThCS 3 BUKOPUCTAHHAM JliarOHaJIbHOTO npefcTaBaeHHA (1.27).

Hexant (4, B, ...) — B3aEMHO KOMYTaTHUBHi onlepaTopy, 110 NOPOKYIOThb
MOBHUM HAbIp CHiIbHUX BJACHUX BeKTOPiB. OKpEMOMY BJIACHOMY 3HAUYEHHIO
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KO>KHOTO 3 [[UX OTlepaTopiB MOKe BiANOBiJaTH 6ijblie 0JHOr0 BJIaCHOTO Be-
kTopa. [IpoTe aKimo A KoXXHOI KOMOGiHaLii BiacHUX 3HAaYeHb (g, bm, - )
icHye He Gisblile, HiXK OZJMH BJAaCHUM BeKTop (He BpaxoBYI0OUM pi3HUIL ¥ Pasi
abo B HOpMyBaHHIi), ToAi KaXXyTh, 1110 onepatopu (4, B, ...) yTBOPIOWOTb nos-
HUll KoMymamueHull Haoip.

Teopema 6. Byib-sikuii onepaTop, 1110 KOMYTYE 3 yciMa onepaTopaMH NOBHO-
ro KOMyTaTHUBHOTO HA60py, MaEe 6yTH GYHKIIEIO IIUX OIIEPATOPIB.

Josedenns. Hexaii (4, B, ...) — NOBHUH Habip KOMyTaTUBHUX ONEepaTOPiB, Yui
BJIaCHi BEKTOPU €JUHHUM YMHOM (32 BUHATKOM $a3u ¥ HOpMYyBaHHs) BU3Ha-
4YalTbCA BJAaCHUMU 3HAaYEHHAMU LIUX ONepaTopiB. 3aNulleMo TUIIOBUU BJa-
CHUU BEKTOD, {K |an, bm, ... ). Hexait F — onepaTop, 1[0 KOMYTY€E 3 KOXKHUM
esieMeHTOM Ha6opy (4, B, ...). TBep/ikeHHs, 0 F € QyHKIIiE 1[OTO HAGOPY
olepaTopiB, 03HauagE, 1110 F Mae Ti K caMi BJIacHI BeKTOpH, a oro BJacHi 3Ha-
YeHHs], B y3arajibHeHHS BUpa3sy (1.28), € neBHUMU PYHKIIAMH BJIACHUX 3HA-
YyeHb 1IbOr'0 Habopy onepartopiB. Ockinbku F komyTye 3 (4, B, ...), To, 3a Te-
opeMoro 5, icHye moBHUM HAGip ciIbHUX BlacHUX BeKTOpiB A1 (4, B, ..., F).
Ta ockinbku BaacHi BekTopH {|ay, b, ... )} € EIUHUMU CIIIJIBHUMH JJ151 IOBHO-
ro KOMyTaTUBHOTO Hab6opy (4, B, ...), TO 3 IIbOr0 BUILJIMBAE, 1[0 BOHU MYCSATh
OyTH TAKOX i BJACHUMH BEKTOpaMHU 36i1b11eHoro Habopy (4, B, ..., F). Takum
YHUHOM,

Flan, bm, ...) = fm. |an, bm, ... ).

[lo3asik KOXKeH BJIAaCHUM BEKTOp €MHUM YMHOM BU3HAYAETHCS Yepes BJacH]
3HaveHHA (ayn, bm, ... ), TO iCHYE OJlHO3HA4YHe Bigo6pakeHHs (aAy, by, ...) —
fnm.., @ OTXKe, BJIACHI 3Ha4eHHA F MOXXHa pO3I/IAJaTH, IK GYHKLiI0 BJIACHUX
3HaueHb (4, B, ...). To6To, f ., = f(an, bm, ...). lle foBoguTh, o F € dyH-
KIli€l0 onepaTopiB MNOBHOr'0 KOMyTaTUBHOTO Habopy: F = f(4, B, ...).

Y 6araTbox 3aCTOCyBaHHSIX IOBHUI Habip KOMyTaTUBHHUX OllepaTOPiB MoO-
»KHa pO3IJIAaTH, K OJWH OllepaTop 3 HeBUPOJKEHUM CIHEeKTPOM BJIaCHHUX
3HavyeHb. | cripaBAi — ofWH Takuil onepaTop caM 1o cobi yTBOpIOE NOBHUH
KOMYTaTHUBHHUU HaGIp.

§1.4. TinbGepTiB NpocCTip i OCHaUIEeHM I TriJIL6GEPTiB MPOCTIip

Y § 1.1 My 03Ha4YM/IM JiHIKHUN BEKTOPHUN NPOCTIp, IK MHOXKUHY €JIeMEHTIB,
3aMKHeHY BiJHOCHO onlepalii l0jlaBaHHs Ta MHOKeHHs Ha CKa/IApU. Bci cKiH-
YeHHOBUMIipHi MPOCTOPU OJHAKOBOI pO3MipHOCTI € i30MOpdHUMU, TPOTE Y
BUIAIKY HECKIHYEHHOI KiJIbKOCTi BUMipiB MiX Pi3HUMU IPOCTOPAMHU MOKYTh
icHyBaTH neBHi BiAMiHHOCTI. Po3ryiifiHeMo HeCKiHYUeHHUU OPTOHOPMOBAaHUM
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Habip 6asucHux BekTopiB {¢,, : n = 1,2,..}. 3 ix JONOMOr0I0 MU MOKEMO
YTBOPUTH JIIHIKHUN BEKTOPHUU npocTip V, o cKkJIafaeTbes 3 yCiX MOXKIIU-
BUX CKiHYeHHMUX JIiHIHHUX KOMOiHaLill 6a3ucHUX BeKTOpiB. OTxe, V MiCTUTB
yci BEKTOpH BUTIAAY Y = > . Crd,, e CyMa MOKe MaTH Gy Ab-sIKY CKiHYeHHY
KIJIBKICTB 4JIEHIB.

[Ipoctip V MoOxHa po3WKUPUTH, AOLABLIN 1O HBOIO I'PAaHUYHI TOYKU He-
CKiHYEeHHUX MOCJIiIOBHOCTEN BEKTOPiB, HAa 3pa30K CYyMH 301KHOTO BEKTOPHO-
ro psjfy. Ta cnepiily MU MyCUMO AAaTH YiTKe 03HAYeHHS 36i%CHOCMI Y BEKTOP-
HoMy npocTopi. Halispy4Hilie 1ie 3po6uTH yepe3 NOHATTS HOpMH. MU Kaxe-
MO, 1110 TOCMiJOBHICTb {Y;} pH i — o0 36ira€TbCcsA 4,0 BEKTOPA X, y TOMY i e
B TOMY BUNAAKY, KOJH lim;o ||P; — X|| = 0

JonaBaHHa A0 npoctopy V Bcix TaKUX BEKTOPIiB Jae 6inblMi mpocTip,
SIKMWA MU n03Ha4uMo H . Hanpuk/az, BEeKTOpU BULJIALY

Lpi = Z CTll‘pn
n=1

€ eJleMeHTaMU V [1/15 BCiX CKIHUEHHUX 3Ha4€eHb I. [paHUYHUI BEKTOp NpU [ —
00 He HaJIeXTb Ji0 V, 0/lHaK € eJleMeHTOM ImpocTopy H 3a yMOBH, 10 ., lcn|?
ckindyeHHa. [IpocTip H HA3UBAETHCA 2i/1b6EPMOBUM NPOCMOPOM, AKILO BiH Mi-
CTUTb FPAaHUYHI BEKTOP BCiX 36>KHMUX 32 HOPMOIO MOCIiJOBHOCTEH. (Ha TEXHi-
YHOMY aproHi, H Ha3MBa€eTbCs NONOBHEHHSM V 3a TOMOJIOTi€I0 HOPMU.)

Jus riip6epTOBOrO NMPOCTOPY 3a/JMINAETHCS CHPABEAJJIMBOI B3aEMHO
O0/lHO3HA4YHa BiZINOBIHICTh Mi>k BeKTOpaMH B H i esleMeHTaMM AyaJIbHOTO
npoctopy H’, 0 cK/IaZaeTbcs 3 HeNepepBHUX JiHIHHUX yHKIioHamiB. Y
§ 1.1 Mu JoBesd Lie TBep/PKEeHHS [AJ CKiHYeHHOBUMIPHUX IPOCTOPIB, asie
ONYCTUMO CTaHJApPTHE JOBeJleHHs MJif Tiab6epToBOro mpoctopy (AuB. y
xopaana [99]). HaTomicTh MU BAaMocs [0 aibTePHAaTUBHOIO Mifxoay — He
TAKOT0 3arajlbHOr0 3 MaTEMaTHUYHOTO MOTJIsS/Y, ajle HabaraTo KOPUCHILIOTO
JUJIS HallMX NOJa/bLINX NOTpe6.

[To3HaunMo yepe3 E HaAULIUPUIKHA JIHIKHUN NIPOCTIp, L0 MiICTUTD YCi MO-
scauel NiHiMHI KoM6iHanil 6a3ucHuX BeKTopiB {¢,,} — AK ckiHYeHH], Tak i He-
cKiHueHHI. /loBi/IbHUI e/leMeHT E Ma€ BUIIAL § = Y . cpd,, 6e3 6yAb-aKux
HaKJIaleHUX Ha KoeilieHTH ¢, o6MexxeHb. MM MOXKEMO PO3TJIsSAATH HOTO, SIK
HeCKiHUeHHUH BEKTOP-CTOBIIElb, YU eJIEMEHTH C;, He 06MeKeHi He 3a YHCJIO-
BUM 3HAa4Y€HHAM, Hi 3a KiJIbKicTIo. [IeBHa piy, 3a TAKUX YMOB HOpMa Ta BHYTpi-
IIHIM 106yTOK JJi1 6araThboX BEKTOPIiB 3 = OYAyTb HEBU3HAUYEHUMH, ajie MU
30cepeMMO Hally yBary Ha JeIKMX MiANpoCcTopax &, 10 MalThb Kpalli Bja-
CTHUBOCTI.

liavb6epmis npocmip H € niagnpocTopoM E, BU3HAYEHUM TaKUM YHNHOM, 1[0
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BeKTOp h = Zn cn$,, HAJMEeXUTh 0 H Tofiiuiie ToZi, KoY BHYTPILIHIN f0-
6yTok (h, h) =), |cn|? € ckinueHHNM. Tenep MU MOXXKeMO O3HAYUTH cnpsijice-
HUll npocmip H™, Ik MHOXXHHY BCiX BeKTODIB f = Y bn,,, AJIs IKUX BHYTpI-
wHik go6yTok (f, h) = ), by, ¢y, 36iraeTbea aus Beix h i3 H. MoxxHa o6paTn
BEKTOD h TakK, 1106 $pasu |cy | JopiBHIOBaMM a3 |by| i Bci by, ¢y, 6y/11 HO3UTHUB-
HMMHU JiACHUMH BeJIMYMHAMM. Y 11boMy pasi 36ixHicTe (f, h) = >, by cyn Gyae
3abe3nevyeHa, IKI0 NPU N — 00 NOCTiA0BHICTS {|by, |} mparHe [0 HysA Tak ca-
MO WBU/AKO, K i {|cn |}, ocKinbKH ) |cn|2 € 361XKHO10. A 3Bi/iCH BUILJIMBAE, 1110
Yon |bn|? Takox 36iraeThbes, ToMy f (ZOBiIBbHUI eleMeHT H ™) HaJIeXHUTD i 10
. OTxe, riib6epTiB NPOCTIP € CpPsAXEeHUM /0 caMoro cebe*: £ = F*.

Tenep o3HayuMo NpoCTip (), 1O CKAAJAETHCSI 3 YCiX BEKTOPIB BUTJIAAY
® = Y . Und,, KoedillieHTH AKUX 3a/[0BOJBHAIOTb HECKIHUEHHOMY TNepeti-
KY YMOB:

> un’n™ <o gram = 1,2, ..
n

[IpocTip Q 3 oueBUAHICTIO € nignpocTopoM H i sABJIsiE 06010 NPUKIAZ sidep-
Ho20 npocmopy. CripsxeHU# 10 Q npocTip, O, CKI1aJa€ETbCA 3 TAKUX BEKTOPIB
0 = ), Vnd,, Wo A06YTOK (0, ) = ) . VyUy € 36DKHUM 15 BCix w 3 (), a
(0, *) € HemepepBHUM JIiHIKHUM QyHKIioHaI0M Ha (. dcHo, mo Q* HabaraTo
6inp1nii 3a (), 60 10 HHOTO HANIEXKHUTD OY/Ab-IKUN BEKTOP O, Ui KoedilieHTH
Vp 3pOCTAlOTh He MIBU/IIIE CTENEHSA L IPU N — 00,

Hapeuti, 3BepHimMo yBary Ha Te, 1o npoctip V>, npstkenuit g0 V, € nos-
HUM NIPOCTOPOM E, OCKIJIbKY BEKTOPHU y V' MalOTh Jivile CKIH4eHHY KIJIbKICTb
AoJaHKIBY cyMiy = > cnd,,a 0TKe, ’)KOJHUX TPO6IIeM i3 IXHBOIO 361XKHICTIO
He BUHUKAE. TaKUM YMHOM, PO3TJISIHYTi BULLE JIIHIAHI IPOCTOPH i CIPSIXKEHI 10
HUX 33/I0BOJIBHAIOTH CIIIBBiIHOIIIEHHIO BKJIQ>KEHHH:

VeQcH=H"cQ*cV*=E
Baxxiuso l'IaM’HTaTI/I HaCTyIIHE!:

(a) wo MeHIHKM a60 06MeEXKEHIITUN TPOCTIP, TO 6iNBIINM 6yAe COPSKEHUN
Jl0 HbOT'O;

*Cnpsxenuit mpocTip H™ TicHO MoB’A3aHMil 3 AyaabHUM npocTopoM H’. €E1UHa icTOTHA Bij-
MiHHICTb MOJISITAE JIM1IE B TOMY, 1110 B3aEMHO OJJHO3HA4YHa BiANOBIAHICTb Mi>k BeKTOpaMu B H i
H' e antuniniiinoro (1.8), Togi sk H i > crporo isomopdHi. TakuM unHOM, I’ MOHa pO3TJIs-
JlaTH, K KOMILJIEKCHO CIpsikeHUi . HacnpaB/i Halla apryMeHTallisi He[oCTaTHbO CUJIbHA
JJIsl BCTAaHOBJIGHHS NOBHOI ienTuanocti H i H. lpunycrimo, mo ¢n ~ Y i by ~ nk IJ1s1
BEJIMKMX M. 36DKHICTD Y, |cn|® BUMarae, wo6 y > 1/2. 36ixHicTb Y, by,Cn BUMArae, mwo6
B+v > 1.Tomy 3 > 1/2 € mpunyctumum, a § < 1/2 HenpuUnycTUMUM. |11 BUK/IIOYEHHS
KpalHbOro BUNaAKY B = 1/2 Tpeba ckopucTaTHcs HenepepBHicTio dyHkuionana (f, ), AK y
CTaHJApTHOMY J0BeZleHHi B [99].
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(b) oauH suule rib6epTiB NPOCTip i30MOpPHUI 10 CBOT'O CIIPSKEHOTO.

Haii6inbiminit inTepec A5 pi3sHUX 3aCTOCYBaHb CTAHOBUTD TPUILIET (L C H C
%, 110 Ha3UBAETbCA OCHAWEHUM 2iabbepmosum npocmopom. Y § 1.3 GyJio no-
Ka3aHo, 1[0 /Il CaMOCIIPSKEHOr 0 onepaTopa A y HeCKiHYUeHHOBUMIpHOMY Be-
KTOPHOMY IIPOCTOpi piBHSIHHA Ha BJIACHI 3Ha4YeHHd A|an) = an|an) Moxe Ma-
TH, a MOXKe ¥ He MaTH pillleHb. A NIPOTE, y3a2a/1bHEHA CNEKMPA/IbHA Meopemda
CTBEP/IKYE, 1[0 Oy Ab-IKUNA CaMOCIPsXKEHUH ONlepaTop y riibbepTOBOMY MPO-
ctopi H Mae noBHUM Habip BJIACHUX BEKTOPIB, 1110 iCHYIOTh ¥ PO3IIUPEHOMY
npoctopi %, i Ko3KeH BEKTOP 3 06J/1aCTi BUSHAYEHHsI LIbOTO OllepaTopa MOXKHa
PO3KJIACTH 3a MOro BJaCHUMM BeKTopaMu. TouHe ¢popMyoBaHHA 1ii€i Teo-
peMu Ta ii cTpore 0BeileHHSI NOTPeOYIOTh 3aCTOCYBAaHHS ClleliaJibHOr0 Ma-
TeMaTUYHOI0 anapaTy, TOMY BCiX 3aljikaBJeHHUX YUTA4iB MU BiJICUJIAEMO [0
kuuru [enbdanga i Binenkina [72]. A MM 06MeXUMOCA Jlle il CIPOLIeHUM
BapiaHTOM, LiJIKOM JOCTATHIM /151 HALIUX LiiJei:

Teopema 7. [lns1 6yJb-IKOTO CaMOCHPs>KEHOT0 onepaTopa A 3 UMCTO Helle-
pPEPBHUM HEBUPOJPKEHUM CIIEKTPOM ICHYE TaKa OoJHONapaMeTpU4Ha rpyna
BekTOpiB {¢, }, AKi HanexaThb o 0%, wo A AOBiIbHOrO BeKTOpa Y 3 () BU-
KOHY€ETbCA piBHICTB (§,, AY) = A(P;, ¥). Kpim Toro, {¢p, } yTBOpIoe noBHUMI
Habip y TOMy ceHci, o A0BiJbHUI | 3 06J1acTi BUSHAYeHHs onepaTopa A Mo-
»KHa BUPA3UTH, K

Y = f e oy du(d),

a JIi1o Ha HbOTO oneparopa A4, AK
400
A= [ 200 by duc)

ae c(A) = (dy, P), a u(A) — pesaka aificna GyHKuia Mipu.

Lfo TeopeMy Jierko NOLKMPUTH ¥ HA BUIAA0K YHUCTO HENEPEPBHOTO, aje
BUPOJPKEHOTO CHEKTpy. Tpeba Jsinile 3aMiHUTH OJHONApPAMETPUYHY I'PYIy
{¢$,} Ha sBONApaMeTpUUHY {q);} 3i=1,..,n,/le n — MaKCMMaJbHa KPaTHiCThb
cnektpy. Toni (cl);'\, AY) = )\(cl);t, ), a po3kIaZieHHs | 32 BJJaCHUMH BEKTOpa-
MU HaOYyBa€ BUTJIAAY

b= | i du.

i=1_"0o
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I, HapewITi, 11 TeopeMa 6e3 Npo6./1eM MOLIMPIOETHCS HA OTIEPATOPH, 1110 Ma-
IOTb | HelepepBHUH | JUCKPETHUM CIEKTPH [3aysadiceHHs: y 3aralbHOMY BU-
naJiKy, [MMH JJBOMa TUIIAMHU CIEKTP ollepaTopa He Buuepnyerbesi|. Toai fgBo-
napaMeTpUyHa rpyna {c])g} JIOTIOBHIOETHCSI 3BUYaHHUM OPTOHOPMOBAHUM Ha-
60pOoM BJIaCHUX BEKTODIB 3 riibbepToBoro npoctopy {¢,}, ana akux Adp, =
aq®d,, @ pO3K/Ia/IeHHA 3a BJJaCHUMU BEKTOPaMH CTaE

n 1%
=Y cabe+ Y [ c0) 0 dued,

i=1_"0o

A€ Cq = (q)ou lb)

Bunagku ckJa[HIIIMX CHEKTPiB y HAUIOMy pO3IJIAZLI He 3yCTpiyaTUMY-
ThbcA. Mipa u(A) 3a/1eXUThb Bii HOpPMyBaHHSA BEKTOPIB ¢,, AKe 3a3BUYall 00U-
paEeThbCcs TaKUM YMHOM, 106 W(A) = A Ha HemepepBHOMY cneTpi. Lo ymoBy
MOXXHa BUPa3UTH B MaTEMAaTUYHO He 30BCiM KOPEKTHOMY, aJie LJIJIKOM NIpuja-
THOMY /i/Is IPAKTUYHHUX 3aCTOCYBaHb BUTJAAL (Py, dy) = S(A' —1) — mesbra
byukuia Jipaka.

Takox i3 Teopii ocHalleHOTO TriJIbO6EPTOBOro MOCTOPY JIJIst HAC Oy /ie KOpH-
CHUM Lie oguH QakT. [l 6y/ib-IKOr0 CaMOCIPS)KeHOoro onepaTopa A B TiJib-
6epToBOMy npocTopi H icHye Takuii onepaTop A* y po3iMpeHoMy IpoCTopi
Q%, uo aust BeKTopiB Y 3 Qi ¢ 3 0™ BUKOHYETHCS PiBHICTD

(A%, b) = (b, AP).

Ile f03BOJISIE 3HAXOAUTH BJIACHI 3HAa4eHHA A 1 BJIacHI BeKTOpU ¢, AJ1d Helle-
PEPBHOrO CEKTpPy orneparopa A, po3s’s3yo4u piBHAHHSA AX ;) = Ad; y pos-
mwypeHoMy npocrtopi Q* (a ToyHile, B HOro KOHKPETHOMY Npe/CTaBJeHHi,
NpPOJUKTOBaHOMY yMoBaMu ¢izuuHoi 3aaa4i). Hagani Mu He 6yeMo po6UTH
pisHuLi Mi>k A Ta A i M0O3HaYaTHMEMO OCTaHHIH Takox yepes A, 60 BiH € po-
CTO pO3LIMPEHHAM L[LOTO0 onepatopa Ha 0%, a B { zie Tak caMo, AK i A.

OTXe, MM MAaEMO JiBa pi3Hi MiAX0AH 10 AOCAiIIKEHHS CAMOCIPSIXKEHUX OTle-
paTopiB 6e3 MOBHOTO HAGOPy BJACHUX BEKTOPIB y TriibOEPTOBOMY MPOCTO-
pi (To6TO, BeKTOPIB 3i CKiHUeHHOI0 HOpMO10). [lepiInil IpyHTY€ETbCA HaA crie-
KTpasibHil TeopeMi (Teopema 4, § 1.3) i mosisirae B ToMy, 1106 nepedopmMyJiro-
BaTH PiBHSIHHS Ha BJIaCHI 3HaUYeHHs Y TepMiHax NpoeKIiNHUX onlepaTopiB, AKi
€ [[iJIKOM BU3HAY€eHI B riib6epTOBOMY POCTOPI, HABITh AKLIO IX He MOXHA 3a-
NUCATH Y BUIVISIAI CYMH 30BHIIIHIX 106y TKIB BJlaCHUX BEKTOPIB 3i CKiHUeHHO10
HopMom. /lpyruii croci6, 6a3oBaHuUi Ha y3araJbHeHil cieKTpaJibHil TeopeMi,
MPOIMOHYE PO3LKUPUTH Halll MATEMaTUYHUN iIHCTpYMeHTapiil 10 OCHALEHOT 0
rizb6epTOBOTO MPOCTOPY, B IKOMY I'apaHTOBAHO iCHYE MOBHUN Habip BJIaCHUX
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BeKTOpiB (MOXJIMBO, 3 HEO6MeKeHO HopMoto). [lepuiuit cnoci6 cBoro yacy
OyB 3araJIbHONPUMHATUM Y MaTeMaTU4HIN Gi3uni, npote Apyruii, HalBipori-
JHille, i faJi 3pocTaTvMe B MONYJAPHOCTI, OCKIJIBKY BiH [J03B0JISI€ IIOBHOIO
Mipoo 3acTOoCcOBYBaTH dopMasisM AipakoBUX 6pa- i KeT-BeKTOPiB.

€ YMMaJsio KOHKPETHUX MPUKJIA/LiB OCHAIEHUX TJIbOEPTOBUX MPOCTOPIB.
Bule MU poO3rJysSHy/M OJUH i3 HUX, Y 3pYYHOMY [JIs aHaJli3y NpeJcTaBJeHHI
SIK HECKIHYEeHHOIr0 Habopy AUCKPETHUX KOMIIOHEHTIB; ajie HUM He BUYepIy-
I0ThCSI BCi KOPUCHI NPUKIaAM. SIKI0 32 = B3ATU NPOCTip yciX GyHKIIN onHiel
3MiHHOI, TO 2isb6epmis npocmip H yTBOPUTH NiAMHOKHHA KBaZpaTUYHO iH-
TerpoBaHux yHkuii. To6To, 10 H HanexaTsh yci yHKuil Y(x), A1 aKux

W, y) = f [W(x)|? dx € ckiHueHHUM.

AdepHuli npocmip Q cknagaetTbcda 3 PyHKUIN P(x), 1[0 3aJ0BOJBHSIOTh He-
CKIHYEeHHOMY IepeJIiKy YMOB:

f GO+ ) dr <o (m=12 )

Oyukuii Y(x), o HanexaTsb [0 £, MaloTh CIIaZaTy [0 HyJIs1 LIBUALLE 32 Oy b-
AKWH BiJ EMHMI cTeniHb x npu |x| — 0. PoswupeHuii npocmip Q*, o € cnps-
JKeHUM [0 (), CKJIaa€Thcs 3 Takux QyHKIIN x(x), 1m0

+00

o )= f X ()d(x)dx  pasBcix p(x) i3 Q.

—00

Ha nopauy fo ¢yHIi 3i cKiHueHHOI HOPMOIO, SIKi TAKOXX HaJIeXaThb i /10
J, npocTip Q* MiCTUTh HeOOMeXKeHi Ha HEeCKIHYeHHOCTi QYHKIII, AKILO BO-
HU 3pOCTAIOTh He MBU/IIE, HiXK 6yIb-AKHi cTemiHb x. OTXe, 10 O™ HaJEKUThb
e'®* gxa e BnacHow ¢yHKIi€elo onepaTopa D = id/dx. Tak caMo, eJleMeHTOM
[[bOTO MPOCTOPY € AipakoBa JiesnbTa-GyHKIis 6(x — A), 110 € BJacHOW QYHKI-
€10 oneparopa @, BU3HaueHoro, sk Qy(x) = xy(x). Llli aBa npukiagu nepe-
KOHJIMBO 3aCBi4yI0Th, o TpumieT (, H, Q) ocHalleHoro riib6epToBoro
npocTopy 3abe3eyye KBAHTOBY MeXaHiKy NPUPOAHIIINM MaTeMaTUYHUM iH-

CTPYMeHTapieM, Hi>XK OJIMH JiHllle TiJib6epTiB MpocTip.

§1.5. Teopis iMoBipHOCTI

MaTeMaTHYHUH 3MiCT Teopii HMOBIpHOCTI oJisirae y BUBUEHHI BJJaCTUBOCTEHN
¢yHkuii Prob(A|B), sika € timogipHicmio noAii A 3a yMOB, BUSHAUEHUX MO/Ii€0
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B. Y uboMy naparpadi Mu BXKHMBAaTUMEMO CKOpoueHe Mo3HavyeHHs P(A|B) =
Prob(A|B), asie B moAjaibIIuX 3aCTOCYBAaHHAX, KOJK CUMBOJI P mo3HavyaTuMe
iHIIY BEJIMYMHY, TIOBEPHEMOCS 0 IOBHOTO 3aMKCy. 3HAYEeHHs Ta iHTepnpeTa-
1[it0 TeEpMiHY ,AMOBIpHICTH" MU 06rOBOPUMO 3T0/IOM, Pa30M i3 TJAyMayeHHSIM
CJI0Ba ,MI0ZiA"“. A MOKHK pO3IIsAJaTHUMEMO IX, IK CyTO MaTeMaTHU4Hi MOHATTS,
1110 BU3HAYAIOThCS JIUIIE 3 HA60py MEBHUX aKCioM.

CyKynHOCTi noAil MU pO3risijaTUMEMO TaKMM CaMUM YUHOM, fIK i eje-
MeHTapHi nojii. ToMy 3anpoBaZiuMo NeBHi onepaliii, AKi J03BOJISITb KOMIIOHY-
BaTH ix: A (,He A“) cTBep>Kye Npo BifcyTHicTb noaii A; A&B (,4 i B“) BKasye,
110 Bigbysucs o6uBi i nogii; AV B (,A a6o B“) no3Hayvae 3/1ilicCHEeHHS pU-
HallMHi 0/1HO1 i3 3a3HaYeHuX o/ji. Kom6iHanii moiit Takox 6y1eMo BBaXKaTH
nogisaMu. i Tpu onepatopu (; &, V) Ha3UBAKOTLCA 3anepeyeHHs, KOH IOHKYIs i
du3’toHKuis.

Akciomu Teopii KMoOBipHOCTI MOXkHa cHOPMYJIIOBATH B KIIBKOX Pi3HUX,
ajle MaTeMaTUYHO eKBiBaJleHTHUX ¢popMax. HaBesieHe HMKYe opMyTOBaH-
HSl I'PYHTYEThCs Ha po6oTi P. T. Kokca [46].

Axkcioma 1: 0<PA|B)<1

Akcioma 2: P(AlA) =1

Akcioma3a: P(A|B) =1— P(A4|B)
Axcioma4:  P(A&B|C) = P(A|C) P(B|A&C)

AxcioMa 2 BCTaHOBJIIOE IOMOBJIEHICTD, L0 JOCTOBipHA nois (To6To 3AilicHe-
HH# nozii A Bxe 3a Il HassBHOCTi) Ma€ WUMOBipHicTb 1, a Akcioma 1 cTBEp/KYE,
110 >K0JJHa UMOBIPHICTb He MOXe IepeBUILYyBaTH JOCTOBIpHICTb. AkcioMa 3a
KOHCTAaTY€ iHTYITUBHE PO3yMiHHS TOro $aKTy, 110 KMOBIPHICTh BiICYyTHOCTI
MozAii 3MEHIIYETbCA PU 3pOCTaHHI UMOBIPHOCTI ii 37jiiCHEHHS. 3 Hel TaK0oX
BUIIKBaE, o P(A|A) = 0; iHaKiIe KaXky4M, HEMOXJ/IMBA MOisA (3AiHCHeHHs
no/ii A 3a ymoBH ii BificyTHOCTI) Ma€ HyJIbOBY UMOBipHicTb. AkcioMa 4 cTBep-
JUKYE, 1110 UMOBIpPHICTB 3/1iFiICHEHHS BOX 10/1ii1 (3a meBHOi yMoBH () AOPiBHIOE
WMOBIipHOCTI 3/1iliCHEHH S O/JHI€ET 3 LIMX MOAiM MOMHOXeHil Ha UMOBIpHICTb TO-
ro, 0 JIpyra Mo/is BiA6y/1eThCs 32 yMOBH 3/1iliCHEHHS IepLIoi.

ImMoBipHoCTi 3anepeuenns (4) i kon'oHkLii (A&B) noziii BUMararThb CBO-
ro 03HaueHHs Yyepes akcioMu. BojiHOUAC, )k0/JHa akcioMa He OTPi6GHAa AJis po3-
rasaAy aus’'oHKLil, 60 AV B = (A&B); iHMMM c10BaMy, TBeppKeHHH ,A a60
B“ exBiBasieHTHE 3aniepeYeHHI0 TBepAKeHHs ,He A i He B“. 3 Akciomu 3a oTpu-
MY€EMO

P(AV B|C) = 1 — P(A&B|C). (1.47)

lleit BUpa3 MOXHa J0AaTKOBO BUJ03MiHUTH, BAABILIKCh 10 HASIBHUX aKCiOM.
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Cnepiy ckoprucTaeMocs AkciomaMu 3a i 4 AJist 064uc/ieHHsl BUpa3y:

P(X&Y|C) + P(X&Y|C) = P(X|C) P(Y|X&C) + P(X|C) P(Y|X&C) =
= P(X|C){P(Y|X&C) + P(Y|X&()} = (1.48)
= P(X|C).

MigcraBuBmu B (1.48) X = AiY = B, maemo P(A&B|C) = P(A|C)—P(A&B|C).
3acTtocyBaBiu AKcioMy 3a [0 mepiioro AoJaHKa i ckopucrtaBuivch (1.48) 3
X = BiY = Ay apyromy pojanky, ogepxumo P(A&B|C) = 1 — P(A|C) —
P(B|C) + P(B&A|C). Togi (1.47) HabyBa€ BUTASALY

P(AV B|C) = P(A|C) + P(B|C) — P(A&B|C). (1.49)

Axmo P(A&B|C) = 0, Mu KaxkeMo, 1110 11oJ1ii A i B € 83aEM0BUKAOYHUMU 3a
yMmoBH C. Y nbomy pasi (1.49) 3BoguThCs [10 TpaBUIa A0/iaBaHHSA UMOBipHO-
cTel JJ11 B3aEMOBHUKJ/IIOYHUX MOAIH, SKe MOKHA BUKOPHUCTATH 3a aJbTepHA-
THUBY AKcioMi 3a.

Akcioma 3b: P(AV B|C) = P(A|C) + P(B|C) (1.49a)

JBi cuctemu akciom (1, 2, 3a,4) i (1, 2, 3b, 4) € ekBiBasieHTHUMU. [l]ofiHO MU
nokasaJsiy, ik 3 Akciom 3ai 4 BumnBae Akcioma 3b. | HaBnaku, ockizibku Ai A €
B3aEMOBHUKJIIOUHUMHU NOAIAMU, a AVA — JOCTOBIpHA N0/, TO 04eBUHO, 1110
3 Akciomu 3b BumnBae Akcioma 3a. AkcioMma 3a BUJIA€EThCA eJIeraHTHIIOIo,
no3ask il MoKHa 3aCTOCYyBaTH |0 BCiX MOAil, He JiMlle B3aEMOBUKJIIOUHUX. A
npoTe, Akcioma 3b Texx KoprcHa, 60 Ma€ MeBHI NPaKTUYHI MepeBar.

Akciomy 4 moxxHa nepenucaty y Buriasagi P(B&A|C) = P(B|C) P(A|B&C)
(TyT Mu nipocTo nomiHsIu MicusiMu A i B). A ockiibku A&B = B&A, To, opiB-
HAIBIIM /IBa piBHO3HA4Hi 3aMMCH Lii€l aKCIOMH, MAaEMO

P(A|C) P(B|A&C) = P(B|C) P(A|B&C). (1.50)
Axmo P(A|C) # 0, ue nae meopemy baeca:

P(BIC)

P(B|A&C) = P(A|B&C) PAID)

(1.51)

lls TeopemMa npyUMiTHA TUM, 110 IOB’sI3y€ HMOBipHIcTb noAii B 3a yM0OBH 34iH-
CHeHHA noJjii A 3 iMoBipHicT10 A 3a yMoBU B. ToMy BOHa BiZjoMa, Ik IPAHLUI
06epHeHoi limosipHOCMI.

He3asexcnicms. TBep/pKeHH4, 110 NoAiA B He3asnexHa Big nogii A, o3Ha4dae
P(B|A&C) = P(B|C). Tob6ToO, 3AiliCHEHHSI A KOJJHUM YMHOM He BILJIMBAE Ha
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HWMOBipHicTb 3/ilicHeHHs B. 3 AKkcioMu 4 BUIJIMBAE, 1110 B pasi, kosiu B He3a-
JiexkHa Bif A 3a ymoBu C,

P(A&B|C) = P(A|C) P(B|C). (1.52)

CumMeTpis uiel 3acBifuye, 110 He3a/MeKHICTh OYBAE JIMIIE B3AEMHOIO: AKIIO B
He 3aJIeXKUThb Bij A, To i1 A He 3asexxuThb BiJi B. Taka ¢opmMa He3aeKHOCTI
HA3UBAETbhCS CMAMUCMUYHOI ab0 CMOXACMUYHOK He3aJIeXKHICTIo, 1106 BiJI-
Pi3HATH i Bi/f iHIIMX NOHATH, HA 3pa30K NPUYUHHOI HE3aJIEXKHOCTI.

CykynHictb n nofiti {4} (1 < k < n) € cTOXaCTUYHO He3aJEKHOI0 3a YMO-
BU (, TOZI i /iv11e TOZi, KOJIU PiBHICTD

P(A;&A;j& -+ &Ak|C) = P(Ai|C) P(A/|C) -+ P(Ak|C) (1.53)

BUKOHYETBCA JJI5 BCIX MiAMHOXUH {A }. lorpumMmanHs ymoBu (1.53) nuiue gis
Habopy 3 ycix n nojiil € HegocTaTHIM. Tak caMo ¥ monmapHoi He3aJeXKHOCTI
MOJiH y BUMIaZKy n > 2 HeA0CTATHbO [IJ1s1 HE3aJIEXKHOCTI BCiX 1 MOAiH.

InTepnpeTanisa iMoBipHOCTI

Jlo abcTpakTHOI Teopii KMOBiIpHOCTI, 1110 CKJIaIa€THCA 3 aKCioM, 03Ha4YeHb i Te-
opeM, HEOAMIHHO Ma€ A0JaBaTUCA iIHmepnpemayis caMmoro TepMminy ,,AMoOBip-
HicTh“. |bOro BUMarae npaBuJio BiMOBiAHOCTI, 3a AKMM KOXKHa abCTpaKTHA
Teopis MOKe 3HalTH 3aCTOCYBaHH4 [0 IPAaKTUYHUX 3a/a4. [cHye yumaJio pi-
3HUX iHTepnpeTaliil iMOBipHOCTI, M03asiK KOXKHe SIBUIIle, KOXKHA BJIACTUBICTb,
KOXHEe NOHATTH, 110 3a/0BOJIbHAE YMOBaM aKCiOM MOXe pO3TJALaTUCe, AK
CBOTO pOJly UMOBIpHICTb.

OfHi€el0 3 HaWAABHIMIMX IHTepHpeTalill € 2paHU4HO-Yacmomud. fKuo
yMoBa C npu3BOAUTH A0 A abo AifKmo B n MOBTOpax i€l cuTyarnii nogia A
CTAETHCSA M pasiB, To cTBepAKyeThes, o P(A|C) = limy e (m/n). Lie He u-
e 3abe3neyye iHTepnpeTaliro KUMOBipHOCTI, a 1 Aa€ ii 03HaueHHs1 Yepe3 Yu-
CJIOBe BUPaAXKeHHA yacmomu nodii. TAKUM YMHOM, aKCiOMH abCTPaKTHOI Teopii
WMOBIpPHOCTI MOXXHa BUBECTH AK HaCJifKH 3 1ji€i yacToTHOI Teopii. [lonpw ii
30BHIIlIHIO TPUBAaOJIUBICTD, BiJl Takoi iHTepnpeTallii BiAMOBUIIMCS, TEPEOB-
ciM 4yepes BiACYTHICTb rapaHTil icCHyBaHHA BKa3aHOI Mexi [/ peaJlbHUX M10-
cJiIoBHOCTeH MojiH, gKi € 6akaHUM 006’ €KTOM 3aCTOCYyBaHHS Teopii HMoBip-
HOCTI.

Heposiku rpaHMYHO-4aCTOTHOI iHTepnpeTalii, 36epiratouu BoJHoYac ii
NpuBabGJIMBI pUcH, YCyBa€e iHmepnpemayisi cxusabHocmi. BoHa poaruisgae iMo-
BipHicTh P(A|C), K 4MCJOBY Mipy HparHeHHs, abo CXWUJIbHOCTi, Qi3MYHUX
YMOB, ONKcaHux 4yepe3 C, Ipu3BecTU [0 pe3yabTaTy A. BoHa Bifipi3HA€ETbCA
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Bij, cTapoi yacToTHOI Teopii TUM, 1110 JiKilie iIHTepIpeTye UMOBIpHICTh, aJjie He
nepeBU3Ha4aE il i He BUBOAUTH i3 40roch pyHAaMeHTANbHILIOT0. 3 MaTeEMaTH-
YHOTO0 MOTJA/ly UMOBIPHICTh 3a/MIIAETHCA HEBU3HAYEHHUM 3acaZJHUUUM I10-
HSTTSIM, 3B’I30K SIKOi 3 YaCTOTO0 MOAiN HaJeXKHUM YUHOM BCTAHOBJIIOETHCS
yepes BiANOBiAHY TeopeMy. BigMiHHICTB Li€l iHTepnpeTaLii Bif 4acTOTHOI Te-
opil moJisirae e i y TOMy, 1110 BOHA pO3rJisJa€ HMOBIpHICTb (CXUJIBHICTD), IK
XapaKTepUCTUKY $i3nyHUX yMOB C, 1110 MOTEHL[iHHO MOXKYTh 3all04aTKyBaTH
MOCJIiIOBHICTB MO/1i#, a He SIK BJIaCTUBICTb (4aCTOTY) caMoi OC/ai0BHOCTI 1mo-
Jid. Leit akT nigKpeca0eTbCs, 30KpeMa, HEOAMIHHUM Y>KUBaHHSM yMOBHOI
dopmu a5 3anucy iMoBipHocTi P(A|C) i HecipuHHATTAM abcooTHOI P(4).
CxunbHicHa iHTepnpeTalliss KIMOBIpHOCTi 0CO6JIMBO 3py4YHa /151 3aCTOCYBAHHS
B KBaHTOBiN MexaHili. [lepuium ii 3anpoBauB y cTaTUCTUYHIN di3ulli (BKJIt0-
YHO 3 KBaHTOBOM MexaHikor) K. P. [Tonep [148].

[HIIMM KOPUCHUM Yy HayIli 3aCTOCYBaHHSIM abCTPAKTHOI Teopii HMOBipHO-
cTi € Teopis iHdykmueHozo cydxcerHus. Iloail”, mpo ki MoxkHa poGUTHU HMOBIp-
HicHi TBepMKeHHS, 3aMiHAI0TbCS NPUNYWEHHAMU, 1[0 MOXYTb OyTH SIK iCTUH-
HUMH, TaK i XuGHUMH, a UMOBIipHicTb P(a|y) iHTepnpeTy€EThCS, SIK CTYiHb J,0-
CTOBIPHOCTI a0 32 YMOBH iCTUHHOCTI Y. JlesiKi 3 NpUnyleHHb, 10 pO3rasa4alo-
ThCA B Li#l Teopii, MaloThb TpUBiaJbHUM 3BA30K i3 MOAIIMM Teopii CXUJIBbHOCTI;
NpUIYILeHHs o MOXKe 03HayaTH, 110 1041 A Bifbynaca“. BogHoyac, y Takiid
iHTepnpeTanil iIMOBipHOCTHI NpUNYLIEHHS MOKHA POOUTH He JIMLIE 11010 BU-
NaJKOBUX TOJIN, a U y CTOCYHKY [10 HeBifjoMux ¢akTiB. Hanpukiaz, Mu Mo-
»)KeMO TOBOPHUTH PO WMOBIPHICTb TOrO, 1110 B IEBHUX €KCIIepPUMEHTax 3apaz
eJIeKTPOHA MaTHUMe BeJJMYMHY Mixk 1,60 X 10719 Kni 1,61 x 10™1° K. Teopis
IHAYKTHUBHOIO CyJpKeHH KOpUCHA [JISl IIepeBipKU NPUNYLeHb, AKi J03B0OJIA-
I0Tb BUBOJAUTH HEBiOMI BeJIMYMHU 31 CTATUCTUYHUX JAHUX.

3actocyBaHHs Teopil iMOBipHOCTI A1 epeBipkU Gi3SMYHUX NPUNYILEHD
I 11 OLiHKU CTylleHA AOCTOBIpHOCTI MOXXHA CHpPOLLEHO PO3IJIALATH, AK
06’ekmugHy i cy6’ekmueHy inTepnpetauii. (B3araji, e HagMipHe cnpolie-
HHSI, 60 OinblIicCTh Teopill iHAYKTUBHOTO Cy/ZKEHHSI HaMaramTbCd OYTH
06’€eKTUBHUMHU.) Bysio yuMaso 3anasbHUX | HEKOHCTPYKTUBHUX CyllepedyokK
JIOBKOJIa IMTaHH4, Ka 3 LIUX iIHTeplpeTalii npaBuibHima. Ha nornaz aBro-
pa, 6ibIIICTE TAKUX JUCKYCil MalM HEIPOAYKTUBHUM XapaKTep, OCKIJIbKY I
JIBi Teopii cTocyloThcs pidHOTro KJacy 3aa4. by ib-sika iHTepnpeTallis KMOBip-
HOCTI, 1110 Y3TO/IKYEThCA 3 aKCIOMaMU, €, 3a BeJIMKUM PaXyHKOM, IPABUJILHOH).
Jlo npukaay, NoHsAHHS UMOBIPHOCTI MOXXHAa BUKOPUCTOBYBATH i B Teopii uu-
ceJi. IMOBipHicTBb TOTr0, 1110 ABa I1iJ1i YK C/Ia € B3AEMHO MPOCTUMU, IOPiBHIOE 6 /.
[IpoTe 3po3yMiJio, 1110 Take NOHATTS ,MAMOBiIpHOCTI" He BKa3ye Hi Ha ¢i3UYHY
HeNOCTiWHICTb, Hi HAa Cy6’€KTHBHY HEBMEBHEHICTB!
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IMoBipHicTb i yacToTa

[Ipunycrimo, mo neBHUU aocaif E Moxxe NpU3BeCTH 10 BOX pe3yJbTaTiB —
A ab60 A, 3 iMoBipHicTI0 (CXWJIBbHICTIO) 10 pesysbTaTy A, piBHow P(A|E) = p.
Y n He3anexHUX cripo6ax (mo3HauyuMmo ix E™) pesy/ibTaT A Ma€ Miclie ny pasiB
(0 < ng < n). IMoBipHicTb OTpUMaHHSA NEBHOI BIOPSAAKOBAHOI MOC/IiJOBHO-
CTi, 10 MicTUTBb A TOYHO 1 pasiB, a A — To4YHO n—7 pasiB, JopiBHIOE P q™ 7, e
q = 1 —p. Yci MOX/IMBI TepeCTaHOBKH IOC/iJOBHOCTI € B3AEMOBUKJ/IIOYHUMU
MOJiIMH, TOMY MU MOXKeMO MPOCYMYBaTH iXHi KMOBIpHOCTI, 11106 OTpUMaATH

n!
P(ny =r|E™ —_— 1.54
( A | ) 7l (Tl T')' p q ( )
Lleli Bupa3 BigoMui, ik 6iHoMiaabHUll po3nodia imogipHocmi.
YacrtoTta A B gocaiai E™, f,, = na/n, KOHLENTyalbHO BiApPi3HAETHCA Bif
iMoBipHOCTI p, 0JIHAK Ma€ 3 Hel 3B’A30K. Po3ryisiHeMo cepe/lHE 3HAYEHHS N4
BiiHOCHO MMOBipHicHOrO po3noginy (1.54):

(ng) = ZrP(nA =7r|E™).

r=1

CyMy Jierko 064MC/IUTH 32 METO0M Ir'eHepyrouoi PyHKIIil, CKOpUCTaBIIUCD 6i-
HOMIaJIbHOIO TOTOXHICTIO

[00)

Z;r,(n"'r),p T =p+e"

lle nae
_ n _
(na)=p 5, +q) |q=1_p np.

OTxe, cepesiHa yacToTa A €

(na) _

n (1.55)

(fn> -
lleli pe3y/ibTaT BCTAHOBJIIOE NMEPILUH 3B’I30K MixK IMOBIpHICTIO Ta YacTOTOM,
aJie MOro 1je HeZloOCTaTHbO /Il BIIEBHEHOCTI, 110 f,, 6y/e 6JIM3bKOI0 /10 P.

Jani po3risHeMo 3arajbHIilIMNA eKCIIepUMeHT i3 HellepepBHUM 3Ha4eH-
HsM 3MiHHOI X, 0 Mae HMoBipHicTb P(x < X < x + dx |E) = g(x) dx. [Ipu
noTpe6i 10 po3raay MoxkHa GopMabHO BKIIOYNUTH U AUCKPETHY BeJIMYUHY,
JI03BOJIMBIIM MUTOMIil iMOBipHOCTI g(x) MicTUTH JlenbTa-QyHKII.
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Jlema. flkmo X HeBig'eMHa 3MiHHa [T0o6TO, g(x) = 0 npu x < 0], To AJis 6y Ab-
sgKoro € > 0 MmaeMo

Xy=|[ xg(x)dx = | xg(x)dx =
ooz

= sf g(x)dx = eP(X = €|E).

OTxe, P(X 2 €|E) < (X) /=

3acTocyBaBILH 110 JieMy A0 HeBiJ'€MHOI 3MiHHOI |X — c|, ie ¢ — meBHa
KOHCTaHTa, OTPUMYEMO

P(|X—=c|=¢€|E) < (X —c|)/= (1.56)
KpiM TOro, po3r/siialody HeBiJ eMHy 3MiHHY |X — c|% i3 a > 0, ogepkumMo

P(JX—c|=¢€|E)=P(X —c|* = €E) <
<|X— C|°‘) (1.57)

<
80(
lei pe3ysbTaT BiJJloMUH, ik HepigeHicmb Yebuwesa. Hakvyacriie i BUKOPUCTO-
BYIOTBb /IJI1 OKPEMOTO BUNaAKy a = 2 ic = (X) — cepefjHe 3Ha4YeHHs pO3I0-
Ainy. 3anpoBaguBLIK MOHATTA Aucnepcii 0 = (|X — (X)|?) i BcraHoBHMBILIK
€ = ko, 3anu1IeMo HepiBHICTb Yy BUTJIAAL

1
P(X = (X)| 2 ko |E) < 5.

IMoBipHicTE TOrO, 110 X BiApi3HATUMETLCA BiJ, CBOrO CepeHbOr0 3Ha4eHHH
Ha k a6o 6inblie cTaHJAPTHUX BigxuieHb, He nepeBuiye 1/k?, HesanexHo
Biz popmu HiMOBipHOCHITO po3noainy.

Tenep noBepHeMocs Jj0 ekcriepuMeHTy E™ (n moBTOpiB npoueaypu E) ass
3’CcyBaHHS TiCHILIMX CTOCYHKIB MiXK 4acTOTOI0 BUINaJaHHS pe3ysbTaty A i
nmoBipHicTio P(A|E) = p. Mu 3actocyeMo (1.57) jngaa = 2iX = ny =
Sy Ji. TyT J; = 1, SIKIO pe3ysIbTaTOM i-TOr0 MOBTOPEHHs npoueAypH E €
A,1J; = 0y nporunexxHoMy BUINaAKy. Takoxk ob6epeMo KOHCTaHTY ¢ = (X),
sKa, BignoBigHo no (1.55), nopiBHIo€e np. 3BizAcH,

((na - np)2>

P(lng —np| = €|E) < o
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Tenep maeMo

n 2
(e —mp)?) = (1D (Ii—of | =D (Ui =p)Jj — ).
i=1 i

Ockisibku pi3Hi NOBTOpEeHHS E He3aseXHi, OTpUMY€EMO

((Ji =p)(Jj = D)) =(Ji —p)(J; —p) = 0i # j.

OTxe,

n
(e —mp)?) => (i —p)?) <n.

i=1
Takum yuHoM, P(|ng — np| = €|E) < n/€2. Y TepMiHax BiZIHOCHOI 4YacTOTH
noAii 4, f,, = na/n, uei pesynvrar mae surasg P(|f,, — p| = e/n|E) < n/e?.

[lizcTaBuBIM § = £/n, MU 6a4KMO, 1[0
P(Ifn —pl = §|E) < 1/n8>. (1.58)

lleil BaxXJIMBUU pe3yIbTaT, IKUM € OKPEMUM BUNIAIKOM 3aKOHY 8EAUKUX YUCe,
CTBep/KYE, 110 UMOBIpHICTB BiAxuneHHs f,, (BiAiHOCHOI yacToTa nofii A B n
He3aJsIeXKHUX cripobax E) Bif p 6isiblile, HiXK Ha 3alaHy BEJIMUMHY §, IparHe 10
HyJIA IpU n — oo, l]iKkaBO BiA3HAYUTH, 10 LOBELEHHA L€l TepeMU BUMarae
yMOBHU He3aexHOoCTi (1.52), a Takox AkcioM 1, 2 i 3b. [IpoTe He 3BepTa€ThCA
Jlo Akciomu 4, sikio npuiHsaTo Akciomy 3b, 3aMicTb 3a.

C1iJy HaroJIOCUTH, 1110 3aKOH BEJMKHX YUCeJ He CTBEPAXYE, 10 f,, KOJIU-
HeOy/lb CTaHe PiBHOIO p YU, TPUHAWMHI, 3a/IMIIATUMEThCS 6JIU3bKOI0 10 P IPU
n — oo, BiH JiM1lIe BKa3ye, BiIXUJIeHH4 [, Bi/l p CTalOThb Ae/ja/li HeMOBIipHiIHU-
MU — TOGTO, UMOBIpPHICTb 6Y/1b-IKOTO BiIXUJIEHHS BPEIITi CTaHe MEHIIO0 3a
JIOBIJIbHO 3a/1aHy BEJIMYUHY NIPHU JOCUTH BEJIMKHUX 3HAYEHHAX N. 3 Teopil KMo-
BipHOCTi MO>XHa OTPUMATH JIMlIe TBepAKEHHS NP0 KMOBIpHICTh, a He PO He-
MUHYYICTh.

OuiHoBaHHA UMOBipHOCTI

Y nonepejHix npuK/Iafax NpUIlyCKaaocs, 10 p BiZjoMa, i Lie J03B0OJIAJIO BUBO-
JUTH 3 Hel iHIi UMoBipHOCTI. B TakoMy miaxo/i MPoOCTeXYEThCS METO0J10-
riuHa CX0XiCTh i3 KBAHTOBOI TEOPIEI0, /le 6ibIIiCTh Nepes6aYeHb € UMOBIp-
HicHUMU. OZjHaK [J15 TepeBipKU TEOPETUYHUX BUCHOBKIB Y HAaC NOBUHHA OY-
TH MOXJIUBICTb BUBECTHU 3 eKCIIEPUMEHTAJIbHUX JaHUX [TIEBHI eMIIipUYHi KUMO-
BipHOCTI, IKi MO>XKHa IOPiBHATU 3 TEOPETUYHUMU UMOBipHOCTAMU. 15 11bOTO
Tpeba BAATUCH 0 Teopil iIHdyKkmueHo20 cydxiceHHSI.
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[IpunycTimMo, 1[0 CXUIBHICTD p [0 NI0ABU pe3yabTaTy A y npouefypi E He-
Bimoma. [IpoBosium He3asexHi cnpobu E mpoTsroM n pasiB, Mu croctepira-
€MO pe3yabTaT A B r BUNajKax. K1l BUCHOBOK MOX<Ha 3pOOUTH I110/10 HEBI-
JloMO1 BEJIMUMHU p?

[losHayumo E = (C, p = 0), e C cuMBoJIi3y€e BCi yMOBH A0CJiJly 32 BU-
HATKOM 3HaueHHs p, a D = (ng 34ilicHeHb A y n cripo6ax) € JaHUMHU, OTPHU-
MaHUMU B pe3ysabTaTi n cnpob. Toai, 3actocyBaBin Teopemy baeca (1.51),
OTPUMAEMO
P(Dlp=86,C) P(p =6, |C)

P(D|C '
(Ctporo Ka)xy4u, MM MaeMO NPUIYCTUTH, 10 P JIeXKUTb Y By3bKOMY iHTepBaJli
0 3 LeHTpoM Ha 6, a BiATaKk BUSHAYUTH NUTOMY HMOBipHicTb y Mexi § — 0.)

OckinbKY Hac IiKaBJIATH JiMllle BiTHOCHI UMOBipHOCTI /151 pi3HUX 3HaYeHb P,
MU MO>KEMO BiIKMHYTH BCi MHOXHUKHY, 1[0 He MiCTATH 0:

P(p = 0|D&C) x 8"(1 — 8) "P(p = 0C). (1.59)

P(p = 0|D&C) =

Ak i ciig 6ysi0 yekaTH, Lel pe3yabTaT HIiY0r0 He CTBEPAXKYE NPO 3HAYEHHS
p, BiH Ja€ Jiklle MMOBIpHICTb Pi3HUX MOXKJIMBUX 3HAa4eHb. [IpoTe i B HbOMY €
HEeBHU3HAYeHICTb, OCKIJIbKM MU He MAaEMO 3MOT'M 06YHCJIUTH KiHI[eBY HMOBip-
HicTb P(p = 0|D&C), 06yMoBJIeHy JJaHUMU D, IOKHU He 3HAEMO MMOYATKOBOI
“moBipHocTi P(p = 0 |(C), sAka siBJisie CO60I0 CTYMiHb JOCTOBIPHOCTI TOTO, 1110
p = 0, 3a eidcymHocmi daHux D. fIkio mu o6epeMo MoYaTKOBY HMOBIpHiCTb
He3aJIexKHO0 Bif 0, To HaligipozidHiwum 3HaYeHHSIM P, OTPUMaHHUM i3 MaKcH-
MyMy KiHII€BOTO pO3MOJiay NuToMoi KMOBipHOCTI 3a 0, 6yze

p =0 = % (1.60)

BunpaBaaHicTe BUGOPY MOYATKOBOI KMOBIpHOCTI, sIK He3aJexHoi Bif 6, €
JIOCUTb CIIipHOI0, aJle BApTO 3a3HA4YUTH, 1110 B pasi, koau P(p = 6 |C) € noBiJib-
HO3MiHHOW QyHKIi€0 0, ToKa/IbHUN MakcuMyM ¥ (1.59) 6yze [ocUTh 61U3b-
kuM (1.60) npu po3yMHO BeJIMKOMY 3Ha4eHHi n. To6To, Ha KiHIeBY OIiHKY
JLOCTOBipHOrO 3HaYeHHS P MalOTh lepeBa>XKHUH BIJIMB JOC/iIHI AaHi, a moya-
TKOBa OlliHKa He BiJlirpa€ NpakTUYHO HisgKol poJii. 3BuyaiHo, (1.60) 36irae-
ThCs 3 IHTYITHUBHOMO OI[iHKOI UMOBIPHOCTI p, SIKY Gi/IbIIICTD JIt0/1el 3p06UIH
616e3 fonoMory TeopeMu baepa. Ta HaBiTh y IbOMy BUNIJKY il 3aCTOCYBaHHSA
Mae€ nepeBaru:

(a) Hapgopauy fo oTpuMaHHS HalBiporigHimoro 3HayeHH4 p, (1.59) n03Bo-
Jisie HaM O06YUCJUTH UMOBIPHICTD TOrO, IO P JIEXKUTH Y IEBHOMY Aia-
Na3oHi 3Ha4yeHb. TaKUM YMHOM, MOXKHa BU3HAYUTH HAAIWHICTb OLIHKH
(1.60).
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(b) 3anexHo Big npusHaueHHs pe3yJbTaTy, HalBiporifHille 3Ha4ueHHS 0;,
MoOXKe 1 He OYTH Halla/IeKBaTHIIIOW OI[iHKOMW p. fIKI0, HapUKaafj, ,11i-
Ha“ BigXWJleHHs OLiHKH O BiJi HEBIJOMOTO CIPABXKHBOTO 3HAYEHHS P
nponopuiiiHa 0 |8 — p| a6o |@ — p|?, To Haiikpamo0 oliHKOI GyZe,
BiAMOBiAHO, Me/liaHa PO3MOAiY HUTOMOI KMOBIpHOCTI a60 ycepelHEHA
WMOBIPHICTb.

(c) 3amicTb HaMaraHHs OTPUMATH YKCTO eMIIipUYHe 3HAYeHHS P 3 eKcIle-
PHUMEHTY [Jis1 HOro NOpiBHSAHHS 3 TEOPETUYHHUM 3HAYE€HHSIM, MU MOTJIH
6 oZiepkaTHU HAWKpally OLiHKY AJ/151 p, B35IBLIM 10 yBaru HETOYHICTb Teo-
PETUYHUX 06UUCTIEHD | 0OMEXEeHUM 06CAT eKClIepUMeHTa/bHUX JTAHUX.
Teopist Morsia 6 JaTH MOYAaTKOBUM po3moAin nuToMol KMOBipHOCTI, a
HaWJOCTOBIpHille 3HaYeHHS MOKHa OTPUMATH 3 MAKCUMYMY KiHL[EBOTO
po3noginy nutoMoi iMoBipHocTi (1.59).

Jlitepatypa go Po3giny 1

[ToBHi mocu1aHHS HaBeJleHO B bibsiorpadii HanpukiHii KHUTH.

BeKkTopu i onepaTopu
Jipak [49]: Buknan dopmaniaMmy 6pa- i KeT-BEKTOpPiB HOro aBTOPOM.

Ayx [97]: nepedopmyitoBaHHS AipakoBoro ¢popMasiaMmy B MeXax MaTeMATH-
YHOI Teopii riib6epTOBOro MPoOCTOPY.

Jxopaad [99]: cTucnuii nepestik TUX aceKTiB Teopii riib6epToBOrO NPOCTO-
Py, 1110 € HAKiCTOTHIIIMMU [1J11 KBAHTOBOI MeXaHiKHU.

Bowm, A. [30]: 3acTocyBaHHS OCHALEHOTO riJIb6EPTOBOTO NPOCTOPY Y KBAHTO-

Bill MexaHiIli.

IMOBipHicTB

[cHy€ BeJiMKa KiJIbKICTh KHUKOK Ha ILI}0 TEMY, | TYT HaBeJeHO Jihlle JesKi 3
HUX, 1[0 CTAHOBJISTH OCOOJIMBUH iHTepec.

Kokc [46]: BUBeZieHHs KiIbKiCHUX 3aKOHIB Teopii IMOBipHOCTI 3 esieMeHTap-
HUX SIKICHUX NIOCTYJIATiB.

PeHi[152]: crporuii po3rssg Teopii HMoBipHOCTI Ha mificTaBi Il B3a€MO3B’A3KY
3 TeOpi€o BUMipIOBaHHA.

®aiin [60]: KpUTUYHUN aHAJII3 KiIbKOX MiAX0AiB /10 Teopii IMOBipHOCTI.
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Kek [101]: 3acTocyBaHHS Teopii HMOBIpHOCTI 10 TaKUX HEBJIACTUBUX ISl HEl
JUCLUMILIIH, K Teopid YHCeJl.

3agaui

1.1. JoBegith i HepiBHOCTI llIBapua Ta TPUKYTHUKA, BUXO YU 3 AKCiOM, 1110
BH3HA4YalOTh BHYTPILIHIN J00YTOK.

BkaxiTh Heo6xifiHI Ta AOCTATHI YMOBU JJIs TOTO, 11106 HEPIBHOCTI MepeTBo-
plOBaJIMCA Ha PiBHOCTI.

1.2. Po3r/isiHbTe BEKTOPHHUU NMPOCTIp, 10 CKAAJAETHCS 3 YCiX MOMXKJIUBUX Ji-
HilHMX KOM6iHani} HacTynHuX GyHKLiH: 1, sin x, cos x, sin? x, cos? x, sin(2x),
cos(2x). flka po3mipHicTb LbOTO MpocTOpy? BkaxiTh MOK/IMBUI HAbip 6a3u-
CHUX BEKTODIB i J0Be/liTh, 1110 BiH TOBHUH.

1.3. JloseiTs, o ciif oneparopa A, TrA = 3. (un|A|uy), He 3a/1eXHUTb Bif
KOHKPETHOI'0 OpTOHOPMOBAHOT0 6a3ucy {|uy)}, o6paHoro At 064UCIEHb.

1.4. Ockinbku niHiliHA KOMGiHAIlig MAaTPHUIlb OJHAKOBOT GOPMH A€ MATPHUIIO
Takoi x $OpMH, TO IX MOXKHA PO3IJIAAATH, SIK eJleMEHTH BeKTOPHOI'0 IPOCTO-
py. [lokaxiTh, 110 6Y/1b-SIKY 2 X 2-MaTPHUI[I0 MOXKHA BUPA3UTH depes JiHiiHYy
KOMOiHalil0 TAKUX YOTUPbOX MaTPUILb:

1_'10 0_'01

o1 1 oo)
_Jo —i 1 o

=i ol =10 —1|

1.5. Axmo A i B MaTpuIi 0ZiHaKOBOi GOPMH, MOKaxiTh, o (4, B) = Tr(ATB)
Mae BCi BJACTUBOCTI BHYTPIlIHbOr0 A0OYTKY. BifiTak MmoKaxiTh, 110 YOTUPHU
MaTpui i3 3aaa4i 1.4 opToroHaabHi 3a IIUM A0OYTKOM.

1.6. 3HaliTh BJAcHi 3HAUEHHS MaTpUILi

o R o
[ s Y SN
o R o

[To6yayiiTe BigNoBiAHI NpoeKIiliHI onlepaTopu i nepeBipTe A/ 1iel MaTpuUIli
CIeKTpaJIbHy TEOpeEMY.



42 Po3pin 1. MaTemaTuyHi nepeyM0OBU

1.7. TlokaxiTb, 0 cumempu3amop S, BU3HAYEeHUN Ha [JIOBiJIbHIA QyHKIiI
d(x), a1k Sf(x) = %[q)(x) + &(—x)], i anmucumempusamop A, Af(x) =
%[d)(x) — ¢(—x)], € npoeKiiHUMU ONlepaTOPaAMHU.

1.8. BukopucToBylo4YH 03Ha4eHHs QyHKLl Bif oneparopa, f(4) = > ; f(ai)|aiXail,
3 Ala;) = a;ila;)i(ai|aj) = §;j, noBeniTh, o cTeneHeBa yHKLiA [, (4) = A"
3a/10BOJIbHSE CIiBBiHOMEHHI0 AMA™ = A™t™,

1.9. Y uiil 3aga4i po3ryagAaeTbcsa pocTip KBaApaTUUHO iHTeI'poBaHUX PyH-
KIJif.

(a) PosrsissbTe rinbbeptiB nmpoctip H, mo ckaagaeTbed 3 GyHKIiN P(x),
JUIST STKUX

400
f W00 2dx < .

[TokaxiTs, w0 B H icHyoTb Taki ¢yHKLil, A1 9xkux QPp(x) = xd(x) He
HaJIeXXUuThb A0 H.

(b) PosrasinbTe npocTip (), o ckaajaeTbest 3 yHKUiM Y(x), ki 3a0B0JIb-
HAIIOTh HECKIHYEHHOMY IepeJliKy YMOB:

+ oo

f W) |21 + x| dx < 0 gnan=0,1,2, ..

[TokaxiTh, U0 AJs 6yab-sakoi P(x) i3 Q ynkuia Qd(x) = xdp(x) Takox
HanexuTb a0 (. (llel pesysbTaT 3acBiluye, 10 06J1aCTh BU3HAYEHHS
ornepaTtopa @ BKJIt0Ya€E BeCb NPOCTip (), ajie He MOIKMPIOETHCA Ha Becb H..

1.10. Posmupenuit npoctip Q% ckaagaetbesa 3 GyHKii x(x), 110 3a10B0Jb-
HAIOTb YMOBI

+o00

X ) = j X () (x) dx pnascix ¢ i3 Q.

—00

Anepuuit npoctip Q i rinb6epTiB npocTip H BU3HaYeHi B nonepeAHil 3a7adi.
BKaxiTh, fIKa 3 HaBeJeHUX GpYHKIiM HamexuTh 10 £, 1o H i (a60) go Q*: (a)
sinx; (b) (sinx)/x; (c) x2 cos x; (d) e=** (a > 0); (e) [log(1 + |x])]/(1 + |x]);
(0 exp(—x?); (g) x*e~,
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1.11. fxi rpaHu4Hi yMOBU Tpeba HakJacTu Ha PyHKUii {Pp(X)}, BU3HAYEHI
B NEeBHil 0OMexeHilt a6o HeoOMeXXeHiN AiNAHII TPUBIBUMIpHOTrO MPOCTOPY,
106 onepaTop Jansacian V? 6yB epMiToBUM?

1.12. Hexait (Y|A|Y) = (Y| B|Y) ans Beix Y. loBeiTh, 1110 A = B B TOMY CeHCi,
o (1 |A[d2) = (b1 |B|d;) nns BCix dy 1 ¢y

1.13. Y Hawiii ranaxktuni 6auseko N = 1011 sipok. [IpuiimiTs, gk paxT, Ha-
CTYINHI TBep/eHHs: HMOBIpPHICTh TOTO, 1[0 3ipKa Ma€ miaHeTH, € p = 107%;
MOBIpHICTB, 1[0 YMOBM Ha IJ1aHeTi NpUAATHI 10 XKUTT4, € ¢ = 10~2; iiMoBip-
HICTb, 1[0 UTTA MOXe PO3BUHYTHUCh 3a CIPUATIMBUX yMOB, € 7 = 1072, (Bci
HaBeJleHi 3HaYeHHs I[IJIKOM /J0BIJIbHI.)

(a) flxa “MOBipHICTb iCHYBaHHS KUTTS B HABMaHHS 00paHill COHAYHIN cu-
cteMi? (MaeTbcs Ha yBa3i O6yAb-siKa 30p4 3 [JIaHETaMH, SIKI[0 BOHU TaM
icCHY10TB.)

(b) flka iMOBipHiCTBb TOTrO, 1110 )KUTTs iCHy€ 60/1al1 B OZ{HI} COHSAYHIN cucTeMi
HaUIOI raJIaKTUKU?

1.14. 1l4 3afaya i/1I0CTpye 3aKOH BEJIMKHUX YUCEJI.

(a) BBaxkaTumemo, 1110 UMOBIpHiCTb BUMAJaHHSA ,,0pJia“ IPU KUJaHHI oHi€]
MoHeTH € 0, 5. [lopiBHAMTE MOBipHicTb OTpUMaTHu 5 ,,0paiB“ y 10 KuAa-
HHSIX MOHETH 3 iMOBipHicTIo BUunajgaHHs 50 ,opsiB“y 100 cnpob6ax.

(b) O6uucaite g 101 100 cipo6 BUKHUAAHHSA MOHET iMOBipHICTb TOTO, 1110
yacTka ,opJiiB“ iexxaTuMe B npoMixky Bif 0,445 o 0,555.

1.15. IluToMa MMOBipHicTb po3najy pajioaKTUBHOrO fAapa € P(t) = ae™ ™,
net > 0 — (Henepes6adyBaHMii) Yac )KUTTA A4pa, a A L — cepejHil dac
Woro x)uTTs. Po3paxyiiTe nuToMy UMOBIpHICTb Asid |t1 — to]|, Ae t1 i t; — 4ac
YKUTTS IBOX OZJHAKOBUX HE3aJIEXKHUX s/IEp.

1.16. Hexait X1, X3, ..., X, — B3aEMHO He3aJIeXKHi BUNTaJKOBI 3MiHHi, KOXKHa
3 AKHUX Ma€ MUTOMY MMOBIpHICTb

P1(x) = ae™™* (x=0)
P1(x)=0 x<0)

3a neBHoi ymoBH C. To6T0, Prob(x < X; <x+dx|C) = P1(x)dx pnal < j <
n. [lokaxiTp, 110 TUTOMa UMOBIPHICTb /11 CYMU LUX 3MiHHUX, S = X; + X5 +
o+ Xp, €

Pr(x) = a(ax)* e ™ /(n — 1)!
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CxopucTaiTecs IMM pe3y1bTaTOM /15 NpsiMO]I ieMOoHcTpalii (6e3 3BepHeHHS
Jl0 3aKOHY BEJIMKHUX YMCEJ), 1[0 CepeJHE UX 3MiHHUX, S/n, 6yJe HMOBipHO
61M3bKKMM 710 (X;) = a~! npu BeMKKX .

1.17. /lxkepesio BUNYCKA€E YACTKH i3 cepeHbOI iIHTEHCUBHICTIO A 4YacTOK 3a
CEeKYH/ly, IPOTE KOXKeH BUKUJ, YaCTKU CTOXaCTUYHO He3aJIeXKHUH BiJi monepe-
JMHBOr0. 06YMCIIiTh IMOBIPHICTB TOTO, 1[0 /PKEPEJIO BUTYCTUTh PIBHO 11 4aCTOK
NpPOTSAroM 4acy t.



Po3nain 2

dopMy/IlOBaHHA KBAHTOBOI MeXaHIKHU

§2.1. OcHOBHIi TeopeTHYHi MOHATTSA

KoxHa ¢izndHa Teopisi cK/1aIa€ThCS 3 MeBHUX 3aCaIHUYUX NOHATh, MaTeMa-
TUYHOTO QopMasi3My Ta HabOpy NpaBuJ, 110 NOB'A3YIOTh Lii MOHATTS 3 Ma-
TeMaTUYHUMU 00’€KTaMU, fKi iX npeacTaBiasaioTh. Li npaBuia BignoBigHo-
CTi CIleplly 3aCTOCOBYIOTH, 11006 BUpa3uTH Pi3M4Hy 33724y MOBOI MaTeMa-
Tukd. Koav 3agauy chopMyboBaHO B MaTeMaTUUYHOMY BUTJsAA], ii MoxxHa
PO3B’SI3aTH YUCTO MaTEMAaTUIYHUMH METO/IAMH, L0 He MOTPebyOTh HisiKoi di-
3u4HoOi iHTepnpeTatlii. [licjis yoro ¢popmasibHe pillleHHSs, Yepe3 MpaBuJIa Biji-
NOBiJJHOCTI, 3HOBY IOBEPTAETHCS B CBIT Qi3UKHU AJ151 HAJIEHKHOTO TJIYMaueHHs.

YacoM 11eii B3aEMO3B’A30K MiXK Gi3UNUHMMH Ta MATEMAaTUYHUMU 06’ EKTAMH
HACTiJIbKKM OYEBU/HUH, 110 HAM He JAOBOJUTHCH ¥ 3aMUCIIOBATUCS HaJ HUM.
Y kJlacH4HiM MexaHiui noJiokeHHs dacTku (PisuuHe NOoHATTS) Bifobpaka-
€TbCS Ha AilicHe 4yuMco abo Habip AiMcHUX yuces (MaTeMaTU4YHE MOHSATTS).
[ xoua ifeqa pificHOro 4mucia 3 NOrJgy MaTEMaTUKU aX HifIK He TpUBiaJb-
Ha, 6i1BIIICTh JItOAeH 3aTHI iIHTYITUBHO 30arHyTH 1€ IPaBUJIO BiANIOBIAHOCTI
6e3 HallMeHIIOro pU3UKYy 3aIyTaTucs. MaTeMaTU4HUM popMaslisM KBaHTO-
BOI MeXaHiK1 HabaraTo abCTPaKTHIMMUH i He TaKUM iIHTYITUBHUHY, SIK Y KJIacH-
YHil MexaHini. CBIiT He 3a€ThCS CTBOPEHUM i3 epMiTOBHX onepaTopis® Ta He-
CKIHYeHHOBIMipHUX BEKTOPiB, TOMy MH MAaEMO Ha/J3BU4YalHO yBaXXHO, 3 I'pa-
HUYHOI 06epeXXHiCTIO MiIX0AUTH /10 TPaBUJI BiAMOBIIHOCTI, IKi MOB’S3y10Th
abcTpakTHUM popmMaltiaM 3i CiocTEpPEKHO JiHCHICTIO.

€ /1Ba BaXK/IMBi acClleKTU KBAHTOBOI Teopii, 1110 NoTpe6yTh MaTEMAaTUYHO-
ro BUPpa)KeHHs, — MeXaHI{4YHUH i CTATUCTUYHUU.

STyT i fani aBTOp MepeBaXkHO BXKMBA€ TEPMiH ,epMiTOBI onmepaTopu®, 1110, 3 OrJIAAY Ha Horo
BUCOKY MaTeMaTH4HY NPUCKIIJIMBICTD, € JIMIIe JAHUHOI NPUUHATIHN y PisuyHil ysiTepatypi
Tpaauuii. Hacnpasai x, i onepaTtopu cTaHy i onepaTopH /s CIOCTEPEXKHUX BeJIMYUH IOBUHHI
6yTH caMOCIPsKEHUMU, a Lije TOYHillle, 8 CMOMHOMy caMOCIpsXKeHUMU — TO6TO, MaTH €/JHHe
caMocCIpsbKeHe PO3LIMPEHHs. 3arajioM, epMiTOBUH oIepaTop, 110 Ma€ NOBHUH Habip BIacHUX
BEKTOPIB y ceHci y3arajbpHeHOI cieKTpasibHOi TeopeMH (§ 1.4) € BicTOTHOMY caMOCTIpS)KEHUM.
(Ilpum. nepekn.)
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MexaHiYHHH acneKkT

[IeBHi AuHaMiYHi 3MiHHI, fIKi, 3Ti/JHO 3 KJIaCUUHOI0 MexXaHiKo10, MaJu 6 Haby-
BaTH HellepeEpPBHOr0 KOHTUHYYMY 3HaYeHb, HACIIpaB/i BUABJISAIOTbHCS AUCKpe-
THUMH, ,KBAHTOBAaHUMMU . /lesKi eKciepUMeHTa/bHi CBiJY€HHS LIbOI0 MU PO3-
rissHyau y Berymi. llle oauH rapHui npuK/Iaj JaloTh aTOMHI cieKTpu. Bigno-
BiZIHO 10 KJIAaCUYHOI MEXaHIKU Ta eJIEKTPOJAMHAMIKH, eJIEKTPOH B aTOMi MyCUB
01 BUIIPOMIHIOBATHU eJIeKTPOMArHiTHI XBUJIi 3 HellepepBHO 3MiHHOIO 4acCToO-
TOI0, IOCTYNIOBO BTPAYal4M eHepriwo i no cuipaibHiil TpaekTopil Habamxka-
IOYUCHh [0 A/pa. Alle HacnpaB/i CIOCTEPIraETbCs JMlle JUCKPETHUN CIEKTpP
BUIIPOMiHEHHs, i Ha 1iK migctaBi H. Bop AifiloB BUCHOBKY, 1110 3B’I3aHUM B
aToMi eJIeKTPOH MOXKe 3aMaTH JIMlIe AUCKPETHUUN Habip eHepreTUYHUX PiB-
HiB, i IpU NepexoAi Mi>kK HUM BUIIPOMIHIOE 3 YaCTOTOI0, IPOMOPLiMHO pi3HUL
eHeprii nux piBHiB.

[IpoTe cama eHepris He 3aBXXJU KBAHTOBAaHA, i BiIbHUU eJIEKTPOH MOXKe
HabyBaTH OyAb-sgKOTO0 I 3Ha4eHHSs, a MiJl Yac pyXy 3 NPUCKOPEHHSIM BHUIIPO-
MiHIOBATH B HellepEpPBHOMY Jiana30Hi 4acToT. BigTak cTae o4eBUAHUM, 110
JlJ1s1 064YHC/IeHHS] NPUNTYCTUMHUX 3Ha4€eHb JIUHAMIYHHUX 3MiHHUX MU NIOTpe6ye-
MO PUHIMIIOBO iHIIUX, IOPIBHAHO 3 KJIAaCUYHOIO TeOpi€lo, 3aco6iB, siKi 0AHO-
YacHO /,03BOJISLJIM 6 pO3IJ/IAAaTH i JUCKPETHI, i HellepepBHi BesinyuHHU. Lle go-
CATa€TbCSA TAKUM YUHOM:

Hocrynat 1. Koxuiil duHamiuniii 3minHili ($i3vyHe MOHATTS) CTaBUTHCA Y
BignoBigHiCTD /iHIlTHUL onepamop (MaTeMaTUYHUH 06’€KT), i ii MOXK/IMBI 3Ha-
YeHHs € BJaCHUMH 3HaUYeHHSIMHU LIbOr0 onepaTopa.

€1He BUIIpaBJaHHA LbOr0 NOCTYJATy Hapasi noJsirae B ToMy, 1110 OlepaTo-
PU MOXKYTb MaTH i YUCTO JUCKPETHUN CIEKTP BJIACHUX 3HAa4Y€Hb, I YUCTO He-
nepepBHUH, i pi3Hi KOMOiHaIlii TOro i iHIIOT0, OXOIJIIIOYU TAKUM YUHOM YCi
Moxk/MBi BapianTu. [IpoTe 11e TBepKeHHSA He HAOy/ie TJIMO0KOro 3MicCTy, 1mo-
K{ MU He BUpOOMMO MpaBUJjia NIpU3HaYeHH KOHKPETHHX ONlepaTopiB KOHKpe-
THUM JUHAMiYHUM 3MiHHUM.

CTaTUCTUYHHUHI acleKT

Mu noTpebyemMo neBHUX 3ac06iB AJ1s1 004K C/IeHHs UMOBipHOCTi a60 BiJHOCHOI
YaCTOTH MOSIBU Pi3HUX NPUIIYCTUMHUX 3HAYEeHb JUHAMIYHUX 3MIHHUX 34 II€B-
HUX BU3HAauYeHUX Qi3MyHUX 06CcTaBUH. lle MOXXHa MpoiaOCTpyBaTH Ha MpU-
KJIaZli aTOMHOTO CIIEKTpPY, B AKOMY CIIOCTEpeXXHa IHTEHCUBHICTh CIIeKTpaJib-
HUX JIiHil npomnopuiliHa KiJIbKOCTI epeXo/iiB Mi>k eHepreTUYHUMHU PiBHAMU
Ha OJMHMIIO Yacy; a L BeJIMYMHA, CBOEIO YePIolo, 3aJeKUTh BiJl iIMOBIpHOCTI
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nepexojy aToMa 3 0JJHOT0 piBHs eHeprii Ha iHIKM. [IpoTe 11e HarJsgAHiI00
iocTpalieto KMOBIpHICHOTO acneKTy Hallloi 3a/1a4i 6y/ie eKCIIEPUMEHT 3 PO3-
CiIHHS.

YacTky 6yJ10 mijjlaHO IpoLeAypi npueomysaHHs, 10 NoJjisiraaa B IPUCKO-
peHHi i Kosimanii (To6To, BUpiBHIOBaHHI Ii TpaekTopii) 32 JOIIOMOT00 IpPHU-
CTPOI0, CXeMaTHUYHO 306paxkeHoro Ha Puc 2.1. YacTka po3citoeTbcs Ha MilieHi

O

0
LA

6

Puc. 2.1. EkciepuMeHT i3 po3cCisiHHA: Bropi NoKa3aHo NPUCTPill, HUXKYe — OTPUMaHi
pe3yJbTaTHu.

¥ BigstiTae nig KyToM 0 Ha fleTeKTOop y NpaBiil YacTUHI pUCYHKaA. A OJUHUYHE
B8UMIPIOBAHHS TIOJIAATAE B TOMY, 11100 3apeecTpyBaTH YaCTKy # BUSHAYUTH KyT
ii po3cisHHA 0. Ko Tak caMo NPUrOTYyBaTH iieHTUYHY (a0 HaBITh L0 ca-
MY) 4acTKy, TO KyT PO3CifiHH4, 3arajoM, 0yze iHmum. KoxkHa Taka nogis, no-
NpH IIeHTUYHICTD yCiX YMOB, JaBaTHMe iHAUBIAyaJbHUY, HEe BiITBOPIOBAaHUI
pe3yJbTat.t

A nporte, B cmamucmuvHoOMy eKcnepumeHmi, 10 CKJIaJa€ETbCA 3 JOBIOl
HU3KU iJEHTUYHUX IPUTOTYBAHb | BUMIPIOBAHb, BiJHOCHI YaCTOTH Pi3HUX MO-
YKJIMBUX HACJIiAKIB OKpeMHUX BUMipIOBaHb 3a3BUYal HAGJIMKAKOTHCS [0 CTill-

®Yy € Taka HeBiATBOPIOBAHICTb HAC/IAKOM iHETepMiHi3My, 4i IPOCTO 0GMexeHHAM (Ipa-
KTUYHUM 260 QyHJaMeHTaIbHUM) y IPOLeypi NPUroTyBaHHA — MUTAaHHHA, HA IKe MU He MO-
J)KeMO TYT BiJIOBIiCTH, Ta 1 He MAaEMO B [[bOMY NOTpe6U. CTATUCTUYHUH MiAXiJ BUIPABAOBYE
cebe 3a 6yAb-IKUX 06CTaBUH.
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kol Mexi. Lle HarissAHO iocTpye rpadik y HKHIN yacTuHi Puc. 2.1, e noka-
3aHO BiJHOCHY KIJIbKICTb YaCTOK, 3aPEECTPOBAHUX KOXKHUM JIeTEKTOPOM, Y 3a-
JIeXKHOCTI Bijj KyTa iioro po3TalulyBaHHs. Y 1JbOMY NOJISITA€ XapaKTepHa puca
CTaTUCTUYHOI'O €KCIIepUMEHTY: HEeBIATBOPIOBAaHI OAVMHUYHI oA, B pe3yJib-
TaTi BEJIMKOI KiJIbKOCTI IX TOBTOPIB, AAIOTh CTabi/ibHy FPAHUYHY YaCTOTY.

Y kBaHTOBiN MexaHilli 111 0COGJIMBICTb MPOSABASAETHCA IKHAMBUpa3Hille.
BoHa He 371aTHA nepeAbGaYUTH HACTIAKU OKpeMoi Mmojiii; He iCHY€ »KOJHOT0
Croco0y 06GYUCUTHU KYT PO3CiIHHA [J151 OiHi€] KOHKPeTHOI YacTKH, 3aTe MO-
»KHa po3paxyBaTH UMO8ipHiCMb Pi3HUX MOXKJIHUBUX Pe3yJIbTATIB TAKOTO €KC-
nepuMeHTy. PyHJaMeHTaIbHUH 3B’ 130K Mi>XK iIMOBIpHICTIO Ta 4aCTOTOW (IAMB.
§ 1.5) no3BoJIsIE HAM MOPiBHATH TeOPETHUYHI KMOBIPHOCTI 3i ctocTepeXKHUMU
BiIHOCHUMHU 4YaCTOTaMHU B CTATUCTUYHOMY E€KCIIEPUMEHTI.

3py4HO NOJIATU CTATUCTUYHUN eKCllepuMeHT Ha JiBi ¢a3u — npuzomy-
B8AHHA 1 8UMIpIOBaHHA. B focifl 3 po3CiAHHA NPUTOTYBAHHA IOJIATAE B IPO-
XOJKeHHI YaCTKU Yyepe3 NPUCKOPIOBaJbHUM Ta KOJIMaLiiHUH NpUCTPil i B i
JONyLeHHi 10 B3aEMOJII 3 MillleHHI0. BUMiproBaHHA CKJ1aa€ThCA 3 pEECTpa-
il YacTKM M BM3HA4Ye€HHsl KyTa, Ha IKUM BOHA Bigxuaujacs Bif mo4aTKOBOI
TpaekTopil. Takuil noAin BunpaBJaHuil THUM, 110 1i ABi ¢a3u icToTHO He3a-
JiexkHi. OnucaHy npoueypy NpUroTyBaHHsS MOXHa IOEAHATH 3 leTeKTOpaMu
iHIIOT0 TUMY, IKi BUMipIOBAaTUMYTh €HEPIil0 4aCTKH 3aMicTh il mosiokeHHS. |
HaBMaKu — 300paxkeHU Ha Puc. 2.1 Habip JeTeKTOpiB MOXKe MpaljloBaTU 3
IHIIMMU MillIeHAMM 1 HaBiTh i3 [[IJIKOM BiAMIHHUMHU NPUCTPOAMHU [JJIl IPUTO-
TYBaHHS 4acCTOK.

BcTaHOBJIIOI0YY PI3HULIO MK IPUTOTYBaHHAM Ta BUMIPIOBAaHHAM, MU Ma-
€MO TOYHillle BU3HAYUTHUCA 3 TUM, 1|0 HACNIPaB/i € HAC/IiKOM IeplIoi npole-
nypu. [lepe1oBCiM HAaNPOIIYETHCS BiJIMOBI/b, 1[0 1ie YacTKU (260, 3arajabHi-
11e, 06’€eKTH /14 NOAANIbLIOT0 BUMiproBaHHA). [lonpu cBo0 04eBUJHICTB, Ta-
Ke TBep/KeHHA [/ HaC HeIPUUHATHE, OCKIJIbKY BOHO He B 3M031 IOSICHUTH
cnenudiyHUN pe3yabTaT eKClepuMeHTy. /lBa ileHTU4YHiI 00’€KTH, 1110 3a3Ha-
JIM OJJHAKOBOI NpoLeAypy IPUTOTYBAaHHA, MOXYTb NOBOJUTHUCH PiSHUM 4HU-
HOM IIPU MOAAJIBLUIOMY BUMiplOBaHHi. 3 iHIIOTO 6OKY, ABa 06’€KTH, L0 AATH
OJIHAKOBUU pe3ysbTaT IPU BUMIpIOBaHHI, MOTJIM OYTU IPUTOTOBJIEHI L{IIKOM
iHakwe. Y npukaazi Ha Puc 2.1 BUMiploBaHHA BU3HAYaE JIUIIE HAIPIMOK py-
Xy 4YaCTKH Mic/as pO3CiiHHS Ha MillleHi. fIK1o HiYoro He BifOMO Mpo po3Ta-
LUIYBaHHA NPUCTPOIO A NPUTOTYBAHHSA, TO 3 LbOTO pe3y/JbTaTy He MOXHA
3’sCcyBaTH, B IKOMY HallpAAMKY JIeTi/1a YacTKa [10 3yCcTpidi 3 MilleHH!0. IK1110 MU
X04eMO OXapaKTepHU3yBaTH NPUTOTYBAHHA 3a HACTiAKOM, /10 IKOI'0 BOHO IIpHU-
3BOJUTh, TO MyCHUMO OTOTOXXHUTH Lied HACTIJ0K i3 YUMOCh iHIIUM, Hi*)k KOH-
KpeTHUH 06’€KT, 1110 3a3HaB NPUTOTYBaHHS, OCKIJIbKHY, IK yKe 3a3Haqyasiocs
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BUIIE, iI6HTUYHI IPUTOTYBaHHA MOXKYTb IPU3BECTU [0 Pi3HUX pe3yJIbTaTiB
BUMIipIOBaHHS, a OJTHAKOBI pe3y/JbTaTU BUMIpIOBAaHHS MOXYTb OYTH HACJiJI-
KOM pi3HUX [IPUTOTYBaHb.

[leBHe MpUTrOTYBaHHA BU3HA4YA€ He pe3yJ/bTaT MOAAJBIIOT0 BUMIPIOBAaH-
Hsl, a liMo8IpHICMb PI3HUX MOMKJIMBUX MO0 HACTiAKiB. OCKIJIbKY MPUTOTYBaH-
Hf € He3aJIe)KHUM BiJl KOHKPETHOI'0O MexXaHi3My BUMIipIOBaHHS, BOHO Ma€ BU-
3HA4YaTH PO3MO/iiM UMOBIPHOCTI AJis1 BCiX MOXJIMBUX BUMipIoBaHb. Lle mizBo-
JUTb HAC [0 3allpOBaJ>KeHHS NOHATTS CMAHy, IKUH JJa€ IOBHY XapaKTEPUCTHU-
Ky po3Mo/iijly UMOBIpHOCTI A/ KO>KHOI criocTepexHoi Be1uyruHu. (Cnocmepe-
JCHA € AMHAMIYHOI0 BEJIMUYUHOIO, SIKY, B IPUHI[UII, MOKHA BUMIpSATH.)

Byzab-aKknil NOBTOPIOBaHMM NpoLiec, 0 NPU3BOAUTD 10 LIIJIKOM BU3Haye-
HUX IMOBipHOCTeH JJis1 BCiX CIIOCTEpPEXXHUX BEJIMYMH, HA3UBAETBCS npoyedy-
pot npuzomysaHHs cmaHis. lle Moxe 6yTH NPOAYMaHOI0 J1ab0opaTOPHOIO Olle-
paLi€lo, IK y HallOMy BUIIa/IKy, @ MOKe 6y TH i MPUPOJAHUM IIPOLECOM, 1110 Bij-
OyBa€eTbCA 63 JII0CbKOro BTpy4aHH4. AKio fBi abo 6isbllie TpoLeAyp YTBO-
PIOIOTH TaKi >k cami Habopu WMOBipHOCTEN, BOHU € eKBiBaJIeHTHUMH i /103BO-
JIAIOTh IPUTOTYBAaTH OJHAKOBI CTaHMU.

EMnipu4yHUi 3MiCT IMOBIpHICHOTO TBepAXKeHHS BUABJISAETHCS JIUILE Y BiJi-
HOCHHMX 4aCTOTaX OTPUMMAaHHS NeBHUX pe3yJ/bTaTiB y NOCJAiJOBHOCTI MOJIH,
CIPUYUHEHUX 0JIHAKOBUMH (2060 eKBiBaJIEeHTHUMH) MPOIEyPaMU MPUTOTY-
BaHH4A cTaHiB. ToMy, nops/, i3 nepBiCHUM 03HaYE€HHSM CTaHY, 1K a6CTPaKTHO-
ro Habopy WMOBipHOCTeM /J151 pi3HUX CIIOCTEePEKHUX BEJIMUMH, MU TaKOXK MO-
»KeMO acoLliloBaTH HOTo 3 aHcamb.1em OJHAKOBO IPUTOTOBJIEHUX chcTeM. [Ipo-
Te BaXX/JIMBO NaM’ATATH, 110 Liel aHCcaMb6JIb € ifea/i30BaHUM NOHATTAM, He-
CKIHYEeHHOIO CYKYIMHICTIO BCIX TaKUX CUCTEM, 1[0 MOXKYTb YTBOPUTUCSA B pe-
3yJIbTaTi NpoLefypy NPUIOTYBaHHA CTaHIB, a He KOHKPETHUMU CUCTEeMaMH,
AKI peaJIbHO CHIiBICHYIOTb y NIPOCTOPI. ¥ BUNAJAKY 3 €KCIIEpUMEHTOM pO3Cif-
HH$, CUCTEMOIO € OJJMHUYHA YacTKa, a aHcaMbJieM — ysIBHUH Habip TOYHUX
Komi¥ Takoi yacTku 3 yciM ii oToueHHsaM. He ciig naytaTy aHcambiib 3 my-
YKOM 4acCTOK, IKMH € 30BCiM iHIIOMIO (6araTo4yacTKoBO0) cucTeMoro. CTporo
KaXXy4H, IPUCKOPIOBaJIbHI 1 KoJsliMaliliHi IPUCTPOI B eEKCIIEPUMEHTI 3 pO3Cisi-
HHA MOXYTb pO3IJIAAaTHCH, K IpoLefypa IPUroOTyBaHHA [ 04HOYaCTKO-
BOT'0O CTaHy BUHATKOBO 33 YMOBH, KOJIM T'YyCTHHA IIy4YKa 4aCTOK TakKa MaJa, 10
B OJIMH i TOM caMUH Yac Ha LIJIAAXY MK IPUCKOPIOBAYeM i leTeKTOpOM nepe-
OyBae€ Jullle 0iHA 3 HUX, & TOMY BiJICyTHAI OY/b-fIKa KOpeJslis MiX Hel Ta
nonepeAHbOI0 U HACTYMHOI YaCTKaMHU.

MaTeMaTHuYHe NpeLCTaBJeHHsl CTaHy Ma€ OYTH TaKUM, 10 JJ03BOJISJIO 6
HaM 064MC/II0BaTH PO3NOAIIN MIMOBIPHOCTI [1/191 BCiX CIOCTEPEXKHUX BeJIUYHH.
Ak BUABNAETHCS, /15 IbOTO JOCUTb NOCTYJIIOBATH JUlle GOpMYITy AJs cepe-
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AHbOI'O 3HA4Y€HHA.

Iloctyaart 2. KoxkHOMy cTaHOBI BiiOBifae eAUHUN onepamop cmaHy. Cepe-
JHE 3HA4YeHHA JUHaMIi4YHOI 3MiHHOI R, IIpeJcTaBJieHOl onepaTopoM R, y Bip-
TyaJIbHOMY aHcaM6.J1i oJiH, 1110 MOKyTb 6YTH HAC/IiAKOM NpoLeAypy IPUTo-
TYBaHHs CTaHy, IPeJCTaBJeHOro OlepaTopoM p, €

(R) = TrT(rp? (2.1)

Tyt Tr no3Ha4yae onepaTopHUi caif. OnepaTop CTaHy TaKOX BijOMUH, SIK
cmamucmu4Huli onepamop, a iHoJji Horo Ha3UBaKTb MAMpUYeEr 2yCMUHU, X0-
4ya OCTaHHil TepMiH 3BOAUTH MOro /10 MaTpUIHOI GOPMU B KOOPAUHATHOMY
npeACTaBJIeHHI. ICHyIOTb eBHi 0OMeXXeHHS Ha Te, IKUM BUTJIA] MOXKe MaTH
omepaTop p; iX MU poO3rJasiHEMO 3rofoM. POpMyJI0BaHHS LILOTO MOCTYJATy
HaBMHCHO 6yJI0 3p06JIeHO TAKUM BaXKKHM i 6araToC/JiBHUM, 11106 BiIOKpeMU-
T Pi3UYHi NOHATTSA BiJ MaTeMaTHYHHUX 06’€KTIB, fKi iX mpeACTaBAAIOTD. A
KOJTY He B60SITHUCS, 110 BiZICYTHICTh TaKOTO YiTKOr0 PO3MEXKYBaHHS MPU3BENE
Jl0 IUIyTaHUHH, MOXKHaA IPOCTO CKa3aTHu: ,CepelHE 3HAYEHHA CIIOCTEPEeXHOI R
ycraHip€ ... (2.1).“

[[ [ToHATTS cTaHy € OJHUM i3 HaBpa3/IMBIIUX | HAWCHIPHIIMX y KBaHTOBIl Mexa-
Hili. Y KJIacH4YHiM MeXaHilli CJIOBO ,,CTaH” BXXUBAETHCA 110/[0 KOOPAWHAT Ta iMITyJIbCy
OKpEMOI CUCTEeMH, TOX NoNepBax NPUNYCKaI0Cs, 0 1 ONMC KBAaHTOBOT'O CTaHy Ma€
BKa3yBaTH Ha NeBHI XapaKTepUCTHUKHU oKpeMoi cucTeMu. Ockinbku MeTa pi3vku 3aB-
XKJIU [10JISIiTaJia B TOMY, {06 HaZlaTH 06’ EKTUBHY 1 peaslicCTUYHYy KapTHHY CBIiTY, TO 3/a-
BaJIOCsl HAUNIPUPO/HILIMM iHTepIpeTyBaBIIM KBaHTOBUH CTaH (oNepaTop CTaHy, Be-
KTOP CTaHy a60 XBUJIbOBY QYHKILiI0), AK eJleMeHT peaJlbHOCTi B TOMY K CaMOMY CeH-
Ci, B AKOMY TaKMM €JIEMEHTOM pPeaJIbHOCTI € eJIeKTpoMarHiTHe noJie. Taki igel, nyxe
NouMpeHi B JiTepaTypi, Hal4acTille BUHUKAIOTh, IK HesIBHI NPUIYLIeHHs, 3pobJie-
Hi 6e3 J0CTaTHbOT0 PO3IJIAY, HiXK SIK IBHO chopMyiboBaHi aprymeHTd. OjHa4e Taki
NpUIYLeHHsS NPU3BOAATE [0 cynepeyHocTell (AuB. Po3gin 9), Tomy Bif HUX Tpeba
BiJJMOBUTHCH.

Onuc KBaHTOBOr'O CTaHy Mae I'PYHTYBaTHCA Ha aHaJi3i MoBeJiHKM aHcaMOJII0
OZJHAaKOBO NMPUTOTOBJEHUX cucTeM. OAHUM i3 HalNepIIUX i, 3BU4aliHO, HAWBUAATHI-
MM MPUOGIYHUKOM aHcaMbJieBoi iHTepnpeTanii 6yB A. EfinmTeliH. CBoi mor/isau Ha
Lle NUTAHHS BiH CTHC/I0 BUKJIAB y HaBeJeHilt HMK4e uuTtaTi (AuB. [55]):

,CIpo6a 36aruyTH KBaHTOBY Te0pilo, IK IOBHUH OIMC OKPEMUX CUCTEM,
NPU3BOAUTB 0 HENIPUPOAHUX TEOPETUYHUX IHTepIpeTaLii, AKki Herau-
HO CTAlOTh HENMOTPiOHMMH, KOJIM BU NPUHAMAETe iHTeprpeTariio, sgKa
po3rJsiia€ aHCaMbJIb CUCTEM, a He Ha OJIHY OKpeMY CUCTeMY."



§ 2.2. YMoBwU J151 onepaTopiB 51

KpuTH4Hi 3ayBakeHHS Ha afipecy aHcamb1e80i iHTepIpeTallii 4acTo 6yJ/Ix BUKJINKaHI
Hepo3yMiHHAM Pi3HUL MiX BipTya/lbHUM HECKiHY€eHHUM HabOpOM OZHAKOBO MiJ[r0-
TOBJIEHUX CUCTEM i KOHKPETHOI MOC/i/JOBHOCTI a60 CYKYNMHOCTI CX0XUX cUcTeM. L[1o
KPUTHUKY, X04a BOHA ¥ XMOHA, MOXXHA TPOXH MOM SIKIIUTH, BJJaBLUIUCh /10 abCTPaKTHi-
1ol iHTepnpeTali, B AKii CTaH OTOTOKHIOETLCS 3 NPOYedyporo KOro NPUroTyBaHHS.
To6To, ,cTaH" € IPOCTO CKOPOYEHHSM JIJIS1 C/IOBOCIO/Y4YeHHH ,Ipoliefiypa NpUroTy-
BaHH#A ctany". Takui nmiaxiz Mae cBoi nmepeBary, ajie BOAHOYAC CXUJISETHCS [0 Ole-
pauioHasizaMy, 60 He IPUIYCKAE MOXKJIUBOCTI, 110 /1Bi HE3MiHEHi NpoIeypyu MOXKYTh
YTBOPUTH OJHAKOBUH cTaH. KpiM Toro, BiH 3BOUTb 3aCTOCYBaHHS KBaHTOBOI Mexa-
HIKH J10 1a60paTOPHUX YMOB Y IPUCYTHOCTI AOC/IiIHMKA, 1110 TPOBOJUTb IPUTOTYBa-
HHS ¥ BUMiproBaHHs. AJie, 3BiCHO 2K, 3aKOHU KBAaHTOBOI MeXaHiKH Tak caMO YMHHI U
JUIs1 aTOMIB y 30PsIX, i BOHH i/ HaBiTh TOAi, KOJIX HAa 3eMJIi 1ije He BUHUKJIO XKUTTs!

OTOTOXHEHHSA NMOHATTS CTaHy 6e3mocepesHbO 3 HAG0POM PO3MOAiaiB iMOBipHO-
CTi 103BOJISIE YHUKHYTHU BCiX 3anepeyeHb. Lle# mixia TakoX poGUTh O4eBUIHUM TOU
dakT, 10 iHTepnpeTalisi KBAHTOBOI MeXaHiKU 3aJIeXXUTh Bijl BUGOpY iHTepnpeTauii
“MoBipHOCTI. |]

§2.2. YmMoBM /11 onepaTopiB

CdopmysiboBaHi B nonepeHboMy naparpadi noctysnaTu noB’s3ywTh i3 KO-
>KHUM CTAaHOM Ta KO>KHOIO JMHAMIiYHOI 3MiHHOIO MeBHi onepaTopu. Jaji Mu
pO3IJ/ISIHEMO YMOBH, siKi Tpeba HaKJ/IACTH Ha 1ii onlepaTopy, 11106 BOHU BiJimo-
Bifasu peaTbHUM Qi3UYHUM CHCTEMaM.

[lepwa 3 HUX, Ile IPOCTO JOMOBJIEHICTb PO HOpMaJli3alilo

Trp =1, (2.2)

siKa J103BOJIsi€ 036y THUCS 3HaMeHHHKa B (2.1).

HactynHi ABi yMOBU MeHII TpuBia/ibHi. Po3ryisHeMo rinoTeTuyHy crocre-
peXHy, IpeAcTaBJeHy NpoeKLiHUM onepaTopoM Py, = |u)u|, ae |u) — nes-
HUU BEKTOP OJAUHUYHOI HOpMHU. Lleil onepaTop MOXHa pO3rasaAaTH, K Bino-
BifHMK Takoi 3MiHHOi, 110 HabyBaE€ Julle ABOX 3HaYeHb — 1 i 2. [lai, cepe-
JTHE IMHAMIYHOI 3MiHHOI, sika HabyBae Juile JiliCHUX 3Ha4YeHb, TAKOXK Ma€E 6y-
TH AiicHuM, a oTxe, Tr(pPy,) = (u|p|u) zikicue. AKujo s BuMora Hak/aeHa
Ha eci BeKTOopH |u), To 3 Teopemu 1y § 1.3, maeMo

p=p" (2:3)

Kpim Toro, cepefiHE 3HaUYeHHs1 3MiHHOI, iKa HAaOyBa€E Jiville HeBiJl' EMHUX
3HaueHb, TAKOXK Ma€ 6y TH HEBiA eMHUM. 3BijicH,

(ulplu) = 0. (2.4)
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lle BUKOHY€ETbCA AJ1 BCiX |U), TOMY p HAa3UBAETbCS HEGID €MHUM OTIEPAaTOPOM.

Ax6u MU HaneBHO 3HAJIY, 1[0 BCi MpOeKIiliHi onepaTopu NoB’si3aHi 3i cro-
CTepeXHUMH, TO HeobxiaHicTb yMOB (2.3) i (2.4) 6yJi0 6 f0BeseHO. AJle B HacC
HEMag€ MiACTaB A1 TAKOr0 TBEP/PKEHHS], TOMY MU MyCHMO 33/10BOJIbHUTHUCS
3anpoBaixxeHHsM [locTynaTty 2a (mo3HaueHOro Tak, 60 BiH € MOCUJIEHOIO Bep-
cieto [loctynaty 1).

Iloctyaart 2a. Ko:kHOMY CTaHOBI BiANIOBiZja€ E4WMHUM OllepaTop CTaHy, L0 MaE
OyTU epMiTOBUM, HEBi/l'EMHUM, 3 OAUHUYHUM CJAiZ0M.

[Tonpu Te, 1[0 MU He JIOBEJIU IOKOHEYHOI He06XiTHOCTi TAaKOTO MOCTYJIATY, BiH
Ma€ IOCUTb BaromMe o6IpyHTYBaHHs, 2 MOXKJIMBICTb HOT0 /J0BeIeHHS 3a/1HIla-
€TbCS BIIKPUTOIO JJIs1 BUNIAZKIB, KOJIM Habip CriocTepeXXHUX BUSABUTBCS J0BO-
JIi IUPOKUM.

3 Toro ¢akTy, 110 3HaYeHHS AUMHAMIYHUX 3MiHHUX € AIACHHMH, a OTXKe,
Oy/b-siKe ixX cepe/lHE 3HAYEHHSI TAKOXK Ma€ 6yTHU AiHCHUM, MU MO>XEMO BUBe-
CTH BiAIOBiAHY YMOBY JJid BiAOBIAHUX IM onepaTopiB. Po3ryisHe onepaTop
crany y Burasiip = Tr(|WP)}W|R), ae |¥)e BekTopoM ouHUYHOI HOpMU. Oye-
BU/IHO, LII0 TaKUM p BifnoBigae BciM TpboM BuMoram [loctynaty 2a. Y ubomy
CTaHi cepeJJHE 3HAYEHHS JUHAaMiYHOI 3MiHHOI, Ipe/iCTaBJIeHO0i onepaTopom R,
€

Tr(pR) = Tr(|¥¥|R) = (V|R|¥).

Axmo nel BUpas i3 Heo6XiHiICTIO Mae 6yTH AificHUM JJs Beix |W), To Teope-
ma 1i3§ 1.3 gae
R =R" (2.5)

Ha npoMy no4yaTkoBOMy eTalli po3BUTKY Teopii MM He MOXKeMO OOI'pPyHTYBa-
TU NPUNYLIEeHHS, 1110 KoxkeH BekTop |W) Bianosigae ¢piznuHo peanizoBaHOMY
CTAHOBI, TOMY MYCUMO 3allpOBaJJUTH NOCUJIeHy Bepcito [locTynaTy 1:

IMoctyaart 1a. KoxxHiil fuHaMiuHil 3MiHHIH BiZjIOBila€ epMiTOBHUI oniepaTop,
BJIACHI 3HAYEHHS SIKOT0 € MOXXJIMBUMH 3HAYE€HHSMM L[i€] 3MiIHHOI.

HaBegena Buuie aprymeHnTanis (a6o neBHi ii pisHoBUAM) € Halnmomupe-
HILIOO MiJICTaBOIO /Il HAaKJIaJleHHA Ha ollepaTopH, 110 NpeJCTaBAAKTD CIIO-
CTepeXHi BeJIMYUHU, BUMOTY epMiTOBOCTI. Ha »aJib, Taka aprymeHTanisa Mae
llle MeHIIe MiJiCTaB, HiX Lie MOXe 3/laBaTUCA. BUKOpUcTaHHA AiACHUX YKCe
JJIs IpeJcTaB/IeHHs 3HaueHb Gpi3sMYHUX BEJIMYMH HACOPaB/i € JIMUILIEe JOMOB-
JieHicTio. /IBi moB’si3aHi pizuuHi 3MiHHI L[iIKOM MOTJiK 6 OYTH BUpaKeEHUMU
yepes KOMILJIEKCHI YMCJIa; @ 0JjHa OKpeMa BeJIMYKMHa MorJia 6 6yTH ONMCaHOoI0
HabopOM BKJIaJIeHUX iIHTepBaJliB, 1110 BKa3yBaJo 6 Ha IXHI0 HeBU3HAYEHICTh.
[3 ToTO, 0 AMHaMivHi 3MiHHI € AiicHUMU B MeTadizsuyHOMY ceHci, TO6TO He €
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HepeaJbHUMH, aX HisIK He BUIIJIMBAE, 1110 BOHU MalOTh BiANOBIJaTH AiMICHUM
YUCIaM y MaTeMaTUYHOMY CEHCI.

@®akTU4HO, JJ11 GOpPMYyJIOBaHHS KBAaHTOBOI Teopii iCTOTHUM € Te, 110 BCi
epMITOBIi ollepaTopyu MalTh CIEKTPaJbHE NpeACTaBJAeHHI — Y JUCKPEeTHIN
¢dopwmi (1.27) a6o B HenepepBHiH (1.37). O6UUCIeHHA UMOBIPHOCTI, IKe MU
npoBefeMo B § 2.4, IIiIKOM I'PYHTyBaTUMeTbCS Ha ClIEKTPaJbHOMY NpeACTaB-
JIEHHI onepaTopa, a MUTaHHS NPOo Te, AiIWCHI M0oro BJAacHi 3HaYeHHS YU KOM-
IJIEKCHI, € APYTrOPSAAHUM | HEBaXJMBUM. Y 3ajadi 2.1 HaBOAUTHCS NPUKJIA],
omepaTopa 3 YUCTO AINCHUMU BJIACHUMU 3HAYEHHSIMU, ajie HEIOBHUM Habo-
POM BJIACHUX BEKTOPIB, TOMY BiH He Ma€ ClIeKTPaJIbHOrO IpeACTaBJAeHH. K-
06U AiMCHICTDb BJIaCHUX 3HAYEHBb OyJIa EJUHUM iCTOTHUM KPUTEPIEM, TO TaKUK
ornepatop 6yB OM NPUUHATHUM JJis1 AUHaMiyHOI 3MiHHOI. [IpoTe A/ HbOTO
He iCHYE »KOHOI Hecynepe4/MBOi KMOBIpHiICHOI iHTepnpeTalii, OCKiJIbKHU Ho-
ro ,cepeZiHE 3Ha4eHHA" 32 popMmy.oio (2.1) MoKe GYTH KOMILJIEKCHOIO BeJIH-
YHHOI0, He3BaXKalo4yy Ha Te, 1[0 BCi BJIacHi 3Ha4YeHHA JikCcHi.

[[ TyT My moc1iioBHO BXKMBAEMO TePMiH cnocmepedicHd, K Gi3udHe NOHATTS, 1[0
[I03HAYa€ AMHAMi4Hy 3MiHHY, 1Ky, B IPUHLIUIII, MOXKHA BUMIPATH, 1 BiApi3HAEMO 11 Bij,
onepaTopa, 110 BUPAXKaE 110 3MiHHY B MaTeMaTHYHOMY dopmMasizmi. [lipak, skoMy Mu
3aBJSYYEMO GiNBLIOI YaCTUHOIO Cy4acHOTo GpopMyJIOBaHHS KBAaHTOBOI MeXaHiKH,
Ha »KaJIb, Ha/ITO BiJIbHO MOBOJMBCA 31 CJIOBOM ,,CLIOCTEPEKHA", BXKMBaIOUH ii 6e3 pos-
60py i oo pisnyHoI fUHAMiuyHOI 3MiHHO], i 1110710 BiATIOBIAHOTO il MaTeMaTUYHOTO
oneparopa. YacTo 1e Nnpu3BOAUTH [0 HENIOPO3YMiHb, Ha 3pa30K BiZloMOI B JliTepaTy-
pi cyllepedKH Npo Te, YA € BEKTOPHUH NOTEHIia/ CIOCTEPEXHOI0 BeJUdnHOoI. OfHa
CTOpPOHA CTBEP/KYBaJia, 10 TaK, i HABOAMJIA 32 J0Ka3 BUKOHAHHS BCiX HEOOXiIHUX
BUMOT [JIJ1s1 BiiMOBiZiHOTO L{ilf 3MiHHIiN onepaTopa; iHIlla XK CTOPOHA Lie 3allepevyBaJjia
Ha mificTaBi TOTO, 1110 BEKTOPHUM MOTEH1ia/l HEMOXXJIHUBO BUMIPSATH. ||

§ 2.3. 3araJjsibHi cTaHM Ta YHUCTi CTAHHU

Ak 6yJ10 nokazaHo B nonepegHbOMY naparpadi, MaTeMaTUYHO NPUHHATHUN
orepaTop CTaHy Ma€ 3aZ,0BOJIbHATH TPbOM YMOBaM:

Trp=1 (2.6)
p=p 2.7
(u|lplu)y = 0  pmnd Beix |u) (2.8)

Kinpka iHIIMX KOPUCHUX pPe3yJIbTATiB BUILJIMBAIOTh 6€310CepPEeHBO 3 HUX.
Ak camocnpsKeHHUH onlepaTop, p Ma€ ClieKTpaJibHe IpeJCTaBJIeHHs

p= ploa )byl (2.9)
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yepe3 BJIaCHI 3HAUYEHHs i OpTOHOPMOBAHI BJIaCHI BeKTOpH (MpUNyCTiMO A5
3PY4YHOCTI, [0 CIEKTP AUCKpeTHUH). KoKHa 3 TpbOX 3a3HaUYEHUX BJIACTUBO-
CTel onepaTopa p MOPOKYE Bi/INMOBiAHY BJACTUBICTh BJIaCHUX 3HAaY€Hb:

i3 (2.6) BunMBae Z pp=1 (2.10)
n

i3 (2.7) BunIMBaep,, = py; (2.11)

i3 (2.8) BuniuBaep,, = 0. (2.12)

YTiMm, He nuie (2.12) BuniuBae 3 (2.8), 1[0 MOXXKHA MOKa3aTH, 06paBIIH
|u) = |$,); a Takox i (2.8) BuninBae 3 (2.12). lle s1erko J0BOAUTbLCSA i3 BUKO-
puctaHHaM (2.9), mo6 o6yncauTH (ulplu) = >, p,[(u|d,, )% Ana posinbHOTO
|u). Ao Bci p,, HEBiJ €MHI, TO ¥ 1A CyMa 3 O4eBUAHICTIO Oy/ie HeBiJj'EMHOIO.
HepiBHicTb (2.12) Aa€ 3py4HilINM 3 NPaKTUYHOTO MOTJISAIy CIIOCI6 epeBipKU
p Ha HeBiJl'EMHICTb, Hi>k 6e3mocepeHE 3aCTOCYBaHHSA Bupasy (2.8). A noej-
HaBuu (2.10) i3 (2.12), Mu oOTpUMaEMO

0<p, <L (2.13)

Jpyra HepiBHiCTb BUKOHYETbHCSI TOMY, 1110 CyMa HeBi' eMHUX O aHKiB He MO-
»Ke OYTH MEeHIO 33 OY/Ib-IKUH 3 [[UX JI0JJaHKIB.

CyKyIHICTb yCiX TpUHHATHUX 3 MaTEMaTUYHOTO MOTJISAY ONepaTopiB cTa-
Hy YTBOPIOE TaK 3BaHy onyksjay MHoxcuHy. lle o3Hauag, 110 B pasi, KOJIU IBOE
a60 6inbure onepatopis {p®} 3as0BoNbLHAIOTL yMoBaM (2.6)-(2.8), To iM 3a-
JOBOJIBHAE 1 p = >, a;p®,3aymoBn, mo 0 < aq; < 11i >.;ai = 1. Takuit
omepaTop p Ha3UBAETbCA ONyKA0t0 KombiHayieto MHOxuHY {p(D}.

Yucri ctaHn

Cepep ycix cTaHiB icHye 0COGJIMBUI KJ1aC YUCMUX CMAHIB, SIKi BiJIpi3HAIOTHCS
Bi/l pelITH CBOIMU NMPOCTILIMMH BJIACTUBOCTSIMU. Onepamop yucmozo cmaxy,
3a 03HAYEHHAM, MA€E BUTJISA]

p = [¥XYI], (2.14)

Jile HopMoBaHU# BekTop |W)HasnBaeThca sekmopom cmaHy. CepelHE 3HAYeH-
HS CHOCTEPEKHOI R Yy [bOMY YUCTOMY CTaHi €

(R) = Tr(|W)(WIR)). (2.15)

BekTop cTaHy He € €UHO BU3HAYEHUM; OYAb-IKHUH BEKTOp BUTIAAY e'*|¥) 3
JIOBI/IbHUM AificHUM o Gi3UYHO eKBiBaJIeHTHUH oMY, 60 T03HA4Ya€ O/[UH i TOH
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caMui cTaH, ocKijibKY oniepaTop y (2.14) He 3a/1e3KUTh BiJl $a30BOro MHOKHU-
Ka BekTopa |V).
AbTepHAaTHBHUM CIOCOO0OM 03HAYEHHS YUCTOTO CTAHY € YyMOBA

p% = p. (2.16)

BoHa € Heo6xifHO0 yMoBoI0 414 (2.14), 60 p? = [P |PHY| = |[¥KY| = p,
i BoAHOYAC € JOCTaTHBOK — 1110 MO>KHA J0BECTH, PO3IJIsSAJaloyHy BJACHI 3Ha-
YeHHs p, AKi, B cuiy (2.16), MalOTh 3aJJ0BOJILHATH YMOBI p3 = p. OCKiJIbKH
P, € AINCHUMH | HEeBi'EMHUMH, TO iCHYE JIMILIe JBa MOXJIMBI BJIaCHI 3HaYeH-
He, p, = 0ip, = 1. Ta ockinbky, 3rifHo 3 (2.10), cyma BJIacCHUX 3HA4YeHb
olepaTopa CTaHy JOPIBHIOE OJAUHUIL], TO 3BiiCY BUILJIUBAE, 1110 BCi BOHHU, KpiM
OZTHOT0, MAaIOTh OYTH HYJLOBUMU. OTXKe, ClIeKTpasibHe NpecTaBaeHHs (2.9)
MiCTUTB JIMIIIE OJAMH J0JaHOK, TOMY BUpa3 AJs p HabyBae Burasaay (2.14) ans
YUCTOTO CTAHY.

Ille oAHAa, TpETS YMOBA, 1110 AA€ 03HAYEHHS YUCTOTO CTaHY, BUTJIsSJA€ Caab-
L1010, X0Y HaCIlpaB/i eKBiBaJleHTHA [JBOM IONepesHIM:

Trp? = 1. (2.17)

HeobxigHicTh 1i€l yMOBU O04YeBU/AHA, TOX MU MOTPEOYEMO JHlle JOBeeHHS
pocratHocri. 13 (2.13) Mu Maemo p2 < p,,, Tomy Trp? =5 p2 <> p, =1
TakuM unHOM, Tr p? < 1 /1 3araJbHUX CTaHiB. PiBHICTb BUKOHYETbCA JIMLIE
3a YMOBH, 1[0 p2 = p,, IS BCIX 1, a IPH PO3TJISIAI PYTOro Coco6y 03HAYEHHS
MM BXKe [10Ka3aJiy, 110 Lie MOK/JIWBO BUHAATKOBO /11 YUCTUX CTaHIB.

HacTtynHa TeopeMa, 110 BUOKPEMJIKOE YMCTI CTAaHU 3-IIOMIiXK yCiX iHIIUX, Ta-
KO MOKe CJIY>KUTH O3Ha4YEHHSM YMCTOr0 CTaHy:

Teopema. Yucmuli cmaH HeMOXJIMBO BUPA3UTHU y BUIJIAAI HeTpuUBiaibHOI
OTYKJIOi KOMOiHaIil iHITKMX CTaHIB, TO/I AK 3MIWAHUT cmaH’ 3aBXK/U € TaKOIO
KoMObiHalj€lo.

/JlosedenHs. [lpyre TBepPKEHHsI TEOPEMHU € OUEBUIHUM, OCKIJIbKH CIIEKTPasb-
He npejcraBaeHds (2.10) juis 3MilIaHUX CTaHIB AKpa3 i € HETPUBiIATBbHOIO
OIYKJIOI KOMGiHaIli€10 YUCTHUX CTaHIB. |/ JOBeJeHHA [TepILOro TBEP/PKEeHHS
MU NPUIYCTUMO 3BOPOTHE — 1[0 OIIepaTOpP YUCTOr0O CTAaHy MOKHA 3alKCaTH,
sIK ONYKJIy KOMGiHallito iHIuX onepaTopiB:

p=> ap® O0sa<1l D a=1, (2.18)
i i

7B opuriHasi BXXMBa€ETLCS TEPMiH ,unpure state” (He4UCTHI cTaH) 3aMicTh ,mixed state” (3mi-
IIAHUHU CTaH), IPOTe YKPaiHCbKOMY Tepeksia/ii MU 6yieMO AOTPUMYBATHCS 3aralbHONPHUHHS-
Toi Tepminosorii. (IIpum. nepek.)
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a fasi ckopucraeMocsd (2.17), w06 npoAeMOHCTPYBaTH CylepevHicThb.
I3 (2.18) oTpumyemo

Trp? = Z Z a;a; Tr{p(i)p(j)}. (2.19)

U

KoxkeH omepaTop y 1iii cyMi Ma€ BJ1acHe ClieKTpaJslbHe Npe/iCTaB/eHHs p® =
3 PP 10PN DY . Tomy

Tr(p@pPy =3 o o) Trlldh’Nobn’ 1o ebin I} =

- ; ; P P (W [P ? < (2.192)
<Y D oewe = (Z Pm) (Z pM)

st HEpiBHICTb NEPEXOAUTD Y %)IBHICTb ToAi i iule ToAi, KoJu |(c|>n) |c|)(1))|

1 fs1g BCix n i m Takux, 10 Py pm # 0. A OCKiJIbKM BJIaCHI BEKTOPU MalOTh
OL[I/IHI/I‘{Hy HOopMy, To HepiBHicTh llIBapua (1.1) cTBEp/KYE, 1[0 TaKi |c|)n)) i
|q>m ) BiApisHAOTHCA TiIbKU (pa30BUM MHOKHUKOM. [IpoTe KokeH Habip BJa-
CHUX BEKTOPIB € OPTIOHAJIbHUM, TOMY /J1s1 KOXKHOT'O 3HaY€eHHs N MOXe iCHY-
BaTH JIMILE OJHE 3HAYEHHS M, Lo Jla€ HeTpHBlaanm?I BHECOK y ApyTHUH ps-
JloK (2.19a). [lepeBnopsgKyBaBLIN Ha61p {|c|) )} TaKUM YUHOM, 11106 HOTOo Be-
KTODPH, KOJIiHeapHi BeKTOpaM i3 {|c|)n )}, Masii 3 HUMM OJJHAaKOBUH HOMeD, MU
MOKeMO NepenucaTy el psAAoK y BUTJIAAL

ZZPS)P%)K(I)(I) (J)>|2 Zp(l) )
n m

Kot npunycTuTH, 10 06M/ABA CTAHU € 3MillIaHUM, TOp(l) <1i p(]) < 1 pgasa
BCiXx n, a oTxe, ¥ ), pg)p%’) < 1. Ctpora HepiBHicTb 36epiraerbcs i y BU-
MaJIKy, KOJIM OJMH 3i CTAHIB 3MillIaHUH, a iHIIWH YUCTHUH, 60 TOAI B CyMi 3a/11-
IIA€EThCA EAUHUN N0aHOK pgf) pg), 110 IBJISIE CO6010 AOOYTOK EUHOTO HEHY-
JIbOBOI'O BJIACHOTO 3HA4Y€HHs OllepaTopa YHUCTOro cTaHy (PiBHOrO OJUHHUIL)
i oiHOTO 3 BJIaCHUX 3HAYEeHb OllepaTopa 3MilllaHOTO CTaHy (CTPOT0 MEHIIIOTO
3a oUHUII0). BHAC/IIOK 1[bOTO aHAJi3y MU 0X0IMMO BUCHOBKY, 1[0 HepiB-
HicTb y (2.19a) cTae plBHlCT}O JIVILE Y BUNAAKY, KOJU p() = p(.) = 1 gn4
SIKOICb €AUHOI Iapu n, m 1pn = pm) = 0 JJ1g9 pelTy MOXK/IMBUX Hap, TO6TO
00H1/iBa ONepaToOpH MpPeICTABASAITb OJHAKOBUM YUCTUHM cTaH. llei Hall BU-

CHOBOK COOPMYJIIOEMO Y BUTJISIAH JIEMU:



§ 2.3. 3ara/ibHi CTaHM Ta YUCTi CTaHU 57

Jlema. ;11 1BOX OollepaToOpiB CTaHy, p(i) i p(j), MaEMO HEepiBHICTb
0 <Tr{pWpP} <1, (2.20)

TIIPUYOMY BEpPXHS Mexa JjocsraeThes Togi i e Togi, koau p = pU) e ome-
paToOpOM YHUCTOTO CTaHY.

3acrocyBaBiu 1110 Jiemy 7o (2.19), orpuMyemo

Trp? = Z Zaiaj Tr{pWpW} <
i J
< ZZaiaj =1.
i J

[IpoTe, 3a HalIMM NPUNYLIEHHAM, p IPEACTaBJISIE YUCTUM CTaH, TOMY, 3TiJHO
3 (2.17), HepiBHICTb Ma€ NepexoJUTH B PiBHICTh, a 3a IIIOWHO A0BeJeHOI0 Jie-
MO0 Ile MOX/IMBO e y Bunagky, koau p = pU) nna eix i Ta j. A Takuit pe-
3yJIbTAT CYyNepeyruThb MPUNYIEeHHO, o cyMa B (2.18) € HempusgiasbHow ony-
KJIOI KOMGiHauier onepaTopis, 60 pakTHUYHO BUXOAUTH, L0 BCi oepaTopH B
ik cymi ToToxKHi. OTKe, BAABUIKCh J1o TpuiioMy ad absurdum, mu fjoBeJy, 110
YUCTHUH CTaH HE MOXKHA BUPA3UTH Uyepe3 HeTPUBialbHY ONyK/a1y KOMGiHallif0
IHIIMX cTaHiB.

Lls1 TeopeMa HaBOAUTb Ha YMKY, LI[0 YHUCTi CTaHU, B IEBHOMY ceHci, byH/a-
MEHTAaJIbHILII 3a 3MillaHi, @ OCTaHHI MOXYTb PO3IJIAJATUCH, IK CTATUCTUYHA
cyminn yucTux ctaHiB. [IpoTe Taky iHTepnpeTalito He BapTO CIpUUMaTH 6y-
KBaJIbHO, OCKIJIBKU NIpe/iCTaBJIE€HHA onlepaTopa 3MIlIaHOro CTaHy Yepes Omy-
KJ1y KOMOiHallilo onepaTopiB YUCTOr0 CTaHY HiKOJIU He 6YBa€ €AMHUM. /[BOBU-
MipHUU TPUKJAJ V JOCTATHIN Mipi 1eMOHCTpPYE el pakT. PosrsisiHeMo omne-
paTop cTaHy

Pa = aluul + (1 — a)|v\v], (2.21)

ne0 < a < 1,a|u)i|v) — opToroHajbHi BEKTOPH 3 OJJUHUYHOIO0 HOPMOIO.
Bu3HaYyMMO JiBa BEKTOPH,

|x) = Valu) + V1 — alv) =,
ly) = Valu) — V1 —alv).

Jlerko nepekoHnarucs, 110

Pa = 7 1)(x] + Zly)xl. (2.22)
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®aKTHU4YHO, iCHYE HeCKiHYeHHa KiJIbKiCTb CIOCO6iB MpejcTaBJeHHS Oy/b-
SIKOT'0 3MillIaHOT0 OMepaTopa CTaHy y BUIJIAAI onykJoi koM6iHanil oneparo-
PiB YUCTOTO CTaHY.

OnykJy koM6iHallil0o KBAHTOBUX CTaHiB cxeMaTHU4YHO TOKa3aHo Ha Puc. 2.2.
To4ykH Ha rpaHUL ONYKJ/I0I MHOKHWHU NPECTABJIATb YUCTI CTaHH, & BHYTPI-
IIHI TOYKU — 3MillaHi cTaHU. 3MillaHUM{ CTaH p, MOKHA MaTeMaTUYHO BHUpa-
3WUTH Yepe3 CyMilll YUCTUX cTaHiB u i v, ak y (2.21), i3 nuToMo10 Baroo, obep-
HEHO NPONOPLINHO A0 BiicTaHEN TOYOK U i v Bif ToukH a. Tak camo 1jeil cTaH
MOXKHa Mpe/ICTaBUTH Yepe3 CyMilll YUCTUX CTaHIB x Ta y, AK y (2.22), abo 6a-
raTbMa iHIIMMHU cnoco6amMu. @iznyHe 3HaYeHHHA TaKOol HEOAHO3HAYHOCTI 10-

L

y

Puc. 2.2. CxeMaTH4YHe 306paKeHHS YUCTHUX i 3MillIaHUX CTaHIB, SIK eJIeMEHTIB OMyKJIO1
MHO>HHH.

JISITa€ B TOMY, 110 1 YUCTI, i 3MillaHi CTaHU B KBAaHTOBIU MexaHilli ONMUCYIOTh
CTAaTUCTHUYHO HETPHUBia/bHI aHcaM6J1i. MU moBepHeMocs 0 1jiel BaxK/IUBOI Te-
MU B Po3ini 9.

YumMaJsio NpUKIa/liB YUCTUX | 3MilIaHUX CTaHIB Gy/le BUBUEHO B MO/ a/b-
IIMX PO3/JiJax, a Hapasi 6y/e KOpUCHO BKa3aTH B 3araJibHUX pUCaX, Jie L JBa
TUIU CTAaHiB MOXYTb 3’ AIBUTHUCA. HeBUpO/P)KeHUI eHepreTHUYHUIN piBeHb aTo-
Ma, a60 6yAb-sAKO]I iHIIOI 130JIbOBAHOI CUCTEMH, € MPUKJIAOM YUCTOTO CTaHY.
CTaH Ten/ioBOi piBHOBAru 3aBX/U € 3MilllaHUM, 3@ BUHSATKOM CHUTyallil Mpu
abcosiroTHOMY HyJi TeMnepaTypu. CTaH yTBOPEHOTO JIa3epoM MOJISIpU30Ba-
HOT'0 MOHOXPOMATHYHOTI0 CBiTJ/Ia MOXe HabJIMXKATHCS 10 YUCTOr0 CTaHy eJie-
KTpPOMAarHiTHoro noJsd. HenosispusoBaHe MOHOXpOMaTHU4YHE CBITJIO, @ TAKOX
BUNPOMiHEHHSI abGCOJIIOTHO YOPHOIO TiJla, € MPUKJ/IaJaMy 3MilIaHOTO CTaHy
eJIeKTpoMarHiTHOro noJis. XapakTtep iHdopMariii, Heo6xiZiHOI A9 BU3HaAYe-
HHSI KBAaHTOBOTO CTaHY i 3’A3yBaHHs, YUCTHUU BiH UM 3MillaHUHN, MU OYAEMO
JocaimxyBaTy B Po3giii 8.
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§2.4. PosnopainimoBipHOCTI

BignosigHo o [locTynaty 2, cepeiHE 3HaYeHHS CIIOCTePEXHOI BeJIMYUHU R,
IpeJCcTaBJIeHOI epMITOBUM ollepaTopoM R, y CTaHi, 1110 ONMCYETHCA OIlepaTo-
pOM p, € TAKUM:

(R) = Tr(pR). (2.23)

Mu ob6pany onepaTop p HOPMOBaHUM 3a JoMoBJeHicTio (2.2). Lliei opmy-
JIA JJ151 cepeHbOr0 BUSIBASIETHCS JOCTATHBO, 11106 BUBECTH MOBHUU po3mo-
ZliJ1 IMOBIpHOCTI, 32 yMOBM CIIpaBe/IMBOCTI HACTYITHOTO TBEPPKEeHHS: JikicHa
byHkLiA F(R) cnocTepexHoi BeJIMUMHU R TaKOX € CIIOCTEPEKHOI0 BeJUYHU-
HOI0 i MaTEMaTHUYHO MpeJcTaB/eHa onepaTopoM F(R), yrBopeHoro 3 R 3a cre-
KTpaJibHUM po3kaafeHHIM (1.28) a6o (1.38). Take TBep/XKeHHS € I[IJIKOM 00-
I'PYHTOBaHUM, 60 sKI10 pisryHa BeJTMUMHA Ma€ 3HaYeHHA 1, To ii yHKIis o-
BUHHA MaTHU 3HauyeHHsA F(r), i TAKMUM caMUM CNiBBiAHOIIEHHAM 3aZ,0BOJIbHA-
I0Th BJIaCHI 3HaYeHHs onepatopiB R i F(R).

Hexait g(r) dr — iMoBipHicTb TOro, 1[0 3HAaYeHHS CIOCTepexxHoi R Je-
KUTB Y IPOMDXKKY [r, 7 + dr]. BigTak, 3a 03HaueHHAM,

(F(R)) = f Fa)gaydr' (2.24)

A 3actocyBanHs (2.23) no cnoctepexHoi F(R) nae
(F(R)) = Tr{pF(R)}. (2.25)

O6upaBiuy HasnexHy PyHKLi0 F, MOXXHA BUKOPUCTATH Iii /iBa piBHSHHS, {00
JI06YTH 3 HUX MUTOMY HMOBIipHicTb g(7). M1 3po6UMO 11e OKpeMo JJisl JUCKpe-
THOT'O ¥ HEIIepepPBHUTO CIIEKTPIB.

AuckpeTHUi cnekTp. Hexail R — caMocnpsbkeHHM onepaTop i3 YUCTO AucC-
KpeTHHUM cneKTpoM. Moro moxkHa BUpa3UTU 4yepe3 BJAaCHI 3HAUEHHS T i op-
TOHOPMOBAaHI BJIacHI BEKTOPH |1 ):

R = Zrn|rn)(rn|-

PosrisiHemo ¢yHKIi0 F(R) = 6(r — R), wo fopiBHIOE oguHULi IpU R < 71, i
HyJi10 Ipu R > r. CepeiHe 3HaUYeHHs 1€l GyHKI{l, 3rigHo 3 (2.24), €
T
0 -2) = [ gayar' =

— 0o

= Prob(R > r |p).
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Lle € JocTOTy WMOBIpHICTB, 1[0 BEJUYHMHA CIIOCTEPEXKHOI R MeHIa 3a 7.
[IpoTe 3 (2.25) maemo

(8(r = R)) = Tr{pb(r — R)} =
=Trip Y 80 —ra)lrn)(ralt =
= (ralplra)8(r — 7).

[IpupiBHABIIM NpaBi YacTUHU 000X BUpa3iB i npoaudepeHitoBaBIIy ixX 3a 7,
OTPUMYEMO MUTOMY HMOBIpHICTb:

d
gr) = ar Prob(R < r|p) =

> (ralplrn)8(r —2).

n

€lMHa MPUYHUHA, YOMY MU IPOBEJH 06YUCAEeHHS humomoi UMOBIpHOCTI AJist
JIUCKPETHOI CIIOCTEPENKHOI OJIATAE B TOMY, 11106 MokaszaTy, o g(r) = 0 aas
BCIX 7, fIKi He € BJJaCHUMHU 3HaUYeHHSIMU BiANOBIHOT 0 onepaTopa. A 0TxKe, UMo-
BipHicTB TOTO, 1[0 AAHHAMiYHA 3MiHHA HAa0y/le 3HaUYEeHb 11032 MeXKaMU CIIEKTPY,
JIOpiBHIOE HYJIIO; iHaKIlle KaXKy4H, y BUNIAJKY AUCKPETHOI0 CIIEKTPY BOHA MO-
»Ke HabyBaTH JiMlle IeBHUX IUCKPEeTHUX 3HAaY€eHb, IKi 36iraloThcs 3 BJAaCHUMHU
3HauYeHHAMHU onepaTopa. Lle Ay>e npueMHe CBilYeHHS Y3ro/PKeHOCTi CTaTHU-
ctuyHoro [loctynaty 2 i3 mexaHidHuM [loctynatom 1.

IMOBipHIiCTB, 1[0 AMHAMiYHA 3MiHHA R MaTUMe AUCKpPEeTHe 3HAYeHHA Ty
BipTyaJIbHOMY aHCaMO0.1i, IKHH ONUCYETHCS ONIEPATOPOM CTaHY p, €

Prob(R =r|p) = lirré{Prob(R <r+elp)—Prob(R<r—eglp)}=
E—

=Y (ralplrn)8rr,. (2.26)

lleli pe3yabTaT MOXHA CTHUCJIIIEe BUPA3UTU Yepe3 NMPOEKLINHUN onepaTop
P(r) = >, Ima)rn| 6rr,, AKUH NpOEKTyE Ha MiANPOCTip, HATATHEHUH HA BCi
BUPO/>KEH] BJIacHI BEKTOPHU 3 BJIaCHUM 3HAUYEeHHSIM Iy, = T

Prob(R =r|p) = Tr{pP(r)}. (2.27)

Y cneniasbHOMY BUIIAJKY Yucmozo ctany p = |W)(W| i HeBUpoaKeHOTO BJIa-
CHOT'0 3Ha4YeHHs 1" Lilel pe3y/IbTaT 3BOJUTHCA 10

Prob(R = ru|¥) = [{(r|¥)]%. (2.28)
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BiiacHi cTaHM. Y 3araJibHOMY BUNIa/IKy, AUHAMiyHa 3MiHHa MaTHMe HEHYJIbO-
BUU CTAaTUCTUYHUU PO3KUJ, N0 NEeBHIW YaCTUHI CIEKTPYy CBOIX JOMYyCTUMUX
3HavyeHb. [IpoTe A1 AUCKPETHOI 3MiHHOI MOXJIMBA CUTYyallid, 110 BCsS HMoO-
BipHiCTBb Oy/le CKOpLIEHTPOBaHa JIUIIEe HAa OJHOMY 3HayeHHi. K110 AuHaMiyHa
3MiHHA R HaOyBa€ €AMHOTO 3HAYEHHS 1o (Hexal AJI NPOCTOTH Iie Oy/ie He-
BUPO/XKEHe BJacHe 3HaYeHHs) 3 iMoBipHicTIo 1 y neBHOMY cTaHi, To 3 (2.26)
BUILJIIMBAE, 1[0 ONIEPATOP CTaHy P MAa€E 33J0BOJILHATH yMOBI (rg|p|re) = 1. A
OCKIJIbKH 1151 6yib-AKOT0 onepaTopa ctany Trp? < 1, To

> ralplrm)rmlplra) = > Kralplrm)® < 1.

nm

Y cuny Toro, 10 OJIUH 4ieH i€l cymu, (ro|p|ro) = 1, yxe 3ab6e3mneuye nepe-
XiJl HEpiBHOCTI B PiBHICTB, TO BCi pellTa JiarOHaJbHUX | HeJliar'OHAJIbHUX eJle-
MEHTIB p MalTb 00epTaTUcs Ha Hy/Ib. OTXKe, EAUHUN CTaH, y AKOMy R Haby-
Ba€ HEBUPO/PKEHOT'O BJIACHOTO 3HAYEHHS Tg 3 IMOBIpHICTIO 1, € YUCTUN CTaH
p = |ro){ro|. Takuii cTaH, npe/cTaBJeHUN OIEPATOPOM p 260 BEKTOPOM |17p),
PO3TIJISAAETHCS, SIK 8/1ACHULl cCMaH criocTepexxHol R.

HenepepBHui cnekTtp. Hexalt Q — caMocnpsbkeHUM onepaTop, 1[0 Ma€ Yu-
CTO HellepepBHUMU CNIETP:

0= f q1a'}q | dq'.

Horo HeckiHueHHi 3a HOPMOM BJIacHi BeKTOpH (Y CEHCi y3arajJbHEHOI cre-
KTpa/JbHOI TEOpEMHU) 33/J0BOJIbHAIOTh OPTOHOPMYBaJIbHOMY CHiBBiJIHOILEH-
Hi0 (q'|q") = 8(q' — q"). Hexait g(q) dq 6yze iiMmoBipHicTIO TOrO, 110 BiJIO0-
BijiHA criocTepekHa Q JIEXUTD Y NPOMIXKY [q, q + dq]. Sk i B nonepegHbOMY
BUIA/IKy, MAEMO

q
(0(q - 0)) f 9(@)dq' =

= Prob(Q < qp),

1110 € UMOBiHICTIO /I/1s1 Q HAOYBAaTH 3HAaYEeHb MEHIIUX 3a (. AJie TAKOXX MU Mae-
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MO CIiBBiIHOILIIEHHS

(6(q — Q) =Tr{pb(q — Q)} =

+00

Trlp f 8(q — q")lq')q'| dq' } =

—00

q
f (@loldydq'.

TakuM YUHOM, MUTOMa UMOBIPHICTB [IJ151 clocTepeXHoi @ y BipTyasibHOMY aH-
caM6.J1i, SKUM ONHUCYETHCS ONIepPaTOPOM CTaHY p, €

9(q) = % Prob(Q < q|p) =

(2.29)
= (qlplq)-
st okpeMoro BUNaAkKy yucmozo cmary p = |P)Y (W] ue gae
9(@) = KqI¥)|? (2.30)

[ Xxouya BUpasu A WMOBIPHOCTI Ta MUTOMOI MMOBIpHOCTI pi3HATbCA B
JleTaJisdx, BOHU 3aBX/J/ MICTATb CIIBBiJHOLIEHHA MK JJBOMa apI'yMeHTaMU:
OJJMH XapaKTepHU3YE CTaH, a IPyruil — YaCTUHY CIIEKTPY AUHAMIYHOI 3MiHHO],
1110 € CIIOCTEPEKHOI0 BEJTMIMHO0. MU Ha3UBaTUMEMO iX, BiiNOBiAHO, PyHKYi-
€ cmaHy i pinomp-gyHkyicro. Y (2.27) 1ie onepaTop CTaHy p i NpoeKiiHUMI
onepatop P(r).Ay (2.28) i (2.30) HuMu BuctynawTb BekTop ctany W i BiaacHi
JyHKIil, 1o BiANMOBial0Th ciocTepeXxHilk Beqn4uHi. [IpoTe CUMeTPUYHICTD,
i3 iKOIO 1]i ;B apr'yMeHTH 3'IBJISIIOTHCS B PiBHSIHHSAX, He NOBUHHA BiZiBepTaTH
yBary Bij ix pizHoi 3yTHOCTi. 30KkpemMa, HOpMOBaHUM BeKTop cTaHy |V) Hase-
XKUTh JI0 Tib6epTOBOTrO MpocTopy, a inbTp-dyHkKLis |q) B (2.30) He € ioro
€JIEMEHTOM, 8 HAJIEKUTh /{0 PO3LIMPEHOTO0 IPOCTOPY (X i3 TpUIIEeTa OCHAalLe-
HOro riibéeptToBoro npocropy (AuB. § 1.4).

IlepeBipka akciom Teopii UMoOBipHOCTi. ¥ 1lboMy maparpadi MU HaBeJH
Kisbka ¢opMys AJ151 KBAHTOBUX IMOBIpHOCTEH, ajie IOKHM He MAaEMO BaroMHx
niJicTaB CTBEP/KyBaTH, 1110 BOHHU CIIPaB/i BUPaXKarThb iMOBipHICTb, 60 AJis
[[bOTO IIle Tpeba JOBECTH iX Y3ro/PKEHICTh i3 akcioMaMu Teopil HMoOBipHOCTI.
[lepm Hi>k 3po6UTH 1Lie, 6y/le KOPUCHO CKOHCTPYIOBATH 3arajbHy GOpMY.Jy
JlJIs IMOBIpHOCTI, siKka BKJIFOUaTUMe B cebe BCi pO3TJ/ISIHYTI BUIIe BUMIAAKHU.
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BignoBifHO 70 cieKTpabHOI TeopeMU, [Jis 6yAb-IKOi AMHAMIUHOI 3MiH-
Hoi R Ta ii caMmocmpsixkeHOro onepaTtopa R icHye ciM’s1 mpoeKLiiiHUX ollepaTo-
piB Mg(A), noB’si3aHa 3 BJJaCHUMH 3HAYEHHSIMH | BJJACHUMH BeKTOopaM R Ha-
CTYNIHUM YUHOM:

Mg(8) = ) [raXral. (2.31)
Trn€A
Cyma 6epeTbcs 3a BCiMa BJJaCHUMU 3HaYeHHAMHU (MOXJIMBO BUPOXKEHUMH),
1110 HaJIeXaTh J0 NiAMHOXXUHHU A; Y BUIIa/|Ky HEllepepBHOI'0 CIIEKTPY Lid CyMa
NepeXoAuThb B iHTerpas. IMoBipHicTb TOTO, 1110 3Ha4eHHSA 3MiHHOI R JIEXKUTDb Y
A, BU3HA4YAETHCA GOPMYJIOI0

Prob(R € Alp) = Tr{pMgr(A)}. (2.32)

Axuro o6s1acTh A MiCTUTB JIMIIIe OJIHE BJIACHE 3HaYEeHHS, TO Lis popMyJia nepe-
xoauThb y (2.26) abo (2.27). Y BunajKy HenepepBHoOro cnexktpy (2.32) gopis-
HIOE iIHTerpasly IpuTOMOi UMOBIpHOCTI 10 06J1acTi A.

Jlerko nepekoHaTwucs, 1m0 (2.32) 3a0BoJibHA€E Akciomam 1, 2 Ta 3 i3 § 1.5.
[lepeoBciM 3a3Ha4YMMO, 110 OCKiJIbKM MR(A) € NIpPOEKLiHUM ONepaTopoM,
TO omneparis caiay B (2.32) HacnpaB/i 00MeXY€eThCs JIMIIe TiIMIPOCTOPOM, Ha
saxuil Mg (A) 3xilicHI0€ TpoekKIit. I3 1iei 06cTaBUHY, B IOEAHAHHI 3 JOMOBJIE-
HicTi0 npo HopMadizaiiito (2.6) i ymoBoto HeBij'eMHocTi (2.8) A/ p, BUILIU-
Bag, 1o 0 < Tr{pMg(A)} < Trp = 1. Lle nixTBepmxkye Akciomy 1.

[[[o6 ycTaHOBUTH ClipaBeJIMBIiCTb AKCioMHU 2, Tpeba B3ATH CTaH, IPUro-
TOBJIEHUH TaKUM YMHOM, 1[0 3HAYE€HHS CIoCcTepekHOoi R rapaHTOBAHO Jiexa-
THMe B 06J1acTi A. Lle 6yie Takui CTaH, 1[0 33/I0BOJIbHSIE YMOBI

p = Mgr(A)pMg(4). (2.33)

B okpeMoMy BUIIa/IKy, KOJIM A MiCTUTB JIMIle OJHe BJacHe 3Ha4eHH4, Lie 3BO-
JIUThCSA [0 YMOBH, IO P € BJJACHUM cTaHOM R. OueBu/IHO, 10 (2.33) TOTOXKHO
JOPiBHIOE OAUHULL.

Jns nepeBipku Akciomu 3b (3 kol BumiMBae Akcioma 3a) po3rysiHEMO
[IBi HemepexpecHi MHOXXWHH, A; i Ay, a oTke, yMOBU R € A; i R € A, 6y-
JlyTh HeCyMiCHUMU i Bifo6pakaTUMyTh B3aEMOBUKJ/IIOUHI noaii. TBep/pKkeH-
Ha (R € A1) V(R € A,) exBiBasieHTHe TBep/keHHIO R € (A1 U Ay), ne
AU Ayno3Hayvyae 06’efHaHHSA ABOX MHOHH. OCKiJIbKM MHOXKHUHH A4 1 A, Hemne-
pexpecHi, To Mg(A1)Mg(Az) = 0, a npoekIiiHUK onepaTop, 0 BiAIOBiAaE
006’€THAHHIO [JUX MHOXHH, € IPOCTO CYMOI0 OKPEMUX NPOEKIINHUX OllepaTo-
piB: Mr(A1 U Az) = Mg(A1) + Mg(A2). Y ubomy pasi (2.32) HabyBa€ BULIALY

Prob{(R € A1) V (R € A7) |p} = Tr{pMr(A1 U A2)} =
= Tr{Mg (A1)} + Tr{Mg(A2)},
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10 3aJ10BOJIbHsIE AKcioMmi 3b.

OcTtaHHE 06YUCTIEHHS MOXKHA NPOSIHUTH 3a J,0IIOMOI'0I0 TAKOTO MPOCTOr0
NpHUKJIaAy. 3aMicTh OBIIBHOTO €pMiTOBOro onepaTtopa R po3ryisiHeMo omne-
patop Q, Bu3HaueHuy, sk QW (x) = xW(x), akuii y Po3aini 3 mu inentudiky-
€MO, K ollepaTop MnoJioxkeHHs (abo onepaTop KoopAuHATH). Hexailt A 6yzae
iHTepBasioM a < x < B,aA; —y < x < 8. Tozi Aia npoekuiliHOro oneparopa
M (A1) BU3HAYaTUMEThCH:

Mo(A)P(x) = P(x) Ao < x <3,
Mo(A)¥(x) =0 Jassx < aabof < x.

Cxoxe 03HaYeHHA OTPUMAEMO i g Mg (Az), 3aminuBLIM aHa Y i B Ha 6. [Ipoe-
KUiHHUH onepaTop Mo (A1 U Az) jae Mo(A1 UA)WP(x) =Y(x) pnaa < x < f8
aboy < x < §,iMqp(A1UA)¥Y(x) = 0 BiHmoMy Bunazaky. Akmoa < f <y < &
aboy < B < a < B, Tomi A; i A, He MepeTHUHAIOTHCS, i OYEBUHO, 1[0
Mqo(A1)WP(x) + Mg(A2)W(x) = Mg(A1 U A)W(x), a oTxe, HaBe/jeHi BUllle BU-
KJIQJIKU M ATBEP/KYIOTh YUHHICTh AKcioMu 3b. A 3 iHIIOro 60Ky, MPUITyCTUMO,
mo o <y < f3 < 8§, toaiinTepBanu A; Ta A, nepeTUHAOThHCA i oAii x € A Ta
X € A; He € He3a/IeXXHUMU. B obJiacTi ix nepeTuHy, y < x < 3, MU MaTUMEMO
Mqo(A)W(x) + Mo(A2)¥(x) = 2¥(x), ane My(A1 U Ax)W(x) = W(x). Takum
YHUHOM, 3aJIeXKHi UMOBiIpHOCTI He 6Y/[yTh aAUTUBHUMHU.
HeniaTBepakeHoo 3aiulinaack Akcioma 4, iKy My po3rJisiHemo B § 9.6.

JlitepaTtypa go Po3ainy 2

[HTepHpeTaliio NOHATTS CTaHy B KBAHTOBIM MexaHilli i seski moB’sA3aHi 3 UM
cynepeuku po3ragHyTo y [10]. CtatTa [12] gocaifKye BUKOPUCTaHHA HMO-
BipHiCHHUX MeTO/iB y KBAHTOBIU MeXxaHilll i HABOAUTH KiJibKa MPUKJIAJIB 10-
MUJIKOBOT'O 3aCTOCYBaHHS Teopii IMOBIpHOCTI B 1boMy KOHTeKcTi. [locuia-
HHS Ha HU3KY Npalpb i3 3acaji KBaHTOBOI MeXaHiku MicTATbca B “Resource
Letter”, L. Ballentine (1987), Am. J. Phys. 55, 785-791.

3aaaui

2.1. TlokaxiTh, 110 HeepMiTOBa MaTpuLa M = [(1) 1] Mae€ Jijlle AiMcHi 3Ha4ve-

HHS, IpoTe i BJIaCHiI BEKTOPU He YTBOPIOKTH NOBHOI'0 HAG0DY.

B cuity cBo€i HeepMiTOBOCTI, 111 MaTpuL Ma€ nopyuysaTy yMmoBu Teopemu 1
3§ 1.3. 3naliaiTh BekTOD |V), IU1s sikoro (v|M|v) € koMIieKcHUM yuciioM. (e
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NPUKJIAJ IJII0OCTPYE HeOOXIAHICTb IpeCTaBJeHHA AIMICHUX CIOCTEPEXKHHUX ye-
pes3 epMiTOBI OllepaTopy, a He IPOCTO Yepes OllepaTopH, 110 MAKThb YUCTO Jil-
cHi ByacHi 3Ha4YeHHSs. A ockinbku (M) = (v|M|v), TO 10 BEJIUYUHY KOJHUM
YUHOM He MOXXHa iHTepnpeTyBaTH, 1K CepeJHE BiJi BJIaCHUX 3Ha4eHb M.

2.2. Noxkaxite, wo Tr(AB) = Tr(BA), i, 3arajbHiule, 1o cai A0OYTKY
KIJIbKOX OnepaTopiB iHBapiaHTHUH BiZJHOCTO IX IUMKJIYHUX IepecTaHOBOK:
Tr(AB ..YZ) = Tr(ZAB ...Y).

2.3. JloBeauts, o Tr(|u)(v|) = Tr(v|u).

2.4. I3 BiactuBocTi HeBig'eMHocTi (2.8) a6o (2.13) onepaTopa 3arajibHOro
CTaHy p BUIJIUBAE, o Tr p2 < 1, sk 6yJI0 IOKa3aHO B MPOILIEeCi J0BeJeHHS J10-
cTtaTHOCTi yMOBH (2.17). [lokaxiTh, 1110 /11 MaTpULb 2 X 2 cipaBeAJIuBe i 3BO-
pOTHe TBepAxeHHs: i3 yMoBu Tr p? < 1,y noeananHi 3 (2.6) i (2.7), BUniuBae
HeBig eMHicTb p. lai NpoJeMOHCTPYHTe, 110 Iji YMOBH HE € JOCTATHIMH s
rapaHTyBaHHSA HEBiJEMHOCTI p y TpbOX i 6ijibllle BUMipaX.

2.5. {Iki 3 HW>KYeHaBeJleHUX ONepaToOPiB € NPUXHATHUMU [JIS IPe/ICTaBJIeH-
Hfl KBAHTOBUX CTaHiB? 3HAN/IiTh BEKTOPU CTaHY JJ151 TUX i3 HUX, 110 IpeCTaB-
JIIIOTb YMCTi CTaHH.

13 9 12

— |4 4 — | 25 25
Pr=13 3| P2=[12 1&/|-
4 4 25 25

ps = Tuy(ul + 2[v)(] + Y2 upw] + Z|v)ul,

Ae (ulu) = (v|v) = 1i(v|u) = 0,

Py =

BiR O N
oNk O
o ORlr

o

v

I
BlR O N[
ORIk O
BlR O BR

2.6. Hexall onepaTop o NMpeACTaBJIs€ JUHAMIYHY 3MiHHY, 110 MOXe HabyBa-
TH JIM1LIe [IBOX 3Ha4yeHb, +1 a6o —1. ByiacHi BeKTOpU ¢ N03HAYalOThCA, K |+)
i |—=). Temep po3r/siHbTe TaKi CTaHU: OJHONApPaMeTPUYHA CiM'Sd YUCTHUX CTa-

HiB, Ipe/CTaBJIEHUX BEKTOpaMH |B) = \/E(H) + eiel—)) JUis1 loBinbHOrO 6; i

3MIlIaHUM CTaH p = %(|+)(+| + |=)}—]). HokaxiTp, wo (o) = 0 fusa Bcix uux
cTaHiB. UM icHYIOTb Mi>k HUMHU Qi3U4Hi BiAMIHHOCTI, @ KOJIU TaK, TO SIKi KOH-
KpEeTHO i fIK iX MO>XHa BUMipATH?
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0 -i .
|

NOBi/lJa€ KOMIIOHETOBI CIiHY eJIeKTPOHA B OAWHUISX h/2. N cTaHy, npej-

2.7. Y Posgini 7 6yzie NoKa3aHo, 1[0 MAaTPUYHUH ONlepaTop Oy =[

CTaBJIEHOTO BeKTOpoM |V) = (g), Jle o i B — KoMIIeKCHi Yrcia, po3paxynTe

WMOBIpHICTB TOTO, 1110 CHiHOBUU KOMIIOHEHT MO3UTUBHUM.

2.8. llpunycriTs, 0 onepaTop

M =

O R O
O
o = o

npeACcTaBJsie JUHAMIYHY 3MiHHY. 064uc/aiTh iMoBipHicTb Prob(M = 0 |p) ans
TaKHUX OllepaTopiB CTaHy:

1.0 0] 101 100
@p=|0 % 0; ®p=[0 0 0|; (Qp=|0 0 0
0 0 1 10 1 00 1
2.9. Hexait R 2[_3 _5 npeAcTaBJs€ JUHAMIUHY 3MiHHY, a |V) =<Z>—Ao-

BiIbHUIL BekTOp CcTaHy (3 |al® + |b|* = 1). 064uciits (R?) ABOMa criocOGaMH:

(a) Buseaitb (R?) = (¥|R*|¥) 6e3mocepesHbO.

(b) 3nHaiziTh BjacHi 3HaYeHH4 i BJlacHI BEeKTOpH R:
R|rn) = ra|ra),
pPO3KJIaJ[iTh BEKTOP CTaHY, SIK JIiHiliHy KOMGiHal[il0 BJaCHUX BEKTOPIB:
|¥) = c1lr1) + c2|r2),
i orpumaiite (R?) = r2|c1|* + r3|c2|%.

2.10. PiBHaHHA (2.21) i (2.22) 3acBiguyOTh, 1[0 6yAb-AKAN 3MilIaHUH CTaH
MO>KHa PO3KJIACTH Ha YUCTi CTaHU NpUHAWMHI JBoMa crniocobamu. [lokaxiTb
(HaBiBIIM MPUKJIAZ 3 HEIEPEPBHUM IapaMeTPOM), 1[0 L€ MO>KHA 3pOOUTH He-
CKiHUYEeHHOI0 KiJIbKiCTI0 ClI0CO6iB.



Po3pain 3

KiHemMaTHKa Ta AMHaAMiKa

PesysabTatu Po3ainy 2 iHo/ii Ha3uBawTh ,,pOPMaTBLHOK CTPYKTYPOIO KBAHTO-
BoI MexaHiku". | xoua 6araTo 6y/i0 HanmucaHo Npo ii iHTepnpeTarito, Npo BU-
BeJleHHH 3 illle eJieMeHTapHIIIMX aKCiOM 1 MOKJIUBI y3arajbHeHHd, HacllpaBAi
BOHa Ma€ B co6i ay»xe Masio Gpi3uuHOro 3aMicTy. 3a caMuM UM popMasisMoM
HEMOXJIMBO PO3B’si3aTH K0 HOoi $i3u4HOI 3a/ja4i, aXk MOKU He Oy/Je BCTAaHOB-
JIEHO npasu.1a 8idnogidHocmi, 110 OTOTOXHSITh KOHKPETHI WHaMi4Hi 3MiHHI 3
KOHKpeTHUMU onepaTopaMu. Akpas 1je 6y/ie 3po6ieHO B IOTOUHOMY PO3Aii.

®yHamMmeHTanbHI Gi3WYHI BEJIMYWHY, HA 3pa30K iMIYJIbCY TA MOMEHTY iM-
MyJbCy, MAalOTh TiCHUU 3B’SI30K i3 MPOCTOPOBO-4aCOBUMH NePETBOPEHHIMU
cuMeTpil. BUBYEHHS UX TepeTBOPEHb CAYKHUTD ABOM LIAM: PyHAaMEHTAJIb-
HiA — BUSIBJIEHHS ONepaTopiB A/ HAUBAXKJIUBILIUX JUHAMIYHUX 3MiHHUX, i
NpaKTU4YHIA — 03HalWOMJIEHHA 3 KOHILEMNI€E0 Ta METOAUKOIO NlepeTBOPEHb
cuMmerTpil.

§3.1. IlepeTBOpeHHs CTaHIB i cOCTepeXKHUX BEJTUYUH

[IpuiiHATO BBaXKaTH, 1[0 3aKOHU NPOPO/IU iHBapiaHTHI BiIHOCHO TPOCTOPOBO-
JacoBUX Ollepaliil cuMeTpil, BK/IIOYHO 3 NepeMillleHHSIMY, 06epTaHHSIMM i Ie-
pexoJlaMy MiXK pi3HUMU CUCTeMaMHU BiJJIiKy, 1[0 epeOGyBaloTh Y piBHOMipHO-
My BiIHOCHOMY pyci. KoxkHOMy TakOMy NPOCTOPOBO-4aCOBOMY NPETBOPEHHIO
Ma€ BiJTIOBiZiaTh nepeTBOpeHHs crnoctepexkHux A — A’ i crauis |¥) - |¥).
(Mu posrisisaTUMeMO JIMIe YUCTI CTaHU, PeJCTaBJeHI BEKTOPMH, 03asIK
3araJibHUH BUIa/I0K He Jj0Ja€ Hivoro HoBoro.) Lli mepeTBopeHHS MalOTh 36e-
piraTu neBHi cniBBiAHOIIEHHS, 1110 BUPaXalOTh QyHIaMeHTa bHi BJAaCTUBO-
CTi CTaHIB Ta CIIOCTEPEXKHUX.

(a) Axmo A|d,) = an|d,) TO micia nepeTBOpeHHS MAEMO OTPUMATHU
A'|d),) = an|d),). Bnachi 3navenns A i A’ € ogHaKOBUMH, 60 onepaTop
A’ mpejicTaBJISI€, IO CYTi, Ty caMy CIIOCTEPEXHY, 110 i onepaTop A, Juiie
B iHIIi# cucTeMi BifJliKy, a 0T>Ke, BOHU NIOBUHHI MaTH OJJHAKOBUM Habip
BJIACHUX 3HAYEHbD.
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(b) fAkmo BekTOp cTaHy 3afaHo 4epe3 [P) = > cql|d,), Ae {|d,)} —
BJIACHi BEeKTOpHU A, TO NMepeTBOPEHUIN BEKTOp MaTuMe Bursaz |P') =

S on Cnldn), me {|¢},)} — BaacHi Bektopu A’. Lli ABa BeKTOpPH MOBUHHI
3a/I0BOJILHAITH yMOBaM |cp |2 = |}, |?%; To6TO, [(d, |W)|? = [(dh|W)|% Le
CHiBBiIHOIIEHHS MaE BUKOHYBATHCsl, 00 BOHO BUPAXKa€ PiBHICTb iMOBIp-
HOCTeU /151 eKBiBaJIeHTHUX NOJIN y Pi3HUX CUCTEMAX BiZJIiKy.

MaTeMaTUYHUH XapaKTep TAKUX [IEPETBOPEHDb IIPOACHIOE HACTYIIHA TeopeMa:

Teopema Birnepa. byib-sike Bifo6paxkeHHsI BEKTOPHOI'O IPOCTOPY Ha cebe,
10 36eprae 3HaYeHHs |(b| )|, MoxkHA peasisyBaTH 3a OIIOMOTO YHIMApHo-
20 a6o aHmuyHimapHozo onepaTtopa U:

W) - W) = Ulp),
[d) - 19) = Uld),

IosicHenHs. Jlinilinuit onepaTop U HasuBaeThcA yHimapHuM, akio U1
UT, to6To UUT = UTU = | — opuununumit oneparop. Orxe, (Y'|d’)
(WIUDU|P)) = (P|d). YHiTapHe mepeTBopeHHHA 36epirac He Juie a6co-
JIIOTHE, a ¥ KOMILJIEKCHE 3HAaYeHHS BHYTPIIIHbOIr'0 06y TKY. AHMUyHIimapHum
Ha3WBAETHCS ONIEPATOP 31 CXOKUMHU BJACTUBOCTSIMHY, IPOTeE He JIIHIHHWUMY, a aH-
muainitiHutil, To6To Takuy, mwo U(c|P)) = c*U|YP). ko onepaTop aHTHUYHI-
Tapauit, To (W' [¢') = (WU UID)) = (W) = (d[W).

EsieMeHTapHe oBeileHHS TeopeMU Birnepa naB beprmas [22].

(3.1)

Jluiie siHiMHI onepaTopu MOXYTh ONKCYyBaTH HellepepBHi epeTBOpPEH-
Hsl, 60 B KO)KHOMY TaKOMY IlepeTBOPEHHI HeSIBHO MMPUCYTHiN KBaJ[paTHUHN KO-
pisb. [Ipunycrimo, s npukaaay, mo U(¥) onucye nepeMillieHHs Ha BicTaHb
£. lle Mo>xxHa 3po6UTHU ¥ ABOMA MOCJIi[OBHUMH NepeMillleHHAMHU Ha £/2, To-
my U(¥) = U(¥/2)U(¥/2) — BaacHe, Te, [0 ¥ Masocs Ha yBasi mijg kBajpa-
THUM KopeHeM. JIoGYTOK JIBOX aHTU/IIHIMHUX onepaTopiB Jla€ JiHIHHUM ome-
paTop, OCKIJIBKM Jipyre KOMILJIEKCHE CIPSAKeHHS aHYJIIE NonepesHE. TakuM
YUHOM, He3aseXHo BiJ| Toro, giHikHuk U(€/2) uu aHTUIIHIHHUN, onlepaTop
U(¥) BUABASETbCA JIiHIMHUM. A ollepaTop HellepepBHOrO NEPEeTBOPEHHS He
MoOXKe AUCKPeTHO MIiHATHCS 3 JIIHIHHOTO Ha aHTWJIiHIHHUH, gk OyHKIis £, TO-
my U(¥) Mae 6yTH JIiHIHHUM [iJ1 BCiX £. AHTHJIiHIHHI onepaTopu NoTpioHi /1
OMUCY AUCKPeTHUX cuMeTpit (auB. Po3zin 13), a B 1iboMy po3Aiji MU ix He
pO3rasiAaTUMEMO.

[lepeTBOpeHHs BeKTOpIB cTaHy (3.1) cynpoBOAXKYETHCSA IEPETBOPEHHAM
A - A’ onepaTopiB criocTepe;KHUX BeJIMYMH. BOHO OBUHHO 6YTH TaKUM, 1106
NepeTBOpPEHA CIOCTEPEXKHA MaJia TAKUM caMUil B3aEMO3B’I30K i3 epeTBOpe-
HUM CTaHOM, SIK [I0YaTKOBA CIIOCTepeXXHa 3 NOYaTKOBUM CTaHOM. 30KpeMa,
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KO A|(y,) = an|dy), T0 A'|0)) = an|d)). Mincranoska |¢)) = Uld,,) i3 sa-
crocyBaunsam (3.1) gae A'U|d,,) = a,U|d,,), assiacu, UTTA'U|d,) = an|d,,)-
OCKinbKY an|d,) = A|d,), To maemo (A — U™A'U)|d,,) = 0. lle cnpaBesiu-
BO /1151 BCIX BEKTOPIB 3 MOBHOTO Ha6opy {|d,,)}, Tomy A — U 1A'U = 0. Tomy
noTpibHe HAaM NePeTBOPEHHS, IKUM CyNnpoBoKyeThcs (3.1), €

A- A =UAUL. (3.2)

PoarsisiHeMo ciM’10 yHiTapHUX onlepaTopiB U(s), AAKi 3asiexkaThb BiJ ogHOrO
HenepepBHOTo napameTpa s. Hexait U(0) = I, ofuHUYHUE oniepaTop, i Hexal
U(s1+s2) = U(s1) U(s2). MoxxHa mokasaTH, 1[0 AJ151 KOXKHOI 0ZHOIIapaMeTpHU-
YHOI I'pyIIU ONlepaToPiB 3aBkKAU 3HAUAEThCA TaKe IlepeBU3HAYEeHHS IapaMe-
Tpay BUrIAAi HenepepBHoi GyHKLii s’ = f(s), wo U’'(s) = U(f(s)) 3a40B0JIb-
Hstume ymoBi U'(s1 + s2) = U'(s1) U'(s2). [loBeieHHs: HaM He MOTpPiGHE, 60
Bci onepauii cumeTpii, siki Mu posrisgaTumMeMo (nepemilieHHs], o6epTaHHA i
nepeTBOpeHH: [ajises o0 pyxoMoi CUCTEMU BiJJIiKy), 3 04eBUAHICTIO 3a/,0-
BOJIBHAIOTB [JbOMY CIiBBiJHOIIEHHIO.

151 HeCKiHYeHHO MaJIoTo S MM MOXKeMO BUPA3UTH pe3yJibTaT iH@piHime3u-
Ma/1bHO20 YHITapHOTO NepeTBOPEHHS, 1K

du

_ 2
U(s) =1+ ds s:OS+ o(s*).
YMoBa yHiTapHOCTi BUMarae, 1106
b dUu , dut 2
uu I+S[ds +—ds _0+0(s )

NpoCTO JopiBHIOBa/IO [ HE3aJIeXKHO BiJf 3HaueHHs S. OTxe, Koedil[ieHT NpH s
Mae 6yTH HYJIbOBUM, | MU MO>KeMO 3allMCcaTH

avl _; _ gt
dS|—lK, neK =K". (3.3)

EpMiToBuii onepatop K Ha3UBaEThLCSA I'eHEpamopoM CiM’'i yHiTapHUX ome-
paTopiB, OCKi/IbKY BiH BU3Hayvae U(s) He yinlie AJis iHpiHiTEe3UMabHUX S, a |
JUIs Beix s. lle MoxkHA mokasaTty, npoJudepeHIil0BaBIId BUPa3

U(s1+s2) = U(s1) U(s2)

3a 3MiHHOIO S i 3acTocyBaBLIH (3.3):

d _ d
352 U(s1 +s2) oo U(s1) ds, U(s2) oo’
aues)| .
s loms, U(s1) iK.
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Judepenniiine piBHAHHA IeplHIOro NOpsJKYy 3 MOYAaTKOBOK YMOBOIO
U(0) = I Mma€e eauHe pillleHHS:

U(s) = e's, (34)

OTxe, onepaTop A4 0yAb-KUX CKIHYEHHUX NlepeTBOPeHb BU3HAYAEThCS I'e-
HepaTopoM iH}iHITe3UMaTbHUX IEPETBOPEHD.

§3.2. CumerTpii npocTopy-4yacy

[IpocTopoBO-4acoBi cuMeTpii BK/IOYaOTh 06epTaHHS, IepeMillleHHs B MPO-
cTopi Ta yaci ¥ nepexoau Mi>k piBHOMIpHO PyXOMHMM CUCTEMaMHU BiJJIiKy.
OcTraHHI, B 3araJibHOMy BUINAJKY, € llepeTBOpeHHSAMHU JlopeHLa, OJHAaK MU
06MEeXHUMOCS PO3TJIAAOM LIBUAKOCTEHN, HAbaraTo MeHILIHX 3a WBUKICTb CBi-
TJIa, TOMY MO>€MO 3aMiHUTH Li 3arajbHi IepeTBOPEHHA Ha HepeJaaTUBICT-
cbKi, ['anineesi. Ha6ip ycix BullleHaBejeHUX IepeTBOPEHb Ha3UBAETLCA I'Dy-
noto lanines. HacnizikoM Takux nNepeTBOPEHb €

x—>X =Rx+a+vt

3.5
tot =t+s. (3:5)

TyT R — onepaTtop o6epta”Hs (mpocTta 3 X 3 MaTpuld, U0 Jli€ HA TPUKOM-
MOHEHTHUH BEKTOP X), @ — BEKTOP MPOCTOPOBOTO NepeMillleHHs, V — IBU/I-
KICTb pyXOMOI'0o KOOPAMHATHOTO NepeTBOpeHHsA (abo 6ycmy), a S — 4yacoBa
TPaHCAALIA.

Hexaii T(R, X, v, 5) mo3Hauae Take nepeTBopeHHs. Hexall 13 = 11T, 0AHHO-
YHe NepeTBOPEHH4, L0 A€ TAKUM CAMUU Pe3yJIbTaT, K i I0CJIiJ0BHe 3/lificHe-
HH$ IEPEeTOBPEHb T1 i Tz. TO6TO, AKIO T1{X, t} = {X, t'}i T {X/, t'} = {x",t"},
To T3{X, t} = {X", t"}. BuKOHaBIIH 1ii oepaliii, OTpUMAEMO

x" = Ry(Rix+a; + Vlt) +a; +va(t+sq1),
t" =t+51+sy

a 3Biacy,

R3 = RzR;,
das =a2+R2a1+V251, 36
V3=V2+R2V1, ( . )
S3 = S + 51.
@i3uyHi 3aKkoHU (B HepeJATUBICTCHKIN Mexi Ma/IMX MBUAKOCTeN ) iHBapi-
aHTHI BiJHOCHO LIMX epeTBOpPeHb, TOMY KBAHTOBOMEXAHIUHUI ONIUC CUCTEM,
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110 BifApi3HAIOTHCS JiMlle TAKUMU TpaHcPopMallisiMu, Mae 6yTH eKBiBaJsieH-
THUM. OTKe, 1JI 1POCTOPOBO-4aCOBOI0 IEPETBOPEHHS T Ma€ iCHYBaTH BiAno-
BiiHe yHiTapHe nepeTBopeHHs U(T) BEKTOPIiB CTaHy Ta ONepaTopiB criocTepe-
JKHUX:

) = [¥') = U(D|¥),
A- A =UM@AU (7).

OCKiJIbKH T, T i T3 € 0JHAKOBUMHU NIPOCTOPOBO-4YaCOBUMHU [T€PETBOPEHHS-
MH, TO MU BUMaraemo, o6 U(tz)U(t1)|W) i U(t3)|W) onucyBanu moii camutii
ctaH. lle He o3Hayvae, mo U(tz)U(ty) i U(T3) MawTh aBaTH OJHAKOBUH Be-
KTOp, 60 JiBa BEKTOPH, 1110 BiJIpi3HAIOTHCS JMIle Ha KOMILJIEKCHUN $a30BUM
MHOXHHUK, € Gi3UYHO eKBiBaJIleHTHUMY; i, BOAHOYAC, TAKUI MHOXHUK — Hal-
OisbIlle, YUM BOHU MOXKYThb BijipidHATHCA. OTKe, MAaEMO

U(te1y) = "™ (1)U (1y). (3.7)

MoxxHa IPUIyCTUTH, 1[0 AilicHa pa3a w (T, T1) TAaKOXK MOrJia 6 3aJ1eKaTH Bij
|W). Ane B TakoMy pazi U He 6yB 6u JIiHIHHUM onepaTopoM, a 3 TeopeMu Bi-
raepa (§ 3.1) mu 3HaeMmo, wo U Mae GyTH JIiHIKHUM [/l HellepepBHUX epe-
TBOpEHb.

(%) ¥'(x)

Puc. 3.1. ImocTparnisi o6epHeHOi 3a/1eXKHOCTI MiX mepeTBOpeHHAM OYHKII Ta mepe-
TBOPEHHSIM KOOpJAUHAT [piBHAHHA (3.8)].

Baxk/IMBO 3HATH, 1110 KO/ abcTpakTHUM BekTop |W) npeacTaByieHo GyH-
KIIi€EI0 TPOCTOPOBO-4YaCOBUX KOOPAHHAT, TO iCHYE 06epHEHA 3aAeHCHICMb MiHC
nepemeopeHHsAM y yHKYIOHANbHOMY NPpOCMOpi i nepemeopeHHAM KoopduHam.
lle nokasano Ha Puc. 3.1, ne dyHkuisa W(x) nepeTBOPIOETbLCS HA HOBY QyH-
kuito W' (x) = U(t)¥(x). [loyaTkoBa QyHKIlis po3TalloBaHa NO6JHU3y TOYKH
X = Xo, a HOBa QYHKI|isl pO3TaIIOBaHA BXe MOGJIH3Y X = Xp, XKe X = TXo.
TouHe cniBBiZHOLIEHHA M ABoMa GpyHKLiAMH € W/ (Ttx) = W(x); 3HayeHHH
HOBOI QYHKIIi B MepeTBOpPeHiN ToUIli Take caMe, SK 3HAa4YEHHS MOYaTKOBOI B



72 Pospin 3. KiHemaTuka Ta iuHaMika

cTapiii To4ni. 3anucasmu tx = x’, Maemo ¥'(x') = ¥(x) = ¥Y(r 'x’). lIpo-
te V' (x") = U(T)¥(x') 3a o3naueHHsaM U(T). K0 BiAKUHYTH HENOTPiOHUIH
IITPUX y IEPETBOPEHIN 3MiHHIH, TO

U¥(x) = ¥(r 1), (3.8)

110 BKa3ye Ha oGepHEHY BiJNOBiHICTb MiX NmepeTBOpPEeHHAMU y yHKIio-
HaJIbHOMY NPOCTOpi ¥ NepeTBOpeHHAMM KOOpJHUHAT.

OnuvcaHe 1OMHO MepeTBOPeHHS NpeJCTaBJsSE AKMUBHY TOYKY 30py, 3a
K010 06’eKT (Y IbOMYy BUNA/JKY, QYHKIIis1) epeBOPIOETHCS BiJHOCHO ikco-
BaHOI CUCTEMH KOOPAMHAT. € TAKOX NAcusHa TOYKa 30py, 3a KO dikcoBa-
HUI 06’€EKT HAHOBO OMUCYETHCS B IEPETBOPEHI cucTeMi koopauHaT. 06U BI
TOYKHU 30PY €KBiBaJIeHTHI, i BUGip OHi€] 3 HUX € CTPAaBOI0 0COOGUCTOTO CMaKY.
(ExuHa Hebe3meka, IKOI C/1iJ; CTapaHHO YHUKATH, NOJISAITA€E B HEOOEPEKHOMY
repexozi Bi O4HIEl TOYKYU 30py A0 IHIIOI IPYU PO3IJIALI TOTO X CaMOr'o NUTa-
HHA!) Y po3BUTKY Teopil MU epeBakKHO JOTPUMYBAaTHUMOCh aKTUBHOI TOUKHU
30py i 3po6UMO BUHATOK Jjiule B § 4.3, e 3aCTOCYEMO NACHBHY TOUYKY 30pY J10
KOHKpPETHOro npukJaay, i B § 7.5, e o6roBopumo i akTUBHi, i nacuBHi 06ep-
TaHHS.

§3.3. T'enepartopu rpynu lanines

fAx 6ys10 mokaszano B § 3.1, 6yAb-AKy OJHONApPaMeTPUYHY I'PyNy YHITapHHUX
oIepaTopiB MOXKHAa BUPA3UTH 4Yepe3 eKCIIOHEHTY epMITOBOro reHepamopd.
Ha6ip npocTopoBo-4acoBUX CUMETPiH, ONUCaHUN Y § 3.2, HA3UBAETHCS I'PyNoHo
[anines i Ma€ fecsiTh MapaMeTpiB — TP KyTH 06epTaHHs, TPH IPOCTOPOBI me-
peMilleHHs, TP KOMIIOHEHTH G6YCTY i 0JJHy 4acoBy TpaHC/sALi10. 3araabHilie
IlepeTBOPEHHA TAKOr'o THUIly eKBiBaJIeHTHe MOCJIJ0BHOCTI JecATH eleMeH-
TapHUX OJHONapaMeTpPUYHUX EPETBOPEHD, a BiANOBIAHUN YHITApHUU Olle-
paTop MOXKHa BUPa3UTH Yepes AOOYTOK [eCATH eKCIIOHEHT:

10
U() = ] ew*e. (3.9)

n=1
Tyt sy (0 = 1,2,...,10) nosHayae fecaTb napaMeTpiB MepeTBOPEHHS T, a

Ky = K|, — necaTb epMiTOBUX reHepaTopiB. BjacTUBOCTI yHiTapHUX omnepa-
TOpPiB BU3HAYaIOThCSA IXHIMU reHepaTopaMu. KpiMm Toro, 11i reHepaTopy, IK MU
3’s1cy€eMo, TiCHO OB’s13aHi 3 PyHJaMeHTaJIbHUMHU JUHAMIYHUMU 3MIHHUMU Ha
3pa3oK iMIyJIbCy Ta eHepril.
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3po6buBIIM BCi NapaMeTpH S, iH}iHITe3SMMaJbHMMH, MU OTPUMAEMO 3a-
rajJbHUM iH}iHITE3UMaNbHUHN YHITAPHUN OnlepaTop:

10
U=1+i) suKy (3.10)
=1

3akoH nepeMHoxeHHs (3.7) A onepatopiB U BUpakaeTbcs yepe3 Habip
KOMYTAIilHUX CHiBBiAHOIIEHB /11 HOTO r'eHepaTopiB. Po3ryisHeMo 106y TOK
JIBOX iHQiHITE3UMaIbHUX ONlepaTOPiB Ta 06EePHEHUX /10 HUX:

e'eKugleKvelekug=leky — | 4 e2(K K, — K Ky) + O(e3) =

=1+ &2[Ky, Ku] + O(e3). (34D
OckinbKM 6y/b-sKa MOCIiJ0BHICTb IPOCTOPOBO-4YaCOBUX N€PETBOPEHD EKBI-
BaJIEHTHA iHIIOMY MepeTBOPEHHIO 3 Iii€l rpyny, To 3 (3.7) BUILJIMBAE, 1110 Olle-
paTtopHui o06yTok (3.11) Mae BigpisHaTHCA L0HAM6ibIIe Ha $a30BHI MHO-
»KHUK BiJ Bif onepatopa Buraazgy (3.9). [Hakiie kaxky4u, IOBUHEH iCHyBaTH
Habip 11 mapameTpiB (w, Syu), AKUH 3pOOUTH e!®U pisaum (3.11). AcHo, wo Bci
11 napaMeTpiB MawThb 6yTH iHPiHITE3UMaNLHUMH, HOPAAKY £2, 06 (3.11)
MO>KHa 6yJI0 BUPA3UTH, K

10
eCU=1+1) suKy+iol. (3.12)
u=1

PiBHAHHA (3.11) 1 (3.12) BUMaraioTh, {06 KOMyTaTOP /IBOX I'eHepaTOPiB OyIU
NeBHOIO JIiHiHHOI0 KOMGiHaIli€l0 reHepaTopPiB i OAMHUYHOTO ollepaTopa:

[Kuw K] =0 ciKa + ibyl. (3.13)
A
KoHcTanTun cﬁv BU3HAYaIOThCA 3 TpaBui (3.6) /11 IPOCTOPOBO-4aCOBU Nepe-
TBOpeHb T(R, a,V, s). KoediuieHT by, npy 0JMHUYHOMY ONlepaTOpPi BUHUKAE 3
¢dazoBoro ¢pakTopa B (3.7) i Mae 3HUKATH, IKII0 w AOPiBHIOE HYJIH0. i 3aranb-
Hi IPUHLUIH Gy/ie 3aCTOCOBAHO /10 KOXKHOI Mapy I'eHepaTopiB.
BaxkaHo 3anpoBaAuTH Hao4Himy, Hixk (3.9) cucTeMy no3HaYeHb AJ YHi-
TapHUX ONepaTopiB, L0 BiANOBIAAIOTE OKPeMUM NIPOCTOPOBO YaCOBUM Iepe-
TBOPEHHSM:
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[IpocTopoBo-4acoBe NEPETBOPEHHS YHiTapHu# oneparop

O6epTanHs goBKoJsa oci a (a = 1,2,3)
X = Ry (04) X e 0atu

[lepeMimeHHA B3J0BX OCi O

Xq = Xo + Qg e~ l0uPa
ByCT y HanpsaAMKy o

Xq = Xg + Vgt e'VaGa
Yacosa TpaHcagnia

t>t+s ettis

Li pecats reHepatopiB {—Jo, —Pq, Go, H} (a0 = 1,2,3) € ciieniaIbHUMU
dopmamu 3aranbHUX reHeparopis Ky (u = 1,2, ..., 10). 3Haku MiHyC 3anpoBa-
JOKEHO JIMIIE JJIs] Y3roXKEeHHS i3 3araJIbHONPUHHATOI0 CUCTEMOIO I03HAYEHD.

064HuC/IeHHS KOMyTaTOpiB

Crnoci6 o64yHc/ieHHs] KOMyTalilHUX CcriBBiJHOMEeHb Bursaay (3.13) nossrae
B HACTynHoMy. Mu o6upaeMo napu reHepaTtopis i migcraBasemo ix y (3.11).
Jlayii BUKOHY€EMO MOC/AIOBHICTD i3 YOTUPbOX NPOCTOPOBO-YACOBUX IIePEeTBO-
peHb /1 OTPUMaHHSA €UHOT0 IIepeTBOPEHHH, AKe € IX OCTATOYHUM pe3yJib-
TaToM. KomyTaTop 06paHoi napu reHepaTopiB Mae Bifjpi3HATHCA BiJ| r'eHepa-
TOpa OCTaTOYHOT0 IepeTBOPEHHS JIMIlIe HAa OJUHUYHUH OllepaTop, IOMHOXKe-
HUU Ha NIeBHY CKaJIIpHY BEJIMYUHY.

Jleski mapu npoCcTOPOBO-4aCOBUX NePETBOPEHb 3 0YE€BUJHICTIO KOMYTY-
10Thb. Lle cTOCy€eThCs yucmux NpOCTOPOBUX ITepeEMIillleHb i YaCOBUX TPAHCIALIH,
JUist AKUX (3.6) 3BOJUTHCA 10 BUTJIS/Y, He3a/IeXKHOTO BiJi MOPSA/IKY epeTBo-
peHb Ty iTz:a3 = az+ayg, S3 = Sz +51. KomyTaTopu BiAnOBiAHUX I'eHepaTOPiB
MOXYTb JaBaTH JIMLIe OJUHUYHUIN ONIepaTop 3i CKaJIIPHUM MHOKHUKOM:

[Pa, PRl =0+ ()1, (3.14)
[Po, HI=0+ (D) L (3.15)
3 HeBiAOMUMHU MHOXHMKaMHU (?) Nepes OJUHUYHKUMHU OllepaTOpaMHU MU pPO3-
6epeMocs 3ro/[OM.
Taki >« apryMeHTH clipaBeAJ/IMBI [/ IPOCTOPOBUX NepeMilleHb i 6yCTiB,
JUIst IKUX (3.6) 3BOAUTHCA 10 a3 = Ay + a1 1 V3 = V, + Vg, a OTXKe,
[Pa, Gg] =0+ (D)1, (3.16)
[Ga, Gg] =0+ (D) 1. (3.17)
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Takox O4YeBHUAHO, 1110 O6epTaHHH KOMYTYHKOTb 13 YaCcOBUMHU TpaHCJ’IHI_IiHMI/II
[Jo Hl=0+ )1 (3.18)

Kpim Toro, o6epTaHHs KOMYTYIOTb i3 IPOCTOPOBUMHU MepeMillleHHSMHU i 6y-
CTaMH B3/I0BX OCi 06epTaHHS, TOMY

[Jo Pl =0+ (D)1, (3.19)
[Jw Ga] =0+ (D) 1. (3.20)
Jlasi po3rjiiHeMO MeHIII TPUBiaJIbHUM BUIA/I0K:
eisHeisGle—isHe—is(h =1+ g2 [Gl H] + ..

o BifnoBifgae (3 mpaBoro 60Ky HaJiB0)6yCTy —& B3JI0BXK OCi X, 4acoBiil
TpaHCAALil Ha —¢, 6YCTY +€ B3JJ0BX 0OCi X, 4acoBil TpaHcasLii Ha +¢. Haciz-
KOM TaKHUX IIepeTBOPEHbD €
(xll X2, X3, t) - (xl - Etl X2, X3, t) il
- (x1 —¢€t, x3, X3, t—¢) =
- (x1—et+e(t—g), xz, x3, t—¢) >
2

- (X1 — €% x2, x3, 1).

B pe3ysibTaTi MM OTpHMMasu epeMillleHHs B IpocTopi Ha —e? y30BX oci X, TO-

My JI0OYTOK [UX YOTHUPbOX YHITAPHUX OMEPaATOPiB BiJIPi3HATUMETHCS JIUIIIE
Ha ¢pa30BUIN MHOXKHUK Bi/

e&°P1 = [ 4 ig?P; + -
fcHo, o e cipaBeJIMBO | A1 PENITH ABOX OCEN, TOMY MaEMO

[Go, Hl = iPa+ (D) I (3.21)

Tenep HaaidIa yepra o6epTaHb:
3
Xj— Z(R)jkxk-
k=1

JlJ1s1 KOKHOI 3 TPHOX OCel MaTpHIs 06epPTaHHA MA€E BUTJISA/,

1 0 0
R1(6) =|0 cos® —sinf|,
0 sin® cos©
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cos® 0 sinB]
R(6) = o1 o,
_—sine 0 cose_

[cos® —sin® 0]
R3(0) =|sin® cos® O0].
0 0 1]

ManI/ILIi O6epTaHHH MO?KHA PO3KJIACTH B CTeneHeBUH pPAaA
Re=1—iOMq + -,

ne My = idRq/dB|g_q:

0 0 O 0 0 i 0 —i 0
M;=10 0 —i|f, Mp,=(0 0 0], Mz3=]|i 0 O0f.
0 i O —i 0 0 0 00

Y Apyromy nops/iKy 3a MaJJUM KyTOM €, MU MaEMO
R2(—&)R1(—)R2(e)R1(g) = I + (M1 M — My My) =
=1+ €%iM; =
= R3(—¢%).
BianoBifgHi yHiTapHi onepaTopu o6epTaHHS MOBUHHI 33/J0BOJIbHATH TaKUM
CaMHM CIIiBBi/JHONIEHHSIM 3 TOYHICTIO /10 $a30BOro MHOKHUKA:

elSJzelEJ1e—lSJze—lSJ1 = el®

P2
elS J3,

a KOMyTaliliHe CiBBiAHOLIEHHA [JId IXHIX I'eHepaTopiB, Ma€ BULJIAL,
[Jl, Jz] = iJ3 + (7) I.

CriBBiIHOIIIEHHS JIJIS1 pEIITH JIBOX KOMOiHallili reHepaTopiB 06epTaHb MOXKHA
BUBECTHU 3 LIUKJIIUHOI 3MiHU TPbOX OCEN 1 3 aHTUCUMETPUYHOCTI KOMyTaTopa
BiZJHOCHO NepecTaHOBKHU JBOX apIr'yMeHTiB. lle f03BoJIs€ 3anucaTu:

[Ja, JB] = iSaBny + (7) I, (3.22)

Ne €123 = €231 = €312 = 1, €213 = €132 = €321 = —1igugy = 0, KoM OyAb-AKi
JBa IHAEKCHU O HAKOBI.
Jauni posrisgHeMo

elEGzelsjle—lSGze—lsjl =]+ 82[J1, GZ] + oo,
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1110 BiATIOBiZla€ 06epPTAHHIO € OBKOJIA OCi X1, OYCTY —€ Y3/I0BX X2, 00epTaHHIO
—g JIOBKOJIa OCi X1, BYCTY € Y3/10BXK X. Hac/iIkoM Takux nepeTBOPEHD €

(%1, X2, x3) = (x1, x2 cos€ — x3 sing, x, sine + x3 cosg) —
- (x1, X2 cose€ — x3sine — €t, x, sine + x3 cosg) —
- (x1, X —€tcoseg, x3 + etsing) —
- (x1, X2 —€tcose + €t, x3 + et sing) ~

~ (%1, X2, x3 + szt),

B OCTaHHbOMY PSIJIKY BiJKWHYTO 4JIEHU BUILE JPYyroro Nopsaaky 3a . Lle nepe-
TBOpPEHHH eKBiBaJleHTHe 6yCTy £2 B3/J0BX OCi X3, TOMy OllepaTOPHHUI J06YTOK
Bifipi3HATHMETbCS MO0HANGI/IbIITe HA $Aa30BUN MHOKHHUK BiJ

!0 = | 4 ig?Gy + ---.

OTxe, MAaEMO
[Jl, Gz] = ng + (7) I

Taki »k BUK/IaJKH AJ1s1 PELITH KOMIIOHETIB JJal0Th
[Ja, Ggl = ieqpyGy + (7) L. (3.23)

AHa/IoT'iYHMM YUHOM IPOBOAATHCS 0OUMC/IeHHs /151 06epTaHb i IPOCTOPOBHUX
nepeMilieHb. [XHiM pe3ysbTaTOM € KOMyTalliiHe CIiBBiJHOLIEHHS

[Ja Pgl = igapyPy + (D) 1. (3.24)

MHO>XHUKH OAUHUYIHOIO onepartropa

Tenep Mu MycuMo po3i6paTucs 3 HeBU3HAUeHHMU MHOKHUKAMHU TepeJ, 0Ji1-
HUYHUM ofiepaTopoMy (3.14) — (3.24), 0 BUNJIMBAIOTh i3 HEBijoMoro dazo-
BOro ¢akTopa B 3aKOHIi nepeMHokeHHA (3.7). Unenu Bursasazny (?) I 6yBamTh
TPBHOX THUIIIB:

(a) Taxi, o MOXKyTh OYTH BU3HAUEHi 3 YMOB CYMiCHOCTI;

(b) noBinbHI, IKMX MOKHA 1036y THUCS HaJIEXKHUM BUOOPOM a3 NeBHUX Be-
KTOpIB;

(c) HeycyBHi wieHH, 1m0 € pi3UYHO iICTOTHUMH.
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[lepenoBciM 3aiiMeMocsa BUnaJikoM (a). Bci koMmyTaTopu aHmucumMempuuHi,
[Ky, Kv] = [Kv, Ky],
i 3aJ0BOJILHAIOTL MomodcHocmi Akobi:
[[Ku Kv], Kal + [[Kv, Kal, Ku] + [[Ka, Kyl Kv] = 0.

3 aHTUCUMETPUYHOCTI BUIJIUBAE, 110 BCi ONepaTOpyu KOMYTYIOTh i3 CAMUMU
€060, TOX JIJIs o0 = [3 MHOKHUKH OJJTUHUYHOTO olepaTopa y Bupasax (3.14),
(3.17)1(3.22) noBUHHI JOPiBHIOBATH HY.JIIO.

TotoxHicTb AK06i MOXXHa epenucaTH B 3py4YHILIOMY BUTJIAAI:

[[Kw Kv] Kal = [[Ka Kol Kol + [[Kw Kal, K] (3.25)
Ax npukiap ii 3actocyBanus, Bisbmemo K, = J,, Ky = P31 K, = H:
[[J2, Pv], H] = [[H, P3], J2] + [[J2, H], H3].
CxopucraBmucs (3.24), (3.15) i (3.18), maemo
[iPr+ ()1 H] = [(D 1, 2] +[() ], Ps].
A oCKiNbKU Gyb-IKHUH OllepaTop KOMYTYE 3 OJUHUYHUM, TO
i[P1, H] = 0.
3po3yMiJio, 10 el pe3yabTaT NOUUPIOETHLCSA U Ha ABi iHIIi oci KOOpAWUHAT:
[Po, H] = 0. (3.26)

[lizcTaB/isA0YU B TOTOXKHICTD fIK06i pi3Hi Tpiliku reHepaTopiB, BigTak 3a-
CTOCOBYIOYH OTPUMaHi HaMH BHUpasu s KomyTtaTopiBs (3.14) — (3.24) i Bu-
X0s14H 3 GaKTYy, 0 KOKEH KOMYTaTOp, /ie IPUCYTHIN OJUHUYHUN onlepaTop,
JOPIBHIOE HYJIIO, MU MO>K€EMO IIePEKOHATHUCH, 110

[Pa Pg] =0, (3.27)
[Go, Gg] =0, (3.28)
[Jo, H] = 0. (3.29)

Jani posrasgHeMo tun (b), A0 SAKOTO Ha/eXaTb AOBUIbHI MHOXKHHUKH, SIKi
MOXKHa OOHYJIMTH, TepeBU3HAUYUBIIU pa3u neBHUX BeKTOpiB. OAMH 3 TaKUX
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BUMA/IKiB — cliBBigHOEeHHS (3.22). 3 aHTUCUMETPUYHOCTi KOMyTaTopa BU-
MJINBAE, 1[0 HEBIJOMUI MHOXKHUK MOXHA 3aMMCATH TAKUM YHUHOM:

[Ja Jg] = igapydy + i€apybyl, (3.22b)

ae by (y = 1,2,3) — pilicae yuco. JlofaHKa 3 OJUHUYHUM OIIepaTOPOM MO-
’KHA MO030yTHSA LIJISXOM MiACTaHOBKU Jy + byl = Jo ansg a = 1,2, 3. Ha Bxe
pO3TJISTHYTi HAMM KOMYTaTOpU TaKa Ii/ICTAHOBKA He BILJIMBAE, a /I reHepa-
TopiB J fae
[Ja, JB] = iSaBny- (3.30)

151 micTaHOBKA 3aMiHIOE yHiTapHMi onepaTop o6epTanusa U(Ry) = e 9/« ua
e0bag=i0Ja: roGro, MU MiHAEMO |W') = U|¥) Ha 9P« | W), A ockinbku abcosto-
THa ¢a3a mepeTBOPEHOro BeKTopa Gi3NYHO HeiCTOTHA, TaKe epeBU3HAYEHHS
NPUIYyCTHUME.

Cutyanis 3i cniBBigHomeHHsaMu (3.23) i (3.24) aHasoriyHa, xoua ii pos-
rJI/, TOTpebye JOBIINX BUKJIAI0K. 3acTocyBaHHsA (3.25) A0 reHepaTopiB Jq,
J, 1 G3 Aae

[[J1, J2], G3] = [[G3, J2], J1] + [[J1, G3], J2],
i[J3, G3] = —i[G1, J1] — i[G2, J2],
[J3, G3] = [J1, G1] + [J2, G2].

OcTaHHE piBHAHHA MAa€ BUTJIAL
X3 = X1 + Xz.
A 3 IMKJIIYHOI NepeCcTaHOBKU TPbOX OCEN TAKOXK OTPUMYEMO

X1 :Xz +X3,
Xz =X3 +X1.

[lg cucTeMa o4HOPIAHUX JIIHIWHUX PIBHSAAHb Ma€ JIULIe HYJIbOBE pilleHHS, TOMY
[Ja, Ga] = 0
3acrocyBanHs (3.25) mo renepatopiB J3, J1 1 G3 Aae

[[J3, J1], G3] = [[G3, J1], J3] + [[J3, G3], J1],
i[J2, G3] = i[G2, J3],
[J2, G3] = —[J3, G2].
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lleit pe3ysbTaT y No€AHaHi 3 monepeAHiM J03BOJISIE HAM 3allUCaTH:
[Jo Ggl = —=[Jp, Gal.
AHTHCUMETPUYHICTBb IIbOT0 BUpa3y 3a a i 3 fo3BoJisie nepenucatu (3.23), Ak
[Ja» Gg] = i€apyGy + igqpybyl, (3.23b)

niskoM noAi6Ho go (3.22b), npoTe cij MaTH Ha yBasi O TYT MHOXHMK by
inmuit. [ligcraHoBka Gy + byl = Gy A,03BOJIsSIE TO30YTUCSA [OJJAHKA 3 OUHU-
YHUM OIIepaTOpPOM y LIbOMY CIiBBi/JHOILIEHHI:

[Ja, GB] = iSaByGy- (3.31)
Taki cami 064mMc/IeHHS, pa30M i3 mepeBU3HAYEHHAM Py, 1al0Th
[Jo, Pg] = igapyPy. (3.32)

OcTaHHE nepeBU3HAYeHH{, K BUABJAETHCA, 3apa30M YCyBa€ W JOJAHOK 3
OJWMHUYHUM ollepaTopoM y crniBBigHomeHHi (3.21) ansa G, i H. lo6 nepeko-
HaTHUCh Y I1bOMY, CKopucTaemocs (3.25) i3 Jy, G, 1 H:

[[J1, G2], H] = [[H, Gz], J1] + [[J1, H], G2],
i[G3, H] = —i[P2, J1] + 0,
[G3, H] = lP3

[lo3ask yci Tpu oci ekBiBaJIeHTHi, MU pOGHMO BUCHOBOK, L0
[Go, H] = iPq. (3.33)

HeposrissHyTUM 3a1MIIKBCA KOMyTaTop [Py, Gg], i came TyT Mu 3ycTpi-
4aeMOCH 3 BUNIAJKOM HEyCYBHOI'0O MHOXXHHMKA IIPH OJMHUYHOMY OllepaTOpOBi.
CxopucrtaBuucs (3.25) i3 Jq, G2 i H1, oTpuMaeMo

[[J/1, G2], P1] = [[P1, G2], J1] + [[J1, P1], G2],
i[Gs, P1] = 0 + 0.

Otxe [Gq, Pg] = 0 mpu a # B. Tenep nposegeMo 064nc/IeHHs 3 P3 3aMicThb P1:

[[J/1, G2], P3] = [[P3, G2], J1] + [[J1, P3], G2],
i[Gg, P3] =0- i[Pz, Gz]

Otxe [Ga, Po] = [Gg, Pg]. Lle# pesysbTar, y noeHanHi 3 (3.16), nae

[Ga, P(X] = I:S(meI, (3.34‘)
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Jile m — AilicHa KOHCTaHTa. 3Ha4YeHHs m He MO>KHa 009U C/IUTH 3 )KOAHOTO PiB-
HSHHS, I[0 MU MaEMO B HallIOMY PO3TopsA/KeHHi. [i He MoHa o036y ThCsA M-
XOM IepeBU3Ha4YeHHS reHepaTopiB. (I, B1acHe, MU BXe M030yJKCA CBOGOAHU
BUOODY, NEpEeBU3HAYUBIIHN BCi reHepaTopH, KpiM H, 11106 YCyHYTH PELITY MHO-
»KHUKIB.) M MaTeMaTUYHO HEYCYBHaA i, IK MU HEB/I0B31 N06a4YUMO, Ma€ rJn6o-
ke pisuuHe 3HaUeHHs.

14 3py4HOCTi MU 3BeJiM BCi KOMyTalliiiHi CHiBBiJHOIIEHHS B MiZICYMKOBY
TabJINIIO:

KomyTauiiiHi cniBBifHOLIEHHSA [/ 'eHepaTopiB
nepeTBopeHsb Ipynu [anines

@ [P« PB] =0 (® [Ga Po] = iSaBmI
(b) [Ga Gg] = (& [PuH]=0 (3.35)
© [Jw Jgl =icagyty () [Go H] =iPq

(@) [Ju Ppl =teqpyPy (D) [Jo H]=0
(©) [Ju Gp] = ieapyly

§3.4. IpenTudikania onepaTopiB 3 AMHAMIYHUMM 3MiHHMMHU

Y nonepeaHboMy naparpadi Mu JoCaiUIM reOMeTPUYHI BJaCTUBOCTI onepa-
TopiB P, J, Gi H, Ik reHepaTopiB nepeTBOpeHb CUMeTpil y BEKTOPHOMY IIPO-
ctopi craHiB. [IpoTe MU 1e He 3’sCyBa/y iX AUHAMIYHOTO 3MICTYy, SIK olepa-
TOPIiB CIOCTEpPEKHUX BEJIMUMH, X04a 06paHa HAMHM CUCTeMa I03Ha4YeHb yKe
HaTsKae Ha O4iKyBaHi pe3yJsibTaTH, 110 OyAyTh OTPUMaHi B IOTOYHOMY Mapa-
rpaodi.

JlvMHaMiKa 8i/1bHOI YacmKu O4YeBUAHO iHBapiaHTHa J10 BCI€l I'pyNU IPOCTOPOBO-
YacOBUX NEpPeTBOPEHbD, i IIbOT0, BUABJSETHCH, JOCUTh JJiSl IOBHOIO OTOTO-
>KHEHHs omlepaTopiB 3 IXHIMU JUHAMiYHMMU 3MiHHUMU. Lleld MeToZ I'PYHTY-
etbcd Ha ctatTi T. @. [xkopaana [100].

Mu npunyckaemo, 10 onepamop noaoxceHHss 4actku Q = (Q4, Q,, Q3),

Qu = Xulx) (a=1,2,3), (3.36)

Mae HeoOMeXeHU I HenepepBHUH crieKTp. TyT, BlacHe, MiCTUTBCS aX ABa [IPHU-
NYILIeHHS: 0-Nepllle, PO HellepePBHICTh CIEKTPY, a MO-ApYyTe, 1110 TPU KOM-
MOHEHTa olepaTopa B3aEMHO KOMYTaTUBHI ¥ MalTb CHiJIbHUN MOBHUM Ha-
6ip BslacHUX BeKTOpiB (y ceHCi y3arajbHeHOI cieKTpasibHOI TeopeMH). [lep-
Lle NpUIYLIEHHSI HEMUHYYE, KI0 MM BUKOPUCTOBYEMO HellepepPBHIi TPaHC-
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¢dopwmariii. I xoua Horo, MabyThb, IOBeAeThCs MEPErJIIHYTH B Teopii, ika Ha-
Mara€eThbCs BKJIKWYUTH [0 KBAHTOBOMEXAaHIYHOI'0 pO3IJAAy I'paBiTanito, Ipo-
Te HEMA€E CEHCY CyMHiBaTHCS B KOT0 BUIIPAaBAaHOCTi HA aTOMHOMY Ta s1/lepHO-
My piBHi. [lpyre npumnyiieHHs MU 06roBOPUMO 3ro/IoM, Y KOHTEKCTi KOMITO3HU-
THUX cucteM (§ 3.5).

Tenep Mu cipobyeMo 3anpoBajUTH onepamop weudkocmi V TaKUM 4H-
HOM, 11100

d 0 =
L@ = (337)

JJIs1 BCiX cTaHiB. 30KpeMa, /Jisi YUCTOrO CTaHy, MPeACTABJIEHOI0 BEKTOPOM
|¥(t)), mae 6yTH

d
(FOIVIY®) = (FYOIQ¥®) =
d d
- {Zwolare + o[ Evo).
Jl1s 3HAXO/PKEHHS MOXiHUX 3aCTOCYEMO YacoBY TpaHcuslit. llpu t —

t’ = t+sBekrop |¥(t)), BianosiaHo g0 npasuia (3.8), nepexoautb y |¥'(t)) =
|W(t—s)).3 iHmoro 60Ky, MU MaEMO YHiTapHUH ollepaTop NepeTBOPEHHA Ya-
cy, aikuii i€ Ha cami BexTopu: |W/ (1)) = e |W(t)). Tomy

e W(e) = [W(t — 3)).
TlifcTaBUBLIM B 1110 PiBHICTD s = t, oTpuMaeMo |W(t)) = e HH|W(0)), oTxe,

L1w() = —iHW(D). (3:38)

3 uboro pe3y/abTaTy BUILIMBAE, 1[0

(PIVI¥) = (P[HQIY) — KY|QH|Y) =

W|[H, Q]I¥).

TakuM 4HuHOM,
V =i[H, Q] (3.39)

BUKOHYE pOJIb OllepaTopa WBUAKOCTI AJ1s1 BUIbHOI YaCTKHU. AJle TYT BiH BUpa-
»KeHUH Yepes onepaTop H, BUIJIAL AKOTIO Ilje He BU3HA4YEHO.

Ao yepes |X) N03HAUYUTH BJIACHUM BEKTOp ollepaTopa MoJsoxKeHHs Q 3
BJIACHUM 3HAaueHHsM X = (X1, X2, X3), TO IpH onepauii npocmoposozo nepe-
MiwjeHHss X - X' = X + a BiH Ma€ nmepeTBOpIOBAaTUCSA Ha [X + a):

Ix) = |x) = e”@P|x) = |x + a). (3.40)
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Haraayemo, 1110 MU JOTPUMYEMOCH aKTUBHOI TOUYKU 30pYy, IPU SKil CTaHU Ie-
peMilyTbcs BiiHOCHO dikcoBaHOI cucTeMu KoopauHaT?. [lepeTBopeHi cro-
CTepexHi nepebyBalOTh y TAKOMY K Bi/lHOIIEHHI 3 IEpeTBOPEHUMU BEKTOpa-
MU, SIK MIOYATKOBI CIIOCTEPEXHI 3 MOYAaTKOBUMU BEKTOpPAMHU, BiJIOBIIHO A0
BUCHOBKIB § 3.1. 30kpeMa,

Q- Q/ — e—ia~PQeia~P' (3.41)

d TAKOX
Qulx) = xu|x)'  (a=1,2,3). (3.42)

A ockinbku |X)' = |x+ a), To mopiBHaHHA (3.42) i (3.36), 3 ypaXyBaHHAM NPH-
NyLeHHS, 110 BEKTOpH {|X)} yTBOPIOTh MOBHUH HAGIp, Aa€E

Q =Q-—al. (3.43)

3 orsiazay Ha (3.42) i (3.43), aivo onepatopa Q' MoXHa TpaKTyBaTH, IK BUMi-
PIOBaHHSA [10JIOXKeHHH BiJHOCHO IlepeMillleHoro Ha BiICTaHb a I0YaTKY KOOp-
JIHAT.

[MpupiBHsaBLIY npaBi yacTuHU (3.41) Ta (3.43) I po3K/IaBIIU €CIIOHEHTH Y
cTeneHeBUH psj 3a iHiHiTE3UMaNbHUM TAapaMeTPOM a, MU BiIKUHEMO YJIEHH
Billle TepLIOT0 NOPAJAKY i OTPUMaEMO PiBHICTh [Q,, a - P] = iaql, 1ka BUKO-
HyBaTUMeTbCS JAJf AOBIJIbHOTO HAPSAMKY BEKTOpa 4 B TOMY i JIMIlIe B TOMY
BUINAJIKY, KOJIU

[Qu Pg] = i84pl. (3.44)

O6epmanua Ha iHpiHiTE3MMaNbHUM KyT 6 A0BKOJIA OCi, cipsiMOBaHOI
B3/I0B)XX OJIMHUYHOTO BeKTopa fi, 1ae X — X' = X + BN X x. BignosiaHe mne-
peMilleHHs BJJAaCHOTO BEKTOPA €

1X) = |x) = e7¥"|x) = |x + Bfi X X), (3.45)
d [IepeTBOPEHHA onepaTopa

0, > Q! = ™R (IO _

Q. —i0[0-J, Q ] + 0(8?). (3.46)

8TyT HeMae HifKOi CynepeyHOCTi 3 THM, L0 TPOXM BHILE MH, PO3IJIAAAI0YH YACOBY TPAHCISA-
ito, mucanu [P (t)) - | (t)) = |¥(t — 5)). Toai yac t 6yB apryMeHTOM BEKTOPHOI PpyHKILii
|¥(t)), i ;o HBOTO 3acTOCOBYBasOCh NpaBuJIo (3.8), a 3apa3 X BUCTYINAE BJaCHUM 3HAYEHHSIM,
1110 Bi/IIOBia€ BJIaCHOMY BeKTOpOBI |X), i yHiTapHuii onepatop U(a) = e nepesoauTs iio-
ro B |X + a). ko |x) npeacraBuTu neBHoto ¢pyHkuielo Wy (y) y TpUBUMipHOMY IPOCTODI, 3
BJIACHUM 3HAYEHHSAM X i apryMeHTOM Y, To (3.40) MoxHa nepenucaty, sk Px(y) - Pi(y) =
Wyta(y) = Wx(y — a), B uinkoBiTii BignosigHocTi 3 (3.8).
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Ak i npu po3rJisgi NpocTOpoBOro nepemilieHHs, MAEMO
/ !/ _ /
Qulx) = xalx)".
AJle TakoX

Qulx) = QqulX') = x¢|X') = (x + 61 X X) |X') =
= (Q + 61 x Q) |x).

A OCKiJIbKM BeKTOPH {|X)} yTBOPIOTB NIOBHU K Habip, Mu MaeMo Q = Q'+061ixQ’.
Y nepiuoMy nopszky 3a 0 ue zgae

Q =Q-6Ax0Q. (3.47)

[lopiBusBIHK (3.47) i (3.46), orpumyemo [0 - J, Q] = —in X Q. Lleii Bupa3 Mmu
MOXKEMO 3alKMCaTH B 3PYYHIIIOMY BUTJISA/I, CKaJSIPHO MOMHOXUBIIU OOUJIBI
HOro YaCTHHU Ha AOBiJIbHUH OJUHUYHHUH BEKTOp U:

[A-J, 0-Q] = —i(Axa)-Q. (3.48a)

O6upatoyu i i Ui cpsAMOBAHUMU B3/10BK KOOPIUHATHUX OCEH, OTPUMAEMO BU-
pas [ KOMIIOHEHTIB:

[Jo Qpl = i€apyQy- (3.48D)

Take cniBBiZHOLIEHHSI KOMIIOHEHTIB Q 3 reHepaTopoM o6epTaHb CBiJUUTH
npo Te, mo Q € 3-eekmopom.’
[enepaTop 6ycTiB G MOPOKY€E nepeMiujeHHs y WeUudKiCHOMY npocmopi

eVeve Ve =y _yj, (3.49)

Tak caMo, K P nmopojxye nepeMilieHHs B 3BUYalHOMY NpocTopi [mop. i3
(3.43)]. Haw nojanbimiuni anasiz 06MeXMMO MUTTEBUM HACIiAKOM OYCTY pH
t = 0. (OckinbKM HeMa€ HIiYOro 0co6MBOro B MOMeHTi t = 0, To MU MoXe-
MO 3pO6GUTHU TaKUK BUGIp 6e3 BTpaTH 3araJbHOCTI. BUNaIoK /151 0BIJIbHUX t
po3rjisiHyTo B 3aadvi 3.1 HanpuKiHLi I[bOT0 Po3Aiay.) Y TaKoMy pa3i MUTTEBe
NepeTBOPEHHS He BIJIUBAE Ha M10JI0XKEHHS, @ TOMY

[Ga, Qg]l = 0. (3.50)

Byb-AKHil 06’EKT, 10 NePeTBOPIOETHCA NPH 0GepTaHHI TAKMM CAaMUM YHHOM, AK KOOP/H-
HaTa X a6o onepaTop nosoxeHHs1 Q, Ha3UBA€ThCs 3-8ekmopom (260 Npocmo BEKTOPOM, SIKILO
Iie He BUKJIMKAaTHMe [JIyTAaHUHU 3 eJIeMEHTaMU a6CTPaKTHOr0 BEKTOPHOT'0 NPOCTOPY CTaHiB).
Byzab-sKkuii onepaTop, 1110 3a/J0BOJIbHSIE cliBBigHOLWEeHH!O (3.48b) Ha Micni Q, € 3-sekmopHuUM
onepamopom. TakuM 4uHOM, i3 (3.35¢,d,e) BunnBae, mo J, G i P € 3-BekTopHUMU onepaTopa-
MH.
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Hapasi Mu BcTaHOBUJIM KOMYTallifiHi ClIiBBi/IHOIIEHHS I'eHepaTopiB mepe-
TBOpeHb cuMeTpii J, G i P 3 onepatopom noJsioxkeHHs Q (IOKU €JUHUM ollepa-
TOPOM, OTOTOXKHEHHUM i3 PisuyHOI0 crocTepexHOI0). Tenep HacTaB 4yac Bif-
HalTH iX KOHKpeTHY popMy ¥ naTu iM Gi3UyYHY iHTepnpeTalito Ha migcTaBi
ixuporo 3B’s13Ky 3 Q. 3 orssgy Ha (3.44), Mu 6a4YKMMO, L0 KOMyTaLiiHe CHiB-
BifiHOWIEHHSA [Go, Pg] = i8ogmI BUKOHYBaTUMETbLCA IPU G = M. KpiM To-
ro, Taka MiJicCTaHOBKaA 30epexe i pelTy KOMyTaliiHUX CHiBBiJHOLIEHb: /s
[Ja, Gg] e TpuBianbHO BUMIMBaE 3 (3.48b), a 11 nepeBipku [Go, H] = iPq
Tpeba po3KJIACTH IIpaBy yacTUHY (3.49) 3a iHpiHiTE3UMaIbHUM IapaMeTPOM
v, a oTim, BignoBigHo 1o piBHOCTI (3.39), 3aMinuTH onepartop V Ha i[H, Q]
i 3acTocyBaTu TOTOXHicTb fk06i. OfHaK Le 11e He 03HAYaE, Wo G, = mQ,
€ EAVHO MOXJIMBUM pillleHHAM; pi3HULA Go — MQ, MoXe 6YyTU HEHY/JIbOBUM
oneparopoM, o koMyTye 3 Q i P. [lani cuTyauis 3anexatume Bij Toro, Mae
YacTKa BHYTPIllIHIi cTeneHi CBO60AY YU Hi.

Bunagok (i): BisibHa yacTKa 6e3 BHYTpIilIHiX cTeneHiB cB060Au

Y npomy Bunagky onepartopu {Q, P} yrBoprotoTs Henpugidnuil Habip, i, Bizmno-
BigHO A0 emu lllypa, 6yAb-AKUI onepaTop, [0 KOMYTY€E 3 HUMU € KpaTHUM
oAMHUYHOMY. TouHe MaTeMaTU4YHe GOPMYJIIOBaHHA i J0BeJleHHSA LIUX TBEp-
JxeHb AuB. y JlogaTkax A i B. A KiJIbKOX c/10Bax, apryMeHTalia Taka. ko
omnepaTop KoMyTye 3 @, TO BiH He Moxe 6yTH yHKIi€l0 Big Py, 60 KOMyTa-
TOp [Pq, Qy] HEHYIbOBUM A5 6Y/Ib-IKOIO HEHYJIbOBOI'O BeKTOpa. AHaJori-
YHO, SIKIL[0 ONepaTop KOMYTYE 3 Py, TO BiH He Moxe 6yTH PyHKLi€ Bif Q.
Axuio onepaTop He 3aJeXKUTH Hi Bij Q, Hi Bif P, i BiACyTHI BHYTpillHI cTeneHi
cB06O/Y, TO BiH Ma€ 6YTH KPAaTHUU OJJUHUIHOMY.

Ockinbku G — mQ xoMyTye i3 Qi3 P, To BiH KpaTHUH OAUHUYHOMY, OTKE,
Ga = mQy + cql. lIpoTe Gy Mae 3am0BobHATH (3.35€), TO6TO NepeTBOpIOBa-
THUCh, 1K KOMIIOHEHT 3-BeKkTopa. /lofaHoK m( , 1epeTBOPIOETHCS, AK 3-BEKTOP
y cuJy cniBBifiHO1IeHH (3.48b), mpoTe A5 pyroro 1oJjaHKa, Cql, 1 BUMora
He BUKOHYETbCS, 60 BiH KOMyTYE 3 yciMa komnoHeHTaMmu J. ToMy My MaeMo

Ga = mQq (3.51)

JUIsl YaCTKHU 6e3 BHYTPIIIHIX cTeneHiB cBOOGOAU.

CxopucrtaBurch piBHicTIO (3.44), MOXKHA MepeBipUTH, 11O MiJCTAHOBKA
J = Q X P 3agoBosibHsi€ cniBBigHOmEeHHAM (3.35¢,d,e) i (3.48b); BogHOuac,
pizuung J — Q X P komyTye 3 HenpuBigHum Habopom {Q, P}. OTxe, 3 1eMu
llypa BuminBag, mo Jo = (Q X P), + cql. K i B monepesHboMy BUNIAJKY,
KOHCTaHTA Cq MA€E JIOPiBHIOBATH HYJIIO, 1106 BUKOHYBAJIOCS CIiBBi/HOLIEHHS
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(3.35c). TakuM yMHOM,
J=QxP (3.52)

JUIS YaCTKU 6e3 BHYTPIIIHIX cTeneHiB CBOGOH.

BigTak 3a/umuBCes TibKU reHepatop H, ynio ¢opMy MOXKHA BU3HAUYUTH
3i cniBBigHOWEeHHs (3.35h), sike, mic/ig NifcTaHOBKU B HbOTO Gy 3 (3.51), Ha-
OyBa€ BUTIAAY .

Q0 H = 2.
m

Jlerko nepekoHaTucs, 1110 IIbOMY PiBHSAHHIO 3a/i0BJabHSAE H = P - P/2m. flk i

BUlIe, 3acTOCYBaBIIU Jiemy lllypa, MU J0XO4UMO BUCHOBKY, 1[0 pisHULA H —

P - P/2m mae 6yTH KpaTHOIO OJJMHUYHOMY OIllepaTOpPOBi:

H=-—— +E,. (3.53)
2m
Mu 3anpoBajuiu okpeMe no3HayeHHs Eg [J1s onepaTopa, KpaTHOTO OJJUHU-
YHOMY, 60 B IJbOMY BUINIaJKy MOTO He MOXKHA N036yTHCS, OCKiIbKU H € He 3-
BEKTOPHHUM OIlIePAaTOPOM, a CKa/IIPHUM | KOMYTYE 3 yciMa KOMIIOHEHTaMH J.
Tenep MU MOXxeMO 0GUUCTUTH KOMyTaTOp y Bupazi (3.39) ass oneparopa

LIBUAKOCTI:

P
V=—. .54
— (3:54)

HanexHi ¢isuuni inTepnperanii reneparopis P, H i J BUn/imBaioTh i3 nporo
pesyJsbTaty. Tenep MU MaeMo

P =mV,
H=1mV-V+E,,
J=QxmyV,

Jie Qi V— omepaTopu noJioXKeHHs Ta WIBUAKOCTI. Ak6u m 6yJia Macomw BiJib-
HOI YaCTKH, Lli BUpa3y Haby/ M 6 3HAaHOMOI'0 3 KJIaCUYHOI MeXaHiK/ BUTJAALY
iMnysbcy, eHeprii Ta MOMeHTY iMIyJbcy. Ta ockiibku m 1e He ifeHTUudiko-
BaHO, MU MOXK€MO JIM1Ie BUBECTH NPONOPLiiHI CHiBBiAHOIEHHA:

m P H J

Maca IMIyJbC  eHeprii  MOMEHT iMIyJbCy

(3.55)

= CI)YHﬂaMeHTaIIbHa KOHCTAHTa =

ckaxkimo, i~ L.

TakuM YnHOM y Teopii 3’AB/sA€ThCA NapaMeTp A, AK PyHJaMeHTalbHa KOH-
cTaHTa. [1 3HaYeHHA MOXKHA OTPUMATH JIMLIe 3 eKCIIEPUMEHTY, | 32 CTaHOM Ha
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2010 pik ii 3Ha4eHHsA cTaHOBUTD 1.054571726(47) X 1073* mxoynb-cekyna, Y
Po3aini 5 Mu po3risHeMo nepuinil NPUKAAJ A0CTiy, U0 J03BOJISIE BUMIpATU
BeJIMUMHY h, Ile aBulle AUPpaKLiHHOro po3CiAHHA 4YacTOK Ha KpUcTasi (gu-
dpakuisa bpera). [lapameTp / iHoai Ha3uBawTh cTasolo [l1aHKa, Xo4a, CTpOro
KaXKy4H, 1e h = 2mh.

Tak MU oTpUMaJ MOBHUU KBAaHTOBOMEXaHIYHUM OMHUC BiJIbHOI YacTKU
6e3 BHYTPIILHIX CTeneHiB CBOGOM.

Bunagok (ii): BizibHa yacTka 3i cniHoM

BHyTpiniHi cTeneHi cBo60a1 — I1e, 32 03HAUYEHHSIM, He3aJIeXKHi Bij| IleHTpy Mac
CTeneHi cB060AY, i iX Ma€ NpeACTaBJASITH onepaTop, He3ayiexxHui Big Q i P. |
BiH, i loro ¢pyHKIIil, KOMyTyBaTUMYyTh 3 060Ma I'eHepaTOpPaMH, a OTKe, LIbOMY
BUNa/JKy Hab6ip {Q, P} He 6yze HenpUBiAHUM.

CniH, 32 03HAYE€HHSAM, € BHYTPilIHBOIO CKJIaJ0BOIO MOMEHTY iMIyJIbCY, TO-
My, 3aMicThb (3.52), reHepaTopu 06epTaHb MAlOTh BUTJISA/,

J=QxP+S§, (3.56)

3ymoBow, 1o [Q, S] = [P, S] = 0. lli onepaTopwu 6y/ie leTa/bHillle BUBYEHO B
Po3aini 7.

lllo6 i Hagai 6yTH reHepaTOpoM 06epTaHb, J Mae 33/J0BOJILHATH KOMYTa-
iiHuM crniBBigHOmeHHAM (3.35¢). OcKisibKY nepiiui foaaHok y (3.56) 3aao-
BOJIbHSIE IM, TO HEOOXi/IHO, 1106 1ie BUKOHYBAJIOCh i /i1 S, a 0TXKe,

[Sa, SB] = iSaBySY- (3.57)

CnisBigHomenHs (3.35f), [Gy, Pg] = i6qgml, BUKOHYWOTbCA 411 G = mQ,
i, Ak y Bunagky (i), Bci Tpu koMnoHeHTa G — mQ koMyTywoTb i3 Q i P. Ane
Tenep iCHYIOTb BiMiHHI Bii OZMHUYHOTO OIIEPATOPH, L0 TAKOXK KOMYTYIOTb
i3 Q 1P, a camMe onepaTopy, 1[0 ONMUCYIOTh BHYTPIlIHI cTeneHi cBo6oau. OTxe,
G — mQ moxe 6yTu pyHkuiero S. Jluire equHa yHkKIis Big S € 3-BeKTOpOM —
e caM S i3 J0BIIbHUM JiMCHUM MHOXXHHUKOM. [{1k BumiuBae 3 (3.57),S X S =
iS, a TOMYy HEMOXKJIMBO YTBOPHUTH HOBi BEKTOPU MiJiHECEHHSIM S 10 CTeMNeHsl.]
Takum ynHoM, G = mQ + ¢S, e ¢ — pilicHa koHcTaHTa. 3rigHo 3 (3.35b),
TPU KOMIOHEHTU G KOMYTYIOTb Mi>k C06010, 0TKe, B cuy (3.57), c Moxe 6yTH
TiIbKYU Hy1bOBUM. Tox i B iboMy BUNaAKy G = mQ.

ApryMeHTallig, 110 npuBeJia Hac o Bupasy (3.53), H =P -P/2m + E, ro-
JIUThCA | B IIbOMY BUIIA/IKY, 32 BUHATKOM TOTO, 1[0 E( Tenep Moxe 6yTH PpyH-
kuiero Big S. Ockinbku [J, H] = 0, To HIOBUHHO BUKOHYBATHCS CIiBBiIHOLIEH-
He [S, Eo] = 0, oTxe, Eg Moxe 6yTH suiie KpaTHO S - S. lle He BIUIMBa€e Ha
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onepartop mBuakocTi V = i[H, Q], 60 [Eg, Q] = 0, Tomy Bupa3 V = P/m 3a-
JINIIAETHCS CIpaBeJIMBUM. [1eHTUdiKallig onepaTopiB iMmyibcy Ta eHeprii
IIPOBOJUTHCH, IK I B IONlepeJHbOMY BUIIa/J(Ky, aJle Temnep E( BiAnoBigae BKIa-
Jly B eHeprito Biji BHYTPIlllHiX cTeNneHiB CBOGO/H.

Bunagok (iii): yacTka y B3aemogaii i3 30BHIIUIHIM noJjieM

Jly1s1 cripolieHHs po3rJisiHEMO JIMIe YacTKy 6e3 criHy. B3aeMoiist BiinBae Ha
eBOJIIOL[iI0 CTaHYy B 4yaci (a oTxke, i Ha po3MoAiM UMOBIPHOCTI AJ1s1 ciocTepe-
YKHUX BeJIMYKH). MU po3TJisiHEMO l1ie, 36epiratoyu BUTIAA PiBHAHHSA PYXY A5
BEKTOpa CTaHy

L1w() = —iHw@), (338)

asie MmoaudikyBaBu reHepatop H (BiATenep HasuBaTUMeEMO HOTO 2aMijib-
MOHIaHOM ab0 2aMibMOHOBUM ONepamopoM) 3 ypaxyBaHHSIM B3aeMo/ii. Lle
03Hayae, 110 MU MYCUMO BiIMOBUTHCSH BiJi KOMyTaliMHUX CHiBBiJHOIIEHb
(3.35g,h,i), aki micTare H. OnepaTop MBHUAKOCTI i AaJIi 3a/IMIIAETHCA BU3HA-
YeHUM, IK

V=i[H, Q], (3.39)

OCKi/IbKY #oro 6y/10 BUBeZieHO 3 (3.38), mpoTe MoxkKeMOo 04iKyBaTH, 1110 HOTO
SIBHUU BUTJISAJ, 3MiHUTBCS IPU BKJIOYEHI 0 H J0JaTKOBUX YJIEHIB i3 B3aEMO-
JI€EL0.

Mo>xe BUHUKHYTH IUTaHHA, YOMY JIUIIE ['eHepaTop YaCOBUX TPaHCIiLii H
Ma€ 3a3HaTH 3MiH Yepe3 B3aEMOJII0, TOZI IK TeHepaTop IPOCTOPOBOro Nepe-
MineHHs P 3anumaeTbcs HeaMiHHUM. AK6U MU PO3TJIAAAIN, HAPUKJIA[J, Ca-
MOXi/IHy MalllMHY, TO MOTJIY 6 YIBUTH, 1110 BOHA IEPEHOCTUTH cebe B IpoCTopi
i/t ZIi€l0 BJIACHOI CUJIH, CIIOXKUBAKY U NAJUBO, 1030yBa0YMCh BUXJIOMHUX I'a-
3iB, BUKM/]Al04Y U 110 A0PO3i BianpanboBaHi AeTasi. 1k6u P reHepyBaB TaKkoro
TUIy NepeMillleHHs, TO Ha HOro BUIJIS/], 3BUYAWHO, BIIMHY/Ia 6 B3aEMOJis,
BiZiOBiZla/IbHA 3a Li poluecH. AJie 1je He Te, [0 MU pO3yMIEMO MiJ, MPOCTOPO-
BUMHU NepeMillleHHSIMU. Pajjliie HaM NpoCTo WAETHCA PO CYTO I'€OMETPUYHY
olnepawin caMOy3roJ»KeHOro nepeMiljeHHs CUCTEMH [0 IHIIOr0 po3TallyBa-
HHs. B 1boMy Ui nosisirae npu4yrHa, YoMy P U pelta reHepaTopiB iepeTBOpPEHD
CcUMeTpii He 3MIHIOIOThCA NiJ BJIMBOM JUHaMi4yHO1 B3aemogil. [Ipore H Mmu ne-
pesu3Havyu1u 10 reHepaTopa JUHAMIYHOI eBOJIIOLII B Yaci, a He IPOCTO reoMe-
TPUYHOIO NepeMillleHHA B3/0BXK 4acOBOI OCi.

€n1He 0OMeXXeHHs, HaK/aJleHe Ha NepeBU3HauYeHUU H, mojsira€ B Moro
3B’s13KY (3.39) 3 onepaTopoM MBUAKOCTI V, BUTJISAL IKOT'0 MU IOBUHHI BU3HA-
yuTH. [Ipy nepeTBOpeHHI Mi>k piBHOMIpHO PyXOMHUMHU CUCTeMaMHU BifJiky V
MepeTBOPIETHCA 3a MpaBuioM (3.49). Po3k/a/ieHHS EKCIIOHEHT /[0 NEePIIOTo
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NopsAJKy 3a iHdiHiTe3nMaIbHUM nmapaMmeTpoM 6ycTy V aa€ [iv:- G, V] = —vi,a
OTXe,
[Ga, Vig] = i64gl. (3.58)

[nenTudikanisa G, = mQ, 3a1UIAETHCA YUHHOMW, 60 NpH Ii BUBeJeHHI MU He
BHUKOPUCTOBYBAJIU KOMyTaTOpiB i H.

[lonepegHiit pesynabTart, Vy = mQ, i Tenep 3aJIMIIAETHCA MOK/INBUM pi-
HIeHHAM JJis V, ajle BxKe He €UuHOo npunyctumuM. 13 (3.58) i (3.35f) Buniu-
Bag, o V — P/m komytye 3 G. [I[pore G = mQ, a 0CKiJIbKM MU BUXOJJUMO 3
NPHUIYIEeHHs NPO BiICYTHICTb BHYTPIIIHIX CTeNEeHIiB CBO60/H, TO OllepaTOpH
(@1, @,, @3) = QyTBOPIOIOTH TOBHUH KOMYTaTUBHUI Habip. [lozask V—P/m
KOMYTYE 3 HOBHUM KOMYTaTUBHUM Habopow, To, 3rigHo 3 Teopemoro 6y § 1.3,
Mae 6yTH ¢yHKIli€w Big Q. Takum YMHOM, y Hal3araibHilik ¢opmi, onepaTop
IIBUAKOCTI €

V= P_ A(Q), (3.59)
m
Jie A — neBHa QyHKIis onepaTopa NoJI0KeHHS.

Tenep Mu noBUHHI po3B’sa3aTH (3.39) A5 3HaxopkeHHA H. OjHE 3 MOXKJIU-

BUX pillleHb Ma€ BUTJIAL,

_(P—A)

- 2m

SIK MOXHa 6e31ocepeHbO NEPEBIPUTH [TYT AJIA 3PYYHOCTI A nepeBU3HAYEHO

nopiBHsHO 3 (3.59) o A/m]. Toai 3 (3.39) BunnuBag, wo [H — Hy, Q] = 0.

Otxe, H — Hy KOMyTye 3 NOBHUM HabopoM (@4, Q,, @3), ToMy Mae 6yTu yH-

Kuieto Bif Q. TakuM YMHOM, Hali3araJibHilia ¢popma reHepaTopa eBoJollii, abo

)X raMiJIbTOHiaHa, /1711 6€3CniHOBOI YaCTKU y B3a€MO/Iii i3 30BHILIIHIM T0JIEM €
(P—A)°

H= """+ W(Q. (3.60)

OTpuMaHUM HaMU pe3yJbTaT CBiAUYUTH, 1[0 €AMHOK GOPMOI B3aEMOJI], cy-
MiCHOI0 3 iIHBapiHTHICTIO Bi[{HOCHO I'PyIIH lepeTBOpeHb [ asises, € ckaasapHull
nomenyiaa W(Q) i sekmopnuii nomenyiaa A(Q). 06uBa noTeHLia Il MOXYTh
OyTH 3a/IEXKHUMH BiJ] 4acy. Sk onepaTopu, BOHU MOXKYTb OyTH QYHKLisIMH Bif,
Q, asie He MOBUHHI 3a/exxaTH Bij P.

Ak HaM 06pe BiZloMO, eJleKTpOMarHiTHe MoJie MOKHa BUPA3UTH Yyepes Be-
KTOPHUH i CKa/JIIpHUH NTOTeHia/l|, TOX eJIeKTPOMarHiTHa B3aEMO/ il Ma€ Ta-
Ky dopmy, sikoi i BUMarae raminbToHiaH (3.60). [Ipore W(Q) i A(Q) He KOHYe
MalTb 6YTH OTOTO>KHEHHUMH 3 eJIeKTPOMal HiITHUMHU IOTeHIlia/1aMU, 60 BOHU €
JIOBiIbHUMU QYHKIISIMU, IKi He 060B’I3KOBO NOBHUHHI 33/I0BOJILHATU PiBHSH-
HsAM MakcBeJsia. CkakiMo, HbIOTOHIB I'paBiTallilHMM MOTeHLia/l TAKOX MOXKHA
BKIIOYUTH 710 W (Q).

Hy
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[ xoya MU pO3T/IAHYJIM JIMIIE B3aEMO/i0 OJHIE] YaCTKH i3 30BHIIIHIM I0O-
JieM, Ile He 00MeXye 3arajibHicTh Teopii. B3aeMofito Mixk yacTkaMu MOXKHa
BKJIOYUTH B Hel, pO3IJ/IAlalouM iHIII YacTKH, K JpKepeJsia 30BHIIIHbOIO MO-
Jid, 0 Jji€ HA KOXKHY KOHKpEeTHY 4acTKy. TakuM YMHOM, KyJIOHOBAa B3aEMO-
Jif MiXK IBOMa eJIEKTPOHAMHU i3 3apA[0M e ONMUCYEThCA onepaTtopoM W =
e2/1QW — Q@ |2, ze QW i Q® — onepaTopy noJI0MKEHHS ABOX eJEKTPOHIB.

CTaHAapTHa CHUCTEMA NIO3HAYEHb

HacaMkiHenb MU IpUHAMa€EMO 3BUYHILLY CUCTeMY [103HAaYeHb, 3MiHUBIIH Mac-
mrtabu Besindyrd m, P, J i H TakuM 4nHOM, 1106 OPiBHIOBAJIU Maci, iMITyIbCOBI,
MOMEHTOBI iMNyJIbCy Ta eHeprii cucTeMH, a He MPOCTO 6yJIU MPONOPLiHHUMHU
im, sk y (3.55). Lle o3Hauag, 1110 BCIOAY, Jle MU paHillle nucaJsu I[i YOTUPU CUM-
BOJIY, HaToMicTb nucatumemo m/h, P/h,J/hi H/h. 30kpeMa, yHiTapHi onepa-
TOPH NPOCTOPOBOTO NepeMillleHHs, 00epTaHHA i eBOJIIOLI B Yaci Ternep MaTH-
MyTb BUrJisij exp(—ia-P/h), exp(—ibn-J/h) i exp(—itH/hk). Lli 3MiHeHi mo3Ha-
YyeHHs OYyAYTh BUKOPUCTOBYBATHUCS HA BCiX HACTYNHUX CTOPiHKAX i€l KHUTH.
3acTtocoBywoud piBHSIHHA 3 § 3.1 y HoAanbLIOMYy, Iepef0BCiM Tpeba MPpOBeCTH
zaminy m -» m/h, P - P/h,J - J/hi H - H/h. AlbTepHaTUBHO, MOXXHa
BBa)KaTH, L0 Lli BUpa3| MPOCTO 3alMCaHO B CUCTEMI OAUHUL, fie h = 1.

§3.5. KoMno3uTHi cucteMn

OTpuMaBLIM ONepaTOpH, L0 NPeSCTaBASITb JUHAMIUHI 3MiHHI AJ1g ofHIEl
YacTKH, MU Tellep MaEMO NMOLIUPUTH 1ii pe3yIbTaTU HAa KOMIO3UTHI (Cck/1aje-
Hi, a60 nmpocTo ckaaAHi) cucteMu. Po3riissHeMo cucTeMy 3 IBOX KOMIIOHEHTIB,
AKi MoxxHa po3zinuTy. Hexait onepatop A mpescrasise cnocrepexHy Be-
JIMYVMHY KOMIIOHEeHTa 1, aA® — kommnounenTa 2. AK10 i KOMITOHEHTH MOXKHa
PO3AIINTH TaK, 106 BOHU He BIJIMBAJIU OJMH HAa OJHOTO, TO/i Ma€ iCHyBaTH
MOXKJIUBITbh ONIMCATH iX He3as1exHo. KpiM Toro, onuc 06’eAHaHOI CUCTEMU TO-
BUHEH OyTU CyMiCHUM 3 OKPEMUMH OMUCAMU, @ CTAHU LIUX KOMIIOHEHTIB MO-
»KHa NpUrotyBaTH okpeMo. (Lle, BTiM, He 03Ha4ag, 1110 BCi CTAaHU KOMIIO3UTHOI
CHCTEeMHU MalTh TaKUU XapaKTep; TYT NPOCTO WAEThCSA NP0 MOKJIUBICTh He-
3aJIe)KHOTO NPUTOTYBaHHS CTaHIB.)

Mo2kHa NpUroTyBaTU CTaH, Y AKOMY CIIOCTEPeXHa, 10 BiANOBifa€E ome-
paTopoBi AWM, Mae eaMHe 3HaYeHHS (3 imoBipHicTiO 1). fIK 6yJi0 TOKa3aHO B
§ 2.4, BimOBiAHMIT BeKTOp cTaHy € BiacHUM BekTopoM A, AHasoriyHo, Mo-
>KHa IPUTOTYBATH CTaH A1 [pyroro KOMIIOHEHTa CUCTEMH 3 BJIACHUM BEKTO-
poM oneparopa B®). Ockinbku koMnoHeHTaMu 1 i 2 MO)XHA MaHiIy/I0BaTH
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OKpEeMO, TO Ma€ iCHyBaTH 06’€/JHaHUI BEKTOP CTaHy /151 KOMGiHOBaHOI CUCTe-
MH, L0 € CHIJIbBHUM BJIACHUM BEKTOPOM AW i B@ e mae OyTH CIIpaBe/IJIu-
BUM /11 BCiX KOMGiHalill BJacHUX 3HaYeHb JBOX omnepatopiB. To6To, AKILO
AW |a, )V = aplam)® i B@|b)? = by|bp)@, To pist KoxHOI mTapu min
MYCHUTb OYTH TaKUH CJIBHUHI BJACHUU BEKTOD, L0

AD|am, byp) = amlam, bn),

3.61
B(Z)lam; bn) = bnlam, bn). ( )

[[i piBHAHHS cripaBe/JIUBI, AKIIO CHiJIbLHUM BJaCHHUM BEKTOP € N06YTKOM Be-
KTOpiB:
|am, bn) = lam)®|bn)®. (3.62)

Takuit no6yTOK BigoMui, sk dobymok KpoHekepa, i 3a3BUYall 3aIUCY€ETHCS
|am )P @ |br)P. Jlo6yTok KpoHekepa A5 BekTOpa B M-po3MipHOMY IPOCTO-
piiBekTopa B N-po3MipHOMY IpOCTOPi € BeKTOPOM Yy M - N-po3MipHOMY IIpo-
ctopi (M i N MOKyTb 6YTH HECKIHYEHHHUMHU). SIKI1l0 HA60pU BEKTOPIB {|am)(1)}
i {|bn)®} 0XOMMI0IOTH BEKTOPHI IPOCTOPHU CTAHIB OKPEMHUX KOMIIOHEHTIB, TO
Jl06yTOK BeKTOpiB BUT/IAAY (3.62) 0XOMJII0E BEKTOPHUM MPOCTIp CTaHiB KOM-
MMO3UTHOI CUCTEMH.

Hexaii {Agl)} Ta {BEZ)} Oy1yTh HAOOpaMU ONEPATOPIB, 110 MPE/ICTABISATh
CIIOCTEepeKHI BEJIMYMHU JJ151 KOMIIOHEHTIB 1 1 2 BignoBigHo. OnepaTop 3 nep-
1I0T0 HAabopy Ai€ Jivile Ha Mepliui MHOXKHUK y (3.62), ToAi K onepaTop 3
JIpyroro Habopy Ji€ sulie Ha APYTUH MHOXKHUK:

AP am, b = (A7 1am)®) @ 1bw)@,
B®lam, bn) = lam)® @ (B 1bn)®).
Tako MM MOXXEMO JIJaTH 03HaYeHHs Jo6yTKy KpoHekepa /Jis onepaTopiB:
(42 ® BP) lam, bu) = (4 1am)®) ® (B 1bw)®).

Y Takux no3HaYeHHSX ONlepaTop, U0 Ma€ BiJHOLIEHHSI BUHATKOBO [0 KOMIIO-
HeHTa 1, 3aNUCYETHCA, K Agl) = A; ® I, a BignmoBigHU# onepaTop /sl KOM-
MMOHeHTa 2 — 4K B;Z) = I @ Bj. IcTOTHO Te, 1110 TaKe M03HaYEHHA Ja€ ACHO
3po3yMiTH, Ha IKUW MHOKHHK i3 J0OYTKY BEKTOPIB Jji€ ToW abo iHIIui onepa-
TOp. A B IKOMY BUTJIS/Ii 1le 3allUCYBAaTH — 4Yepe3 BEPXHi iHJeKCU (A(l), B(z))
YU Yepes MOJIOKEeHHS BiiHOCHO 3HaKy A06yTKY ,&Q“ (A ® I, Q® B) — nura-
HHSI CMaKy. 3a3BUYail MU HaZlaBaTUMeMO IepeBary mnepiiomy crnocoby. [leBHa
pi4, He BCi BaXJ/IMBI /11 HAC ollepaTOpPU MAlOTh TaKy NPoCcTy Gopmy; 30Kpe-
Ma, onepaTop B3aEMOJii Mi>K /lBOMa KOMIOHEHTAMH HETPUBiaJIbHO BIJIMBAE
Ha 061ABa MHOKHHKA.



92 Pospin 3. KiHemaTuka Ta iuHaMika

CninbHi BekTOpU BUTIAAY (3.62) yTBOPIOIOTh MOBHUM HAbip, a 0TKe, o1e-
patopu A i B® maroTh komyTyBaTH: [Algl), B;Z)] = 0 gJsis1 Bcix i Ta j. 30Kpe-
Ma, OIEepPaTOpPHU MOJIOKEHHS, IMIYJIbCY Ta CIHiHYy JJi YacTKU 1 KOMYTYIOTb 3

Bi/INOBIITHUMHU OllepaTOPaMHU JIJisl YaCTKH 2.

[li BJ1IaCTUBOCTI OnepaTopiB, HAJIEAKHUX [0 OKPEMUX KOMIIOHEHTIB, TaK0X
IpyUTaMaHi ¥ onepaTopamM, L0 NOB’sI3aHi 3 KIHeMamu4yHo He3zaaexcHuMu (He
MJIyTalTe 3 BiJICYyTHICTIO B3aEMO/ii Mi*k HUMH) CTeNeHsIMU CBOGO/IH, HABITh
K10 BOHU $i3UYHO HeBiJoKpeMJ/toBaHi. Taka He3a/exHiCTh iCHY€E Mix opoOi-
TaJIbHUMHU 3MiHHUMHU (TIOJIOKEHHSIM Ta iMIYJIbCOM) i BHYTPIIIHIMU cTemneHs-
MU cBo6oU (CHiH); BOHA BUSABUJIACA MPUPOSHUM YMHOM NpU po3riasazi Bu-
nazaky (ii) 3 §3.4 i HacnpaB/Ai € CKJIaIOBOI0 CaMOI'0 03HAUYEHHS1 BHYTPIllHiX
cTeneHiB cB060au. TakoX 1151 He3aJIeXKHICTb Ma€ Miclie JIJ1sl pi3HUX KOOpIUHA-
THUX KOMIIOHEHTIB YaCTKH; BOHA € HACJIiKOM HALIOTr0 NPUIYILEHHS IIpU 3a-
NpOBa/XKeHHi onepaTopa nosoxeHHs B (3.36). 3 pisuyHOrO NOIMIALY, € eKBi-
BaJIEHTHO MPUIIYLIEHHIO, 110 MOXKHA IPUTOTYBATH CTaH, AKUU JIOKaJi3y€ Yac-
TKy B OBIJIbHO MaJliil AiJIsTHL IpOCTOpPY AoBKoJIa eBHOI Toukd. (Take mpu-
NyllleHHs] HeMPUUHATHE B PeJIITUBICTCbKIN KBaHTOBIN Teopii, ajsie TyT mu ii
He PO3IJIAAaTUMEMO.)

KokHOMY NpUTOTYBaHHIO CTaHIB /I/1s1 JBOKOMIIOHEHTHOI CHCTEMU MaE BiJl-
MOBIJJaTU CHUJIBHUU PO3NOAIT IMOBIPHOCTI. K110 NPUrOTYBaHHA KOMIIOHEH-
TiB 112 He3aJiexkHi i He BIVIUBAIOTh OJHE Ha OJIHE, TO CIiJIbHUI pO3MOAiJI iMO-
BipHOCTI /151 ciocTepexHUX A i B, 110 onucyoTbcst onepatopamu AM i B3,
Mae€ 3a/10BOJIbHATH YMOBI cmamucmuyHoi HezaaexcHocmi (1.52). fkio ctaH
npejcTasieHo y BUrsiAi fo6yTky |¥) = [P @ |$)?, To cninbuuit posmno-
nis1 imoBipHOCTI A1 A 1 B, oTpuManuii 3 (2.28), €

Prob{(A = am)&(B = bn)|¥} = [(am, bn|¥)|* =

Kam W) P12 [(bn|d)?, (3:63)

mo 3ag0BoJibHSAE (1.52). Take po3k/IaZileHHSI HA MHOXXKHUKH YyTPUMYETBCH i B
3arajibHilIOMy BUINIaJKY, KOJU CTaH, He 060B’I3KOBO YUCTUH, IPeJCTaBIEHO
y BUTI4i onepatopHoro fo6yTky p = p™ ® p®. 3asnaunmo, mo Takuii da-
KTOpPHU30BaHUM, ab0 Hekope/1b08aHUll, CTaH € Iy»Ke 0COOJMBUM TUIIOM CTaHY,
110 BiANIOBiZla€ He3aJIeXKHUM [IPUTOTYBAaHHAM BiZJOKpeMJIeHUX KOMIIOHEHTIB.
[ToBHY kacudikalliro BCix MOXKJIMBIX TUIIIB CTAHIB A/ KOMIIO3UTHHUX CUCTEM
6yne npoBeeHo B § 8.3.
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§3.6. KBaHTyBaHHS K/JIAaCUYHOI CHCTEMHM

Y nbomy maparpadi MM KOPOTKO MOPIBHSAEMO PO3TJISHYTHH BHIE METO[
OTPUMAHHA OIepaTopiB JJid KOHKPETHUX JUHAMIYHUX 3MIHHUX 31 cCTapiliuM
METO/I0M, [PYHTOBAaHUM Ha GOPMYIIOBAHHI KJIACUYHOI MeXaHiKU Yepe3 dydxc-
ku Ilyacona. Taxki gy»xku s ABox dyHkui r(q, p) i s(q, p) Bij y3arajbHeHUX
KOOPJMHAT q; Ta iMIyJIbCIB p; 03HAYEHO, AK

dr ds or 0Js
{r, s} = = ],
Zj: dq;0p; 0dp;0q;

3 dopManbHO-a/ITre6paldyHOrO MOTJISSy BOHH MalTh 6araTo CHiJIbHUX PHUC
i3 omepaTOpHUMM KOMyTaTOpaMHM B KBaHTOBiM MexaHili. 30KkpeMa, Kjacu-
4He CHiBBiAHOWEHHs {q,, pg} = 8yp BIANOBiZA€ KBAaHTOBOMEXAHIYHOMY
[Qq Pg] = ih8qg. Lia aHasIOTisl HABOAKTH Ha JyMKy IIPO iCHYBaHHs NIPaBUJIa,
3a IKUM KOXXHil Ki1acu4Hi yHkil r(q, p) NpU3HAYAETHCS TAKUI KBAHTOBO-
MexaHiuHUM onepaTop O(T), 10 A/ HbOT'0 BUKOHYETBCS CIiBBiAHOIIEHHS

[0(r), O(s)] = thO({r, s}).

Take 3arasibHe mpaBuJio nifcTaHoBku r(q, p) — O(r) BigoMe, ik KBAHMYBAH-
Hsl KJIJaCUYHUX CUCTEM.

€ [1Ba iCTOTHI 3aneped4eHHs IPOTHU TAaKOr0 MeTO/Jy KBaHTyBaHH4. [lepiie
3 HUX enicTeMoJIoriyHe. Ko piBHAHHA KBAaHTOBOI MEXaHIKM MOXHA OTpHU-
MaTH 3 KJIACUYHOI 3a NPABUJIOM MiJCTAaHOBKH, TO KBAHTOBA Teopisd Mae€ JIori-
YHO MICTUTHCS B KJIACUYHIN MexaHini, 3 eiuHuM KiaodeM r(q,p) = O(r) ans
ii TpoynTaHHA. A Lile BUJAETHCA HEMOXK/INBUM, 60 KBaHTOBA TeOpis € 3arajb-
HilIO 32 cBOIM Qi3UYHUM 3MICTOM, HiXK KJIaCUYHA TeOpisl, pe3yJIbTaTU KOl
MOKHa OTPUMATH, K TPaHUYHUN BUNAJ0K KBAaHTOBOI — Ta aX HifIK He HaB-
MaKHU.

3aTe Hall MeTOJ OTPUMaHHS ONepaTopiB A/ AUHAMIYHUX 3MiHHUX He
I'PYHTYETbCA HA ,KBaHTYBaHHI“ KJ1acu4HoI Teopil. | xoua Mu BAaBanuca Jo
aHaJIOT'i¥ 3 KJIAaCUYHUMU BUpPa3aMHU JiJ1s iMIyJIbCy Ta KIHETUYHOI eHeprii, 11106
iHTepnpeTyBaTH OKpeMi ollepaTopH, ajle caMe BUBEeJEeHHH LUX OIepaTopiB
1iJIKOM 6a3yBaJiocsl Ha KBAHTOBOMeXaHIUHUX NpUHIMNAX, 6e3 3aCTOCyBaHHA
PIBHAHBb KJIACUYHOI MEXaHIKH.

Jpyre 3anepeyeHHs NPOTH KBAaHTBaHHA KJIAaCMYHUX cHUCTeM Mae dop-
MaJIbHy Ipupoay. PiBHAHHA B fy»kKax [lyacoHa He 3ajie)kaTh BiJ KOHKPETHOI'O
BUOOpPY y3arajbHEeHUX KOOPAUHAT, TOMYy 6yJio 6 6axkaHo, 11106 MpaBUJIO Mij-
CTAaHOBKHM OIlepaTOpiB TaK caMo He 3aJiexkasio Bif BUbGopy KoopAuHaT. Kpim
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Toro, Ko (g, p) BinobpaxeHo Ha onepaTop O(r), To 3 MipKyBaHb Y3ro/Ke-
HocTi xoTisiocs 6, 06 i kiacuyny ¢yHkuis f(r(q, p)) 6yJo BigobpaxeHo Ha
Taky K ¢yHKIito Big onepatopa — f(O(r)) 3a o3HaueHHsaM (1.28) a6o (1.38).
[IpoTe HU3KA TeOpeM J0BOJUTbH HEMOXKJ/IUBICTh 3arajJlbHUX MPaBUJ KBAHTY-
BaHHS, 110 33/I0BOJILHSIOTh TAKUM yMOBaM. [leTajsbHO PO Lii TEOPEMHU JJUB.
A6parama i Mapcaena [1], ApeHca i ba6iTa [4], Map»eHo i KoeHna [121].

Hawre npaBusio, rpyHTOBaHE HAa CUMETPIi MPOCTOpy-4acy, He Ja€ 3arajb-
HOr0 NpaBuJia IpU3HAYEeHHS ONlepaTopiB JJisl JOBIIbHUX KIAaCUYHUX QYHKLIN
Bil KOOpAWHAT Ta iMIyJ/bCy. Ajle BUAAETHCS, L0 TeOpis He JyXKe CTpaxAae
yepes BiICyTHICTb TaKOro NnpaBuJa, ockiibku ¢popmysa (3.60) € Halizarajib-
HIIIMM BUNAJIKOM, IKMW 3yCTPiYa€ThCA HA MPaKTHUILL.

§3.7. PiBHAHHA pyXy

3asiexHicTb BiJj yacy 6yJ10 3alIpOBa/PKeHO B T€OPilo, KOJIM MU BU3SHAYHUJIU Olle-
paTtop mwBuAKocTi (3.39), ckopucTaBIKCh AUdepeHLiTHUM PiBHSAHHSAM PYyXy
[lJIs1 BEKTOpA CTaHy:

d o
21 @®) = —ﬁH(t)l‘P(t))- (3.64)

fAK1o B3ATH NOYAaTKOBUIM BEKTOP CTAaHy B MOMEHT 4Yacy t = to, TO pillleHHs
IIbOT'0 PiBHSIHHS MOXXHA GOpMaIbHO BUPA3UTH Yepes ollepaTop eBOJIIOLl:

¥ (@) = U(L, to)|¥(to))- (3.65)

BiH 3a10B0/IbHSIE TaKOMY K AUdepeHIIiHHOMY PiBHSAHHIO, 10 i aas |W(t)),
Lyt to) = —~HOU (b t 3.66
qc V(6 to) = =~ HOU(L, to), (3.66)

3 moyaTkoBo ymMoBoto U(t, tg) = 1. 13 (3.66) BUIIUBAE, 1110

d ytyy = ~Lwtety - vt
dt(U U) = h(U H'U —U"HU).
dxmo HT(t) = H(t), To mpaBa 4acTHHA PiBHAHHS TOTOXHO 0GEPTAETHCA HA
HyJIb, i Tozi MU Maemo UTU = 1 gna Bcix MomeHTiB yacy. OTxe, U(t, to) € yHi-
TapHUM 3a yMOBH epMiTOBOCTi H (t).

Axwo H He 3a1eXUThb BiJ 4acy, TO

U(t, to) = e t(E-tIH/R,

Axuo »x H(t) € 3a/1eXHUM Bij Yacy, To, B 3araJlbHOMy BUNA/IKy, He iCHY€E npo-
cToi ¥ koMnakTHOI popmu A5t Bupakenus U (L, tp).
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Jlani BUBeeMO piBHSIHHA pyXy AJisl omepaTopa cTaHy. OCKiJIbKU 6y[b-
SIKMH YUCTMH CTaH, 3a O3HAYEHHSM, MOXKHa 3amucaTv y BuUrjsamai p(t) =
[P ()P ()|, To 3 (3.65) BUmIMBae

p(t) = U(t, to) [P (ONW(DIUT (& to),

a OTKe,
p(t) = U(t, to) p(to) UT (¢, to). (3.67)
JudepeHuiroBaHHS LbOro BUpa3y 3a gonomoroo (3.66), jae piBHSIHHSA
dp(t) _ _i
-t %[H(t); p(D)]. (3.68)

PiBusinH# (3.67) i (3.68) 6yJio oTpuMaHO /ISl YUCTUX CTaHIB, ajle MU NPUILY-
CTUMO, 110 BOHU BUKOHYIOTbCA [ BCiX cTaHiB. [/l TAKOr0 NpUNYLLEHHS €
BCi MiZICTaBH, OCKIJIbKY OY/Ab-IKUH 3araJibHUM CTaH MOXKHA BUPA3UTH yepe3
CyMilll YUCTHUX CTaHIB, a AAK10 piBHAHHA (3.68) cnpaBenBe A5 BCiX CKJIa0-
BUX p(t), TO BOHO Oy /e cipaBeJIUBUM i /st cymu. [IpoTe, ik MU Bifi3Ha4a v B
§ 2.3, inTepnpeTaliia Takoi ,cymimi“ HeoJHO3HaYHa, TOMY HaBeJleHi apryMeH-
TH X04 i Baromi, ajie He 6e33anepeyHi.’’

®i3uvHUM ceHC KBAaHTOBOI Teopii OB’siI3aHUI He 3 OTlepaToOpPaMU Ta BEKTO-
paMy, a 3 pO3MOJiJIOM iIMOBIpHOCTI /11 CIOCTEPEKHUX BEJIMUMH, 30KpeMa, 3 iX
cepefHiMU 3HAaYEeHHAMU. 3a/IEXKHICTD BiJ Yacy cepelHbOT0 3Ha4eHH CIIOCTe-
pexHol R, npecTaB/IeHO] ollepaToOpoM R, Ma€ BUTJIAL,

(R), = Tr{p(t) R}. (3.69)

[igcraBasroun (3.67) y (3.69) i BUKOPUCTOBYIOYM iHBApiaHTHICTB CJify Ao0-
OYTKY KiJIbKOX OollepaTopiB BiJHOCHO MKJIYHUX IIepeCTOHOBOK MHOXXHUKIB,
MU OTPUMYEMO [|Ba €KBiBaJIeHTHI BUpaA3U:

(R) = Tr{U(t, to) poU' (t, to) R} = (3.70a)
= Tr{p,UT(t, to) RU(t, to)}. (3.70b)
TyT onepaTop cTaHy B MOMEeHT t = t( N03HA4YeHO, K p(to) = p,. I3 nux ABOX

BUpas3iB BUIJIMBAIOTH /jBa pi3Hi popMasi3aMu AJ151 4aCOBOI 3a/1€e2KHOCTI B KBaH-
TOBiM MexaHilli.

0Tyt nepeknafay He MoXe BTPUMATHUCA Bij koMeHTaps. [lonpy BCIo CipHICTD | HeoJHO3HA-
4yHicTb $i3uuHOI iHTEpNpeTalii, € 06’€KTUBHUN MaTeMaTUYHUH QaKT, 1[0 OY/b-IKUH onlepaTop
CTaHy MOXXHAa BUPA3UTH Yepe3 CyMy OlepaTopiB YUNCTHX CTaHIB, i 3 1boro ¢akTy CyTo MaTeMa-
TUYHO BUBOAUTLCS CIPaBe/IUBICTb PiBHAHHA (3.68) y 3araJlbHOMY BUNIAJKY.
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Kaptuna Hlpoaunrepa. B npboMy nigxoai, o 1Koro MM HesIBHO BAABaJIUCA
JL0Ci, 4aCOBY 3aJIeXKHICThb IOKJIAleHO Ha ollepaTop cTaHy. [lepiui Tpu MHOXHU-
KU iz caifom y (3.70a) po3r/issAaoThCs, K 3a/IeXKHUHU Bij yacy onepartop cTa-
Hy 3 Bupa3y (3.67). PiBHsaHHAM pyxy B kapTuHi lllpogunrepa € (3.68) nss one-
paTtopa ctany a6o (3.64) aas Bektopa |¥(t)) y BUnagKy Y4MCTOrO CTaHy.

KapTtuna laiiszen6epra. B uboMy migxo/ii Mu 36MpaemMo ocTaHHI Tpu onepa-
Topu B (3.70b) pa3om i nuiuemo

(R); = Tr{pyRu(t)}, (3.70)
Jie Ry (t) BU3HA4YeHo, K
Ru(t) = UT(t,to) RU(L, to). (3.71)

(Bin Ha3uBaeThCA 2alizeHbeprosum onepamopoM, BiIOBiAHUM LIPOJUHIePO-
BOMY oniepaTopoBi R.) Y nboMy dopMastiaMi cTaHU He 3aJ1eXKaTh BiJl 4acy, a Bcs
YacoBa 3aJIeKHICTb NOK/JIaAAE€ThCA HA AMHAMIUHI 3MiHHI. /ludepeHnitorouu 3a
t i BUKopucToBytouH (3.66), OTPUMYEMO

dRy

e = —(UTHRU UTRHU) + U

+0R
ot

Ile MO>kHa epenucaTH y CTAHAAPTHOMY BUTJIsIAL piBHAHHSA pyxy ['aiizeH6ep-

ra:

PO — L@, R+ (38) (372)

Jle MU 3anpoBaAu/u nosHavenus Hy = UTHU 3a anaoriemo 3 (3.72). Ocran-
Hilt noganok, (AR/0t),; = UT(t,to)(dR/0t)U(L, to), Ao omepaTop R Mae
BJIACHY 4acoBY 3aJiexkHicTb. lle Moxke 6yTH y BUNAJKY, KLU0 BiH MpeAcTaB-
JISIE TOTeH1ia/l 3SMiHHOI'0 30BHILIHBOTO 110J151, 260 TO/i, KOJIM € KOMIIOHEHTOM
TEH30Pa, BU3HAUYEHOTO BiJHOCHO PYXOMOi CUCTEMH KOOPAMHAT.

Y kapTuHi l'aiiseH6epra onepaTopu JUHAMIYHUX 3MiHHUX PO3BUBAIOThCS
B yaci, ToAi sk pyHk1is ctany (p abo W) onucye noyaTkoBi faHi, 3a6e3neyeHi
poLeaAypolo MPUroTyBaHHs cTaHy. B kaptuHi lllpogunrepa ¢yHkiisg crany
Mae BUKOHYBaTH 061 /Bl poui. i kapTuHU ekBiBasieHTHI, 60 ¢pisuyHO icToTHA
BesinuMHA (R), 3a/€XUTh JiMLIe BiJ BiAHOCHOTO pyxy p i R. | HeMae 3HayeH-
Hsl, Y4 TO p pyXa€eThbcsd Brepen” (kaptuHa llpogunrepa), yu To R pyxa€eTbcs
»Hazaa" (kaptuHa laiizen6epra). Taky pisHUII0O B HANPSIMKaxX Pyxy CIPHUYU-
HIOIOTh IPOTUJ/IEXKHI 3HAKU nepe]; komytaTopamu B (3.68) i (3.73). Mae 6yTu
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O4YeBUJHUM, 1110 1ii ABa PiBHAHHS B3aEMOBUKJIIOUHI M HIKOJIM He NOBUHHI 3a-
CTOCOBYBaTHCs pa3oM. MoxHa KopucTyBaTUcA KapTuHoto lllpoguHrepa, Mo-
»KHa — KapTHHOM0 ['aii3eH6epra, ajle He MOXKHa NpaLoBaTH 3 060Ma o fHOYa-
CHO.

[IBUAKICTb 3MiIHU CepeHbOTO 3HAYEHHS CIIOCTEPEKHOI MaE OJHAKOBHM
BULJIsA/ B 060X KapTUHax. [3 (3.69) kapTunu lllpoguHrepa MU OTPUMYEMO

d _~[9p oR
dth)t_T 6tR+p6t
OR ]

=Tr f(HpR pHR)+pa =

=Tr f(pRH pHR)+p%I§ .

Tomy Mmaemo

LRy, = Tr[ POIH, R +p®FF (3.73)

Yy KapTHUHI H_Ipo,qm-lrepa.
3 inmoro 60Ky, piBHsHH# (3.70) kapTuHU ['alizeHb6epra gae

d _ dRy| _
dt <R>t - Tr[pO dt ] -

= Tr[%pO[H, Ry(t)] + p0<%—}§)H].

JJ1s BUNIAAKy YUCMOo20 cmaHy MU MoxeMo nepedopMyJi0BaTH 1 pe3yJib-
TaTU B TepMiHax BeKTOpiB cTaHy. Hexail |Wy) 6y/le BEKTOPOM MOYATKOBOT'O
ctany npu t = ty. Togi B kaptuHi llpoaunrepa

R)e = (YOIRIY (D)), (3.75)
ne |P(t)) = U(t, to)|Wo). [lincTanoBKa LboTrO BUpa3y B (3.76) nae
(R)e = (Yol UT(t,to) RU(t, t0)|Po),

(3.74)

1110 MOXKHA 3aMicaTh B KapTUHi [aifseH6epra, Ak
(R)r = (WolRu(O)|Wo), (3.76)

nie Ry (t) Mu B3sinm 3 (3.72). ludepenuitoBanns (3.77) 3 ypaxyBaHHaM (3.73)
Jlae
dRy (1)

2Ry, = (Wol| T2 | 1wo) =

= %al[ 2oolH, Ru(©]+po(28) |1o)

10 36iraeTbcea 3 BUpasoM (3.75) asd yucroro crany p, = [WPo)(Wol.
TakuM YMHOM, eKBiBaJIEeHTHICTb JBOX KapTHUH [OBeJeHO.
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§3.8. CumerTpii Ta 3aKOHM 30epeKeHHs

Hexait U(s) = e — nenmepepBHe yHiTapHe mepeTBOPEHHH 3 'eHePaTOPOM
K = K. [lleit onepaTop U(s) He cif mIyTaTH 3 omepaTopoM eBOJIIOLLi B ya-
ci U(t,to) i3 monepeguboro naparpada.] Kinbka npuk/iajiiB Takux nepeTBo-
peHb MU 06roBopuJid B § 3.3. TBepAKeHHs], 110 raMiJIbTOHIB onepaTop iHeapi-
aHMHUU BiJHOCHO L|bOT0 [IepeTBOPEHHS1, 03HAYAE, 1110

U(s)HU 1(s) = H, (3.77)

a6o, ekBiBasieHTHO, [H, U(s)] = 0. 3po6uBiuu napametp s iHpiHiTE3UMAab-
HuM, o6 U(s) = 1 + isK + O(s?), M1 3BeZieMO yMOBY iHBapiaHTHOCTI /10

[H, K] = 0. (3.78)

[uBapiaHTHicTh H BiIHOCHO HenepepBHUX MepeTBopeHb U(S) A5 BCix S 03Ha-
Yyae ¥l iHBapiaHTHICTh BiJHOCHO iH}iHITE3UMATBHUX, 2 0TKe, 3 HEl BUIIJIMBAE U
KoMyTaliliHe cniBBifHOmEeHHs (3.79). 3BOpOTHE TBEPAKEHHS TAKOX CIIpaBe-
ninBe, 60 U(s) € onepaTopHOo dyHKIi€ K, a 0TKe, Mae komyTyBaTu 3 H. Ta-
KHUM YMHOM, iHBapiaHTHICTb BiIHOCHO iH}iHITe3MMa/IbHUX EPETBOPEHb aB-
TOMaTHUYHO MOIIMPIOETHCA Ha BCi CKIHYEHHI 3Ha4YeHH4 S.

[l BUBeJleHHS KOPUCHUX HACAIJIKIB 3 iHBapiaHTHOCTI Y BUNIaAKYy, KOJU
H = H(t) 3anexxuThb Bif yacy, HeobxizHo, 1106 (3.78) i (3.79) BukoHyBasuca
JUIA BCiX t. AJle B IpaKTUYHUX 3a/1a4aX, 3 AKUMHU HaM JI0Be/leThCA MaTH CIIpaBy,
raMmiJIbTOHiaH 3a3BUYal He3aJeXXHUU BiJ yacy.

EpMIiTOBI onepaTopu nepeTBOpPEHb CUMETPIl 4acTO BiANOBIAAKOTH AWUHA-
Mi4YHUM 3MiHHUM. Tak, reHepaTop NPOCTOPOBUX NlepeMIllleHb € OllepaTOPOM
iMIy/ibCy, a reHepaTOp 06epTaHb — ONEpPaTOPOM MOMEHTY iMIyJibCy. ['eHe-
paTopaM cMMeTpii He mpuUTaMaHa 4acoBa 3ayexHicTb (0K/dt = 0), Tomy 3
(3.74) 1 iuBapiHaTHoCTI H BiJHOCHO NTepeTBOPEHHS], [EHEPOBAHOI'0 ONlEepaTo-
poM K, BUIIJIUBAE, 1110 CepeJHE 3HaYeHHS BiANOBIAHOL IMHAMiuyHO1 3MiHHOT K
He 3aJIeXKUTb Bij 4yacy:

d(¥X):
dt

Ockinbku H koMyTye 3 K, TO BiH KOMyTYyE i 3 6yAb-s1koto ¢yHKuiewo f(K), a oT-
e, He jivine (K) He 3an1exuTh Bij dacy, a ¥ (f(K)). Jna dynkuii 0(x — K),
mo JAopiBHIOE 1 npu AoaaTHiX aprymedTax i 0 mpu Bif’eMHUX, MU MaeEMO
(0(x —K)) = Prob(X < x|p) [ue 6ys0 BuBegeHo B § 2.4]. OTxe, 3a 6yAb-
SIKUX TOYAaTKOBHUX YMOB, po3noAia iMmoBipHOCcTi Prob(K < x |p) He 3a/1eXUThb
Bij yacy. Taka BesimurnHa K Ha3UBA€ETbCS IHMErpa/a0M pyxy.

= 0. (3.79)
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30KpeMa, 3 iHBapiHaTHOCTI H BiIHOCHO POCTOPOBUX IlepeMillleHb BUIJIHU-
Bag, 1110 iMNy/1bC € iHTerpasoM pyxy. A iHBapianTHicTh H BifHOCTHO 06epTaH-
Hf POOUTD iHTerpasioM pyxy MomeHm iMnyawcy. (IleBHa piy, e cipaBeAJUBO
JlJIs 3aMKHEHUX CUCTEM, 1110 He MepeOyBalTh y B3aEMO/II 3 iHIIUMU CUCTe-
MaMHU; JIMIIe TO/i MPOCTOPOBI MepeMillleHHS Ta 00epTaHHS He BIJIMBAIOTh Ha
ixHiM cTaH.) fKkio H He 3a/1eXKUTh Bij t — iHIIMMMU c/1I0BaMH, IKILO BiH iHBapi-
AHTHUU BiTHOCHO YaCcOBUX TpaHCIALiN, — To (3.74) cTBepKyE, o H caM 1o
co6i npeicTaBJsie 30epekeHy BEJIMUUHY, 1110 HA3UBAETHCSI eHePrielo CUCTEMU.

[loHaTTa iHmerpaay pyxy He CJif, IJIyTaTH 3 NOHATTAM CMAYiOHAPHO20
cmaHy. [lpunycTimo, o raMiJIbTOHIB onepaTop H He 3aJ1e3KUTh BiJ t, a BEKTOP
MOYaTKOBOTO CTaHy € BjJacHUM BekTopoM H: |W(0)) = |En) i H|En) = En|En).
[le onucye cTaH, 110 Ma€ €UHe 3HaYeHHs eHeprii Ey,. PillleHHSM piBHAHHA py-
xy (3.64) Ass 1bOTO BUNA/IKY € TPOCTO

W) = e Ent/h|Ey). (3.80)

[3 bOTO pe3ybTaTy BUILJIUBAE, 1110 CepeHE 3HaYeHHS 0Y/1b-AKOI JUHAMIuHOI
3MiHHOI R,
(R) = (Y(OIR|Y () = (En|R|En),

He 3aJIeXKUTh BiJl Yacy AJs Takoro ctany. Poarssgatoun GyHkKIii Big R, Mu Mo-
»KeMo JaJli IoKasaTHy, 110 po3noAia imoBipHocTi Prob(R < x |W) HesanexxHui
Bif yacy. Y cmayioHapHomy cmaHi cepeiHi 3Ha4ueHHS Ta UMOBIpHOCTI /151 8cix
JuHaMiYHUX 8e/IU4UH He 3MIHIOIOTbHCS 3 YacoM, TOAI IK IHmerpaJ pyxy Mae He-
3aJIeXHi Bifi yacy po3no/iijiu UMOBIpHOCTI Ta cepe/iHE 3HAYE€HHS AJ1s 8Cix cma-
His.

Posrsiaf iHTerpasniB pyxy B CTallioOHapHUX CTaHax Jae€ Ay»e BaKJIUBI Ha-
crigku. ko [K, H] = 0, To, 3a Teopemoto 5 i3 § 1.3, i Ba onepaTopu Ma-
I0Thb MMOBHUM Habip BiacHUX BeKTOpiB. OCKiZIbKY BJIaCHI BEKTOpPHU OIllepaTo-
pa H oMUCYIOTH CTaliOHApPHI CTaHHU, TO IX MOXXHA NPUTOTYBaTH TAKUM YHUHOM
(izeTbcs mpo BUpOKeHi, 60 HEBUPOKeHi aBTOMAaTUYHO MalOTh TaKy BJIACTH-
BiCTB), 1110 B HUX i eHeprid, i AMHaMiuHa 3MiHHA K MaTUMYTb €IMHI 3HAYE€HHS
6e3 ctaTUCTUYHOI Aucnepcii. BaacHi 3HaYeHHs Takux iHTerpasiB pyxy Haj-
3BUYalHO KOPUCHI /1g Kaacudikalii cTalnioHapHUX CTaHiB.

Jlitepatypa go Po3ainy 3

[os10BHUM KepesioM sl Liboro po3finy € po6otu T.d./xopaana [99] i
[100].
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3agauvi

3.1. IIpocrTip iHBapiaHTHHWH BiJHOCHO MacTa6HUX TepEeTBOPEeHb X — X = e€Xx,
Jle ¢ — NeBHUM napameTp. BifnoBigHui yHiTapHUN onepaTop MOXHa 3allu-
caTy, K eP, e D € reHepaTOpOM NPOCTOPOBOr0 MacIITaGyBaHHA. BusHauTe
komyTatop [D, P] Mmixk reHepaTopaMmu MacitabyBaHHs Ta nepeMinjeHHs. (He
BCi 3aKOHHM Qi3UKHU iHBapiaHTHI BiAHOCHO MaclITayBaHHS MPOCTOPY, TOX LS
CUMETpisl MeHIII 3arajibHa, HiX Ti, IKi MU PO3TJ/IsAa/Id B [[bOMY PO3ii.)

3.2. CKOpHCTaBIIUCh TOTOXHICTIO fIK06i, MOKaXiTh, 10 KOMyTaTOpH [Py, Pg],
[Ga, Gg] i [Jo, H] HE MaIOTh AOAAHKIB, KDaTHUX OJJMHUYHOMY OII€PaTOPOBI.

3.3. JloBeiTb HACTYNHY TOTOXHICTD, y sIKiil A 1 B € onepaTopamy, a x — na-
paMeTpoM:

[4, [4, B]]

e Be ™4 = B +[A, B]x + 5 >

3.4. JloBefiTh, 10 /51 ONEPATOpiB, SIKi 3aJ0BOJIbHSIIOTH YMOBI edtB =

e4eBe214 8] pukonyernca pisnicts [4, [4, B]] = [B, [4, B]] = 0.
3.5. IlepesipTe ToToxHicTb [AB, C] = A[B, C] + [4, C]B.

3.6. IlepeBipTe BukoHaHs piHsHb (3.35¢,d,e), K110 B HUX 3aMicTb J mifgcTa-
BUTH Q X P.

3.7. Yuitapuu#i onepatop U(v) = exp(iv - G) onucye mutteBuii (t = 0) Ha-
CJIIJOK lepeTBOPEHHA 10 PYyXOMOI CUCTEMU BiJJIiKy 3 BiJHOCHOI IBUJKICTIO
v. lluM HacaigKoM €

UvUl=v-vl, UQUl=0qQ

3HaiiTh Takuii renepaTtop G¢, 1o yHiTapHUM onepatop U(v,t) = exp(iv-G¢)
JlaBaTMMe MOBHe NepeTBopeHHs [asies:

UVU ™ =V—-vl, UQU™'=Q-vtl

[lepekonaiiTecs, o G; 3a/J0BOJIbHSIE TAKUM CAMUM KOMYTAaLilHUM CIiBBiJ-
HowmeHHaAM i3 P,Ji H, akiG.

3.8. 3naiiTh onepaTop nosoKeHHs B KapTHHi [aiizen6epra Qy (t) fss Bijib-
HOI YaCTKH.

3.9. CkopHUCTaBIIKUCH PIBHSHHSM PyXy [Jis ollepaTopa cTaHy p(t), HOKaXiThb,
110 YUCTUHM CTAH HIKOJIM He Nepeii/ie B 3MillaHWH | HABNaKHU.
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3.10. Axwo raminbToHiad Mae Burasag H = Hy + Hj, To MOKHa OTpUMaTH Tak
3BaHY KapmuHy 83aemo0ii, 1JIIXOM HAaCTYIHUX IepeTBOPeHb CTaHIB i AUHAMI-
YHUX 3MiHHUX KapTuHHU lIpoguHrepa:

W (1)) = exp{£(t — to)Ho} [¥s(D)),
p;(t) = exp{4(t — to)Ho} ps(t) exp{—%(t — to)Ho},
Ri(t) = exp{L(t — to)Ho} Rs exp{—L(t — to)Ho}.

3HaliTh piBHAHHA pyXy AJ4 BekTopa cTtany |W;(t)) Ta oneparopa ctany p,(t)
i HOKaXiTh, 1110 BOHO BU3HAYAE YaCOBY 3a/I€XKHICTB JIMILE 1[0J0 YJieHa ,B3ae-
Mofii“ Hy. Jlaii mokaxiTh, 1110 cepeTHE 3HAYEHHS CIIOCTEPEKHOI BETUIUHH R,
NpeCcTaBJeHOI oNlepaToOpoM R, y KapTHHI B3aEMO/IiI Ma€ TaKy K 3aJI€KHICTb
Biz yacy, sik i B kapTuHax lllpoaunrepa it ['aiizeH6epra.

3.11. Jlo6yTok KpoHekepa ABox MaTpullb M = A @ B BU3HAYa€eThCs yepes
HOro MaTpUYHi eIeMeHTH, AK My gs = AqgBys, 1€ PAJKU I03HAYEHO apaMu
ay, a croBnui — §y. [TokaxiTsb, 110 cif i€l MaTpulli 3a/10BOJIbHSE CIiBBiIHO-
meHHO Tr M = (Tr A)(Tr B).

3.12. Hexali raMisibTOHiaH JJBOKOMIOHEHTHOI CUCTEMH Ma€ BUIJSSL H =
Hi @ I + 1 @ H, (Tob6TO, Mi>k HUMHM BifcyTHsA B3aeMoJisi). [lokaxiTp, 1m0
BianoBiAHKUM onepatopoMm eBoswolii € U(t) = Ui(t) @ Us(t), ae U1(t) =
exp(—itH1/h) iU, (t) = exp(—itH,/h).
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KoopauHaTHe npeAcTaB/JIeHHA Ta HOro 3aCTOCyBaHHA

§4.1. KoopauHaTHe npeacTaB/IEeHHA

JJIs1 yTBOPEHHsI KOHKPETHOro npedcmass/ieHHs1 abCTPaKTHOTO BEKTOPHOTO
IPOCTOPY, 0OUPAETHCSA MOBHUH OPTOHOPMOBaHU 6a3uc {|u;)}, i JoBiNbHUIHA
BEKTOp |) mpe/icTaBAsAEThCA Yepe3 Habip koedinieHTiB {c;}, A4 akux |P) =
>~ lui). li koedinienTu ¢; = (u;|P) MoxKHA PO3TIAAATH, IK BEKTOP-CTOBIEIb
(MOJIMBO, HECKIHYEHHOBUMIpPHHI) 32 YMOBH, 1110 OPTOHOPMOBAHUM 6Ga3uc
JUCKPETHHUM.

Koopdunamhe npedcmagsieHHs1 OTPUMYIOTh pU BUOOPi 6a3ricoM Habo-
py BJacHUX BeKTopiB {|x)} omepaTopa moJsiokeHHsI BinbHOI yacTku (3.36).
Ockinbky 1ie HenepepBHUN Habip (e/leMEHTH SIKOTO HaJleXKaTh He [0 CaMOoro
riJIb6epTOBOro MPOCTOPY, a [0 PO3UIKUPEHOro nmpocTopy 1), To KoediieH-
TH pO3KJIaIeHHS] YTBOPIOIOTH He IUCKPETHY NOCJiJ0BHICTh, a PYHKILil0 Helle-
pepBHOi 3MiHHOI Y (X) = (x|). BianosigHo m0 y3arajbHeHOI CEKTPaJbHOI
TeopeMmu (§ 1.4), 6yab-akuii BekTop |P) 3 obsiacTi BU3HaYeHHs onepaTopa Q
MOKHA 3aMKUCATH Y BUTJIAA]

)= 3 ) = [ oweo dx

d 0TXKe,
<ww=fwwN@m&=fw&fo

Ockinbky |/) HAIEXKUTD 0 riibbepToBOro npoctopy, To (Y|P) < oo, a 3BiAcH
BUILJIUBAE, 110 P (X) HAJIEXKUTB /10 TiJIbOEPTOBOTO MPOCTOPY KBaJPaTUYHO iH-
TerpoBaHUX QYHKIIN Y TPUBUMIpHOMY NPOCTOPI, AKMH Y MaTeMaTH1li MO3Ha-
yaeTbea L2 (R3). 3a BeIMKMM paxyHKOM, Li€ JIIIe MTUTaHHs CMaKy — FOBOPH-
TH, 1o Li PyHKLii yTBOPIOIOTH NpeACcTaBIeHHS JiHIHHOTO MPOCTOPY BEKTOPIB
CTaHy, Y4 BBAXKATH, L0 caM JIiHIHHUN NpOCTip ckIafaeTbes 3 QyHKLIN P(X).

Jis onepaTtopa A y npoctopi GyHKLiH criBBiJHOCUTBCSA 3 HOTO Ji€0 B ab-
CTPaKTHOMY BeKTOPHOMY IIPOCTOPI 3a paBUJIOM

AY(x) = (x|AlY),  ne Y(x) = (X|Y). (4.1)
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U1 IpOCTOTH MU BXXMBAaTUMEMO OJHAKOBI CUMBOJIM JJis I0O3HAYEHHs Olle-
paTopiB y abCTpaKTHOMY BEKTOPHOMY NMPOCTOPi i B KOHKPETHOMY IpOCTOpi
¢yHkin. 3acrocyBanss (4.1) no onepamopa nososxceHHs1 Q, 3 BUKOPUCTAH-
HAM (3.36) pae (x| Q4 |P) = x(X|¥) ToMy Horo fist B npocTopi GyHKLiH Mos-
ra€ B IpOCTOMY MHO>K€HHI Ha KOOpAWHATY MOJI0KEeHHS:

Qe (X) = XaWi(X). (4.2)

Burasan onepamopa iMnyibcy BU3HAYAETBCA WOTO POJIIO, IK I'eHepaTopa
npoctopoBux nepemiuiensb (3.40): exp(—ia - P/h)|x) = |x + a) (koHCcTaHTY h
3anpoBaxeHo Hanpukinni § 3.4). Toxi maemo

(x+al) = (x| exp(fa - P) 1) =
- (x|(1 +Lia. P) ) + 0(a).
Tomy, arigHo 3 (4.1),
B(x +a) = P(x) + (%a : P) W(X) + 0(a?).

Hexall iHpiHiTe3UManbHe NepeMillleHHS a 6yie clipsMoBaHe B30Bx oci a. To-
Al

yE+ta) -y _ i

| = pPab®) + o@)

|al

A ockinbku niBa yacTuHa i€l piBHOCTI B Mexi |a| = 0 gae dy(X)/0xq, TO

0

P(x = _lhaxa,

P=—ihV (4.3)

€ popMolo onepaTopa iMNyabCy B KOOPAMHATHOMY MpeACTaBJIeHHI.
Tpeb6a3a3zHauuTy, 1110 nepiie piBHAHHA B (4.3) cripaBe/J/IMBe JIUILE [ Jie-
KapTOBHUX KOOPAHWHAT. IMIyJIbC, COPSKEHUH 0 AOBIIbHUX y3arajJbHEHUX KO-
OpAYHAT @, 3araJioM He Mde BUTJAAY —ihd/dq. lle MoXxHa NpoiIOCTPYBaTH,
BUpa3MBINK CKansspHui onepatop P - P = —h%V y chepuyHmX KOOpJMHATaX
i sanucaBmu ¥oro, sk P - P = P2 + L?r™2, ne onepartop P, BKJI04ae d/dr, a
onepatop L — d/00 i d/0; i TakuM cnoco60M MU 3MOKEMO OTPUMATH, 10
P, = —ihr~1(9/0r)r. BHO npuBiNefioBaHMI CTATyC NPAMOKYTHUX KOMIIO-
HEHTIB omepaTopa iMIyJbCy MOXOAUTH 3 IXHLOI pOJIi FeHepaTopiB nepeTBo-
peHb IpocTOpoBoi cuMeTpil. KomyTaliiHuM cniBBigHOWEeHHAM [x, Py| = ih
3a/I0BOJIbHAE Gyb-AKUil onepaTop BUrAsaAy P = —ih[g(x)] 1(9/0x)g(x).
[IpoTe mpocTip iHBapiaHTHHUU BiJHOCHO mepeMillleHb X — X + a, TOX re-
HepaTop IUX eEPeTBOPeHb P, MOBHHEH MAaTH iHBapiaHTHY ¢opMy BiHOCHO
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x = x + a. OTxe, Mae 6yt g(x) = 1. KogHOro Takoro apryMeHTy He MOXHa
HaBeCTH Ha KOPUCTb JAOBUIbHOI y3arajbHeHOI CUCTEMHU KOOPAUHAT. 30KpeMa,
JUIS paZiia/IbHUX KOOPAWHAT NIepeTBOPEHHA T — T + a He € IPOCTOPOBOIO CU-
MeTpi€to, 60 Ije YTBOPIOE PO3PUB JI0BKoJa Touku r = 0. ToMy Bij camoro mo-
JaTy He GyJIO MiZiCTaB 04iKyBaTH, W0 P MmaTuMe Burasg —ihd/or.

§4.2. XBuJbOBe PiBHAHHSA Ta MOro0 iHTepnpeTanis

PiBHAHHSA pyxy A/ yucTOro ctaHy mae Burisag H|W(t)) = ih(d/dt)|¥(t)).
HalizarasbHimoto ¢opmoto raMmisibToHiaHa H AJis1 6€3CiHOBOI YacTKH, Bifno-
BigHO mo (3.60), € cyma onepaTopiB noTeHiliHOI Ta KiHETUYHOI eHeprii. 3a
Bi/ICYTHOCTI BEKTOPHOTO ITOTeHIiany (0Txe, 6e3 MarHiTHOTO M0JIs1) OepaTop
KiHeTH4HOI eHeprii yacTku 3 Macoro m € P-P/2m = (—ih?/2m)V?. [lna 4acTku
y CKasisipHOMy nioTeHniani W (X) piBHSHHS pyXy B KOOPAHUHATHOMY IPEJCTaB-
JIEHHI € X8u/1b08uUM pieHsAHHAM LlIpoduHrepa:

v pwmlwwe = inlwx o (4.4)
2m ' gt + X '

[lo3asik (4.4) Mmae MaTeMaTU4HY GOPMY XBUJIbOBOTO PiBHSIHHS, AYXKE CIIO0-
KYyC/JMBO iHTeplnpeTyBaTH XBUJIbOBY QYHKIII0, K $isvyHe moJie abo ,XBHU-
JII0“, 1110 MOMIUPIOETHCS B TPUBUMIpHOMY npocTopi. KpiM Toro, Moxe BUuaaTu-
cd Ly>Ke NPaBJONOAI6HUM NPUIYLIeHHH, 0 XBUJIbOBeE I10J1e 6e3110cepeHbO
MOB’si3aHe 3 YACTKOK — i, HABIiTh, 110 YACTKY MOXXHA OTOTOXXHUTH 3 JIOKaJIi-
30BaHUM Yy NIPOCTOPI XBUJILOBUM IIaKETOM, YTBOPEHHUM i3 eJleMeHTapHUX pi-
I1eHb [JbOI'0 piBHAHHSA. [l Monepei»KeHHs1 TaKOr'0 XMOGHOI0 TJIyMayeHHs MU
HeramHoO y3araJbHUMO (4.4) Ayg 6araTo4acTKOBUX CUCTEM.

Jlis oTpUMaHHSA KOOPAMHATHOIO MNpeJcTaBjJeHHs cucTeMu N 4YacTOK
Tpeba obpaTu 3a 6a3uC CHibHI BJAaCHI BEKTOpPU ONepaTopiB MOJ0KeHHS
QW, Q@ ...,QM). gk 6yn0 o6roBopeno B § 3.5, 11i BlaCHi BEKTOPH MalOTh BH-
raag pobytky XD, ..., xM) = |xW) ® - @ |xM). Toai BexTop crany |¥)
Oy/le mpeACTaBJeHO Y BUTJISAAI ,XBUIbOBOI" PyHKII] 6araTbox 3MiHHUX:

xD, . xMpy = wx®, | x™), (4.5)

[aMizibTOHIaH cuCcTEMH € CyMOIO KiHETUUHUX Ta MOTEHI[IMHUX eHepTiil okpe-
MHX YaCTOK i CKaJIAPHOro NOTeHIiany MixkuacTkoBoi B3aemozii V(x™D, ..., x(M).
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TakuM YMHOM, piBHSIHHSA pyXy HAOyBa€ BUTJISAAY

N 2 N
-y 2%\75 + 3 WE™) + @, . xO) [w®, ., x™, ) =
n=1

n=1

- ih%‘?(x(l), o x™ 1) (46)

N-dactkoBe piBHIHHS (4.6) pOOUTb HENIPUHUHATHUMU J€SIKi 3 TIYMayeHb,
10 3/]aBasuCsl NpaBAonoAi6HUMU Aas (4.4). Ak6u disuyHe XBUIbOBE T0OJE
OyJ10 MOB’sI3aHe 3 YAaCTKOI0 a60 K YacTKa OTOTOXKHIOBAJIACs 3 XBUJIbOBUM Ha-
KeTOoM, TO y BUllaAKy N 4yacTok MU 6 oTpuMasiu N B3aEMO/iI0YHX XBUJIb Y TPHU-
BUMipHOMY npocTopi. Ase, 3rifHo 3 (4.6), Lle HE TOM BUNAJLO0K — HATOMICThb
MM MA€EMO OJIHY ,XBUJIbOBY" QYHKIIiI0 B abcTpakKTHOMY 3N-BUMipHOMY KOH-
¢irypauiitHoMy npocrtopi. XubHa iHTepnpeTauis ¥V, sk XBuJi B 3BU4aiHOMY
IpPOCTOPi, BUSBUJIACS MOXKJIMBOIO JIM1Ie TOMY, 110 6i/IbIIICTh TUNOBUX 3aCTO-
CyBaHb KBAaHTOBOI MeXaHIKH MalOTh CIIpaBy 3 0JHOYAaCTKOBUMU CTaHaAMHU, JJI
SAKUX KoHirypaniiHuit npocTtip Ta 3BU4aiHUM npocTip isomopdHi.

KopekTHa inTepnpeTanis W nossrae B ii po3rysji, sk craTUCTUUHOI GyH-
KIii, 3 IKOi MO>XKHa 0GYUCIUTU PO3MOAIJAN HMOBIPHOCTI AJis BCiX cnocTepe-
’KHMX BeJIMYMH. 30KpeMa, 3 piBHAHHSA (2.30) BumuBsae, mo |P(x™, ..., xM) |2
€ TUTOMOIO UMOBIpHicTIO B KOH}irypaniiiHoMy npocTopi, mo 4yactka 1 nepe-
6yBae B nosoxenHi x(1), yactka 2 — B nosoxenni x?), .., avactrka N — y
nosnoxenHi x(M.

Heo6xifHicTb CyTO cTaTUCTUYHOI iHTepnpeTalii XBUJIboBoi PpyHKIIIT MO-
>)KHa NPOJEMOHCTPYBAaTH B €KCIEPUMEHTI, CXeMaTU4YHO 300paKeHOMY Ha
Puc. 4.1, y IKOMy 4acTK{ COPSIMOBYIOTbCSl Ha HamiBIpo3opui, HamiBA3ep-
KaJibHUM 6ap’ep. [IpomnyieHi Kpi3b HbOr0 Ta BiIOUTI HUM YaCTKU MOTpPAIis-
10Th Ha JleTekTopu D i D, BianoBigHo. [loTeHnian W (x) 6ap’epa Takui, 1110
BXiJTHUW XBUJIbOBUM NakeT [pimeHHs1 piBHsAHHA (4.4)] moainsgeTbca Ha JBa
OKpeMi XBUJIbOBI TaKeTU — BiAOUTUH i nponyueHuid. (Takuil moTeHnian Jer-
KO cTBOpUTH B ofHOMY BuMipi. JI. lllip y [161], cTop. 106-109, nokazas cepii
3reHEepOBaHUX KOMIT'IOTEPOM 306paKeHb NMOLIMPEHHS ABOX XBUJIbOBUX MTaKe-
TiB.) /lJIs IPOCTOTHU aHaJi3y NPUIYCTUMO, [0 CyMapHi iIHTeHCUBHOCTI 060X
XBUJIbOBUX NAKETIB O HAKOBI.

BBaxxaTumeMo, 110 Ait0 JpKepesa S MOXKHaA ONUCATH, SIK eMiCilo iieHTH-
YHUX HOPMaJi30BAHUX XBUJILOBUX NIAKETIB y BUNIAZIKOBI MOMEHTH 4acy i3 ce-
peHbOI0 WIBU/KICTIO T HA CEKYH/Y, aJjie He 6i/blile, Hixk 0JjHY, 3a IEBHUH Ma-
aui iHTepBan At < 1/r. Toai iMOBipHicTb eMicii nakeTy BIpoJ0BX J0BiJIb-
HOTO Bifjpi3Ky 4acy Takoi TpUBaJIOCTi € p = rAt. BOpoJ0BX KOXHOTO TaKOTr'0
iHTepBaJly KOXeH 3 IBOX JeTEKTOPIB MOKe 3apeeCcTpyBaTH, a MOXe 1 He 3ape-
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(a)

(b)

(c)

Puc. 4.1. OuikyBaHi pe3y/ibTaTU eKCIePUMEHTY 3 BUSBJIEHHS] CUHXPOHHOCTI NOAIH,
BifnmoBigHO fo iHTepnpeTanii (a), (b) i (¢), 06roBopeHUX y TEKCTI.

€CTPYBATH MOTPAIJITHHS XBHUJILOBOTO MaKeTy. Ko o6ujBa geTeKTopH, D
i Dy, cipallbOBYIOTh 3a 1€l 3a 1jeil yac, To Taka CUHXPOHHA MO/is TaKoX pe-
ECTPYETHCA U Ji4iIbHUKOM (1. Tenep MU JOCAIAUMO O4YiKyBaHi pe3yJbTaTu
JlJI TPbOX Pi3HUX iHTepnpeTalii.

(a) BBaxkaTumeMo, 1110 XBUIBOBUM NMaKeT i € YacTKow. OCKi/IbKY Ha 6ap’epi
nakeT AiJUTbCA HaBIHiJ, TO, 3riflHO 3 pillleHHAM piBHAHHA (4.4), o6U-
JIBa JIeTEKTOPH CIPAlbOBYBAaTUMYTh OJJHOYACHO, PEECTPYIOYH JBi mop-
ii poszisneHoro naketa. OTxe, 3aUCH JiYUAbHUKIB D1, D, i C12 6yAyTH
ileHTUYHHUMY, SIK ToKa3aHo Ha rpadiky (a) Puc. 4.1.

(b) BBaxxaTuMeMo XBUJIbOBY QYHKIIIO 3 (4.4) Ppi3UUHUM MOJIeM y 3BUYAN-
HOMY IPOCTOpI, siKe, 0/lHAK, HE MOXHa CIocTepiraTu 6e3mnocepesHbo.
MeH1ile 3 TUM, BOHO IPU3BOAUTH /10 CIOCTEPEKHUX ePEKTIB Uepes CTo-
XaCTUYHWU BIJIUB Ha JaTYUKH, IMOBIpHICTb cCIpalbOBYBaHHS IKUX MIPO-



§4.3. lleperBopenns ['anines aua pisaanua lpoaunrepa 107

nopuiiiHa inTerpanosi Big |W(X,t)|? Mo akTUBHOMY 06'€MY /e€TeKTO-
pa. Ockizibku HMOBIpHICTB eMicii npoTsaroMm iHTepBany At € p = rAt i
OCKiJIbKY OYaTKOBHU XBUJIbOBUH NaKeT JiIMThCS HapiBHO MiX Big6u-
THM | IPONyILLEHUM KOMIIOHEHTAMH, TO UMOBIpHICTb ClpallbOBYBaHHSA
D1 BnpomoB:x Bifpi3ky yacy At fopiBHIOE p/2; i Tak caMo 1ie CipaBeAIn-
BO /Jisl AleTeKkTopa D,. SAKIo JeTeKTopy po3TallloBaHO JOCUTH JaJeKO
OJIMH BiJj 0IHOTO, [06 PO3/IiJIeHi XBHUJILOBI NAaKETH He MepeKPUBAJIHCS,
TO crpanboByBaHHsA D, i D, MaloTh 6YTH He3a/leXXHUMU noaisasmu. Toai
HWMOBIpHICTB, 1[0 BOHU CIIPAIIOI0Th CHHXPOHHO, Oy/ie

2

c= %, (4.7)

sIK MoKa3aHo Ha rpadiky (b) Puc 4.1.

(c) BBaxkaTuMeMo, HapelUITi, 1110 BUNYIlEeHUH JKepesioM S 00’€KT € OKpe-
MOI0 YacTKoIo, a |¥(X, t)|> — nuToMa MOBIpHiCTb TOTO, [0 B MOMEHT
t BoHa epebyBaTHMe B TouLli X. OCKIZIbKY 4acTKa He MOXKe epebyBaTu
B [IBOX MicLSIX Bifjpa3y, cipanboByBaHHA D4 i D, y Tol camMuil yac € B3a-
€MOBHUKJ/JIIOYHUMHU NOAIAMU. TaKUM YMHUM, IMOBIpHICTb CHHXPOHHOTO
CIpallbOBYBaHHs O6y/ie HYJIbOBOIO, IK T0OKa3aHo Ha I'padiky (c) Puc. 4.1.

Xoya 1ei eKCepuMeHT LiJIKOM peajibHUM | Ma€ BeJIMKe 3HaYeHHs JJid iHTep-
npeTanii KBAaHTOBOI MeXaHiKH, HOro HaBpsi/ 4 Oy/le IPOBE/IEHO AJ151 eJ1EKTPO-
HiB a60 iHIIMX MaCHUBHHUX YaCTOK. A IpoTe, aHaNOTYHUMN Aocaif s GOTOHIB
6yJio 3aificHeHo Kiaysepom (1974, [39]), i oTpuMaHuil HUM pe3yJabTaT BU-
SIBUBCSl CYMICHUM JiMllie 3 iHTeprpeTauieo (c).

§4.3. IleperBopenns laniies ana pisusauug llpoaunrepa

Y Posgini 3 My 3acTocyBasii BUMOTY iHBapiaHTHOCTI BiJHOCHO NPOCTOPOBO-
4YacoBUX NlepeTBOPEHb CUMETPIi [1/11 BUBeJleHHA 6a30BUX ollepaTopiB Ta piB-
HAHb KBAaHTOBOI MeXaHiK{, TOMy HeMa KOJHUX IIPUYMUH CYMHIBaTUCH B TOMY,
mo BurJsAg piBHsaHHA Lpogunrepa 6yze iHBapiaHTHUE BiZHOCHO LUX mepe-
TBOpeHb. A NIpoTe, 6y/ile KOPUCHO NIOKa3aTH HOro iHBapiaHTHICTb y IBHOMY
BUIJIAZ] ¥ 3apa30M NPOJIeMOHCTPYBATH HeTPUBiaJbHe NEpeTBOPEHHS, AKOT0
3a3Ha€ XBUJIbOBa QyHKIifl.

Jl1g mpoCTOTU MpaLoBaTUMeEMO JIMLIe B OAHOMY IPOCTOPOBOMY BUMIpi
(BBakarO4H 3a IPOMOBYAHHAM, 1110 pPelliTa BA He 3a3HAI0Th KOJHUX IepeTBO-
peHb). PosryissHeMo /iBi cucTeMu Bigiky — F i3 KoopauHaTtaMu x i t, Ta F’ i3
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KoopauHaTaMmu x' i t’. F' piBHOMIpHO pyxa€Thcs 3i LIBUAKICTIO ¥ BiHOCHO F,
a OTXe,
x=x"+vt', t=t. (4.8)

loTenuiitna enepris, W(x,t) y cucremi F i W/ (x/,t") y cucremi F', € ckansip-
HOW QYHKII€EI0 KOOPAWHAT, a TOMY, SIK 0yJI0 BKa3aHo B § 3.2, Ma€ nepeTBOpIO-
BaTHUCS 33 TPAaBUJIOM

W'(x',t") = W(x,t). (4.9)

Y cucremi F’ piBusHus lllpoguHrepa Mae BUTJIsI

zh— +W(x)‘P’(x th =ih

at ,‘P ', th, (4.10)
ne W' (x',t") — xBusboBa oyHKuis B F'. Y cucremi F xBuboBa GyHKIis Gye
Y(x,t), 1 piBHAHHSA, IKOMY BOHA 3a/J0BOJIbHAE, Ma€ OYTH BU3Ha4YeHe MiJCTa-
HOBKO10 (4.8) 1 (4.9) y (4.10). fk1110 BOHO MaTUMe TaKUI CaMUN BUTJISAA, TiAb-
KM 6e3 LITPUXIB IPpaBOPYY YCiX 3MIHHHUX, TO TAKUM YUHOM MU IPOAEMOHCTPY-
€Mo iHBapiaHTHicTb piBHAHHsA [poauHrepa BifHOCHO nepeTBopeHb [aies.
OckKisibkM AKO6iaH mepeTBoOpeHHs [asisies fopiBHIOE oguHMLI (TO6TO,
MaciTab He 3MiHIOETbCS), 3HAUEHHSI MTUTOMOI UMOBIpHOCTI B KOXKHIM TOYITi
IPOCTOPY-4acy HOBUHHO 3aJMLIATHCH OJJHAKOBUM B 000X CHCTeMax BiJJIiKy:

W (x 0)|? = [¥'(x, )%, (4.11)

a 0TXKe, Ma€ Oy TH
Y(x,t) = edW (', t), (4.12)

Je [ — pificHa yHKLis koopauHaT. [JudepeHLiiiHi onepaTopH nepeTBOpIO-

I0ThCH, 9K
d _ 0 g _ 9, 0d
ax’ ~ ox’ ot~ ot tVox (4.13)

ToMy mifcTaHoBKa (4.9) i (4.12) y (4.10) gae

2 g2y
S T h[ﬁg = v] or,
2m 9x? Ox ax
) (4.14)
2m 9x? Ox ax at at’
[le piBHAHHA MOXKHA 3BECTH 0
hZ 9%y .. 0
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JIMIle 32 YMOBHM iCHYBaHHS Takoi AikcHoi dyHKuil f(x, t), o Bci 3aiBi oAaH-
KU B (4.14) B3aEMHO CKOPOYYIOThCsA. TAaKUM YMHOM, MalOTh 33/]0BOJILHATHCS
TPHU YMOBH:

hof . _
max U= 0, (4.16a)
0% f
—= =0, 4.16b
922 ( )
h[f1?_ of _of _
ﬁ[ﬁ] va 3 = 0. (4.16¢)

[lepiiniM ABOM yMoBaM 3aZi0BoyibHsAE f = mvx/h + g(t), ne g(t) — pmo-
BinbHA dyHKIisA. Toai TpeTs ymoBa Jja€e

mvx — imv?t
footy =" 2 (4.17)

3a BUHSITKOM HEiCTOTHOr0 He3MiHHOTO J0/laHKa. Te, 1m0 o/jHa QyHKIIis 3MO-
rJ1a 33J0BOJIbHUTHU BCiM TPbOM yMOBaM (4.16), BUSBUIOCS MOXK/JIMBUM JIKLIE
3aBJiAKM iHBapiaHTHOCTI piBHAHHA lllpoguHrepa BiJHOCHO nepeTBopeHb [a-
sises. [y nudepeHLiiHOro piBHSAHHS 3arajibHIIIOr0 BUTJIAAY 1ie HE KOHYe
6yJ10 6 MOXKJIUBO.

JleBi-Jle6siony y crarTi [117] BKasas, 110 LeH pe3y/bTaT po3B’3y€E OJUH
HeBeJIMKWH MapaJoKc. Ko MoTeHilHa eHepris TOTOKHO HYJIbOBA, pilleH-
HeaM (4.10) €

W (x, ) = elllx'-ot), (4.18)

Ile € y3arasbHeHa BjacHa QYHKILiA K onepaTopa iMIy/abCy, TaK i oneparo-
pa eHeprii, 3 B/JacHUMH 3HadeHHAMH P = hik i E = hw = h%2k?/2m. Tenep
piBHAHHA (4.18) Ma€ BUTJIS] XBUJI 3 OBXHUHOIO A = 2T/k, i TAKMM YUHOM
MU OTpUMaJu cuiBBigHoWweHHs JIyi fe Bpoitis Mixk iMIy/1IbCOM Ta JOBKHUHOIO
XBUJII:

_2n
p=5L (4.19)

[Ipu nepexo/i Mi>k B3aEMHO pyXOMUMHU cucTeMaMu F i F/ joBKkruHa 3BUYalHOI
XBWJII 3aJIMIIAETLCSA HE3MIHHOI, Y YOMY MO>KHA [TIepeKOHATHUCS, PO3IJIAHYBIIH
ixHi ammaiTyau B F i F':

a(x,t) = d' (x,t") = d'(x — vt,t). (4.20)

[IpoTe iMmny/ibc 3a3Ha€ nepeTBOpeHHA P - P+mv, i TaKUM YMHOM MOKe CKJIa-
CTHCS BpaKeHHs, Hibu ¢opmyna fe Bpoitisa (4.19) HecyMicHa 3 iHBapiaHTHi-
crio lanises.
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Lel napaJokc po3B’A3y€ThCA HA MiACTaBi TOrO, 110 WPOAUHIEPOBA XBU-
JIb0Ba QYHKIIiS HE € aMILJIITYA0I0 KJIACUYHOI XBUJIi, TOMY Ha Hel He MOUIUpPIO-
I0ThCS 3BUYHI BJIaCTUBOCTI XBUJIbOBOI'0 PyXy. 30KpeMa, BOHA 3a/J0BOJIbHAE He
(4.20), a (4.12). Konu 3acTocyBaTH ocTaHHil Bupa3s a0 (4.18), To Buiije

Y(x,t) = eSEOY (x —pt,t) =

. . 2
i i (hk +mv)
=exp|+x(hk+mv)x — s+ ~——F5——1t
PI7( )X E om '
1[0 L{IJIKOBUTO Y3TOJKYETbCA 3 IePEeTBOPEHHAM IMIYJIbCYy NPU I'ajlileEBUUX
oycrax: ik = hk+mv. OTxe, IMIyJIbC YaCTKY 3a3HAE JIOCTOTY TAKUX 3MiH, AKi
1 ouikyBasnca. JloxxrHa xBuJi y W nepeTBOPIOETHCSA 3 JOTPUMAHHSAM CIIiB-
BigHOEeHHS (4.19) came Tomy, 1[0 W He € XBUJIE10 B 3BUYAHOMY KJIaCUYHOMY

pO3yMiHHi.

§4.4. Ctpym imoBipHOCTI

JlJ1s1 0HOYACTKOBOTO CTaHy MMOBIpHICTB TOrO, 1110 YacTKa nepebyBa€ Bcepe-
AUHI finaHKK npoctopy Q nopisHioe [ [P(X, t)|?d3x. lIBuAKicTb 3MiHM i€
HMOBiIpHOCTI MOXKHA 0O6UYMCIUTH Yyepe3 MBUAKICTb 3MiH W 3 piBHsAHHA [lpo-
JuHrepa (4.4):

jw ‘Pd3x—j<‘}’*w+‘}’aq’*>d x =

=}

% ( [ V2 — W(x)] Yy w[%vz — W(x)] lp*) d’x =

Q
_ ih

zf (V*V2Y — 9v2y*) g3x =
Q

N (PN
—szdlv(‘{’ V¥ —Yv¥") d x.

OckinbkH () € I0BiIJIbHOMO, TO 3BiZICU BUIIJIMBAE JIOKAaJIbHE PIBHSAHHS
%pp(x, £)|? + divJ(x,t) = 0, (4.21)
ae

I(x,t) = —%(w*vw — Py =
(4.222)

h .
L Im(¥VY)
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— BEKTOp cmpymy timogipHocmi.
Mu moxkeMo 3anucatu W (X, t) yepes ailicHi ammiityny ta ¢asy: ¥(x,t) =
A(x,t) exp[iS(x,t)/h]. 1 Toni oTpuMaEMoO iHIIMH KOPHUCHUN BUPaA3 JJISl CTPYMY:

2
I(x,6) = Amﬂ. (4.22b)

3acTocyBaBiuu TeopeMy [ayca, sika N0B’si3y€e iHTerpas mno o6’eMy Bif qu-
BepreHIii BeKTopa 3 Moro iHTerpaJjioM 1o IJolli NoBepxHi, MAEMO

o f [P(x, ) d’x = — f# J(x,t) - ds, (4.23)
Q Q

Je 00 — mronia rpaHuili AiigsHky Q. [IIBUAKICTh 3MeHIIeHHS UMOBIpHOCTI 11
JaCTKU nepebyBaTH BcepeuHi AinsAHKY () OPIBHIOE BUTOKY HMOBipHOCTI ye-
pe3 noBepxHio d{).

BekTop cTpyMy MMOBipHOCTI MOXXHa 3amucaTd B 3py4yHid dopmi yepes
onepatop mBuakocti V= P/m = (—ih/m)V:

J(x,t) = Re[P*(x, t) V¥ (%, 1)]. (4.24)

SIkmo yHKUis cTaHy HOpMaJli30BaHa HAa OAUHHIIO, [ |W|%d3x = (P|¥) = 1,
To iHTerpas Big J (X, t) mo BcboMy KoHirypaniiHoMy npocTopy Ja€ cepeHI0
MIBU/IKICTh CTaHY:

f.](x, t) d3x = (P|V|W).

Ockinbku (4.4) He BKJIIOYA€E BEKTOPHOT0 MOTEHI[iany, TO BUpas (4.22) ais
CTPyMy UMOBIpPHOCTI cipaBeAJIUBUH JIMIlle 32 BiJICyTHOCTI MarHiTHOIO moJis.
A npore, B Po3zini 11 mu no6ayumo, 1o (4.23) 3a1MuIaeTbcsl YUHHUM i B Ma-
IHITHOMY ITOJII.

Mpuxnaz (i). Posraanemo pyukuiro crany ¥ = Ce’¥*, axa € BiacHOo0 GyHKIIi-
€10 onepaTopa iMnyJbcy (4.3). Bektop cTpymy imosipHocTi, J = |C|*hk/m,
JOpiBHIOE TUTOMIH iMOBipHOCTI | C|%, MOMHOXeHii Ha MBUAKiCTh. TYT mpocTe-
’KYETBCS MpsIMA apasioris 3 ripoJnHaMiko1o, B IKil MOTIiK piiMHU JIOPiBHIOE
il rycTUHI, TOMHOeHil Ha WBUAKICTh. [I[poTe Taka iHTepnpeTalis roquThbCs
JIMILIEe JIJI1 KBAHTOBOMEXaHIYHOr0 CTaHy 3 O HiI€I0 BU3HAYEHO0 IIBU/KICTIO.

Ipuknaag (ii). PosrisineMo cynepno3unito cTaHiB

Y = Cleikl'x + Czeikz'x.
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BianoBigHUI BeKTOp CTPyMy HMOBIpHOCTI €
J= %[|C1|2k1 +1C21°kz + (kg + ko) +
x {Re(C1C3) cos[(k1 — Kz) - X] — Im(C1C3) sin[(ky — K2) - x]}].

Y 3araJbHOMYy BUIAJKy CTPYM He aAUTHUBHUH 3a JOJAHKAaMH Cyneprno3unii
CTaHiB, xo4ya € BUHATOK npu K; = —K,.

§4.5. YMoBM A1 XBUIbOBUX QYHKILiM

PiBHsAHHSA HenepepBHOCTi (4.21) i (4.23) BUMararoTh, 11106 MOTiK CTpyMy MMoO-
BipHOCTI Kpi3b 6yb-sIKy HOBEPXHIO OYB HellepepBHUM, 60 iHaKIlIe TOBEPXHS
MicTHJIa 6 BUTOKHM ab60 CTOKHU. | X04a 1151 yMOBa CTOCYEThCS Oy b-sKO0I TOBEPX-
Hi, BUMaraw4u HenepepBHOCTi J (X, t) B K0HiH To4li MpocTOpy, HA MPaAKTHUL
BOHA Ilepe/i0BCiM BaXk/IMBa JJ151 IOBEPXOHbD, 10 PO3AiIAITh 06JacTi, Ae mo-
TeHIliaJl Ma€ pi3Hy aHAJTITUYHY POpMYy.

Po3rasiHeMo o6Mex<eHHs, fIKi Hak/aaZae Ha ¥ yMoBa HemepepBHOCTI J.
XBusiboBa ¢yHkuigs ¥ = exp(ik - X) nop’si3aHa 3 BeKTOpoM CcTpyMy J =
|C|?k/m. Moxe 3aaTucs, 10 HemepepBHicTb J f03Bossie po3puBu B C i k 3a
yMoBH, o |C|?K 3a1MIaTHMeThCs He3MiHHUM. 3araibHillle, HellepepBHiCTb
(4.22a), 3paBasiocs 6, onycKae koMneHcoBaHy po3puBHicTb y W i VW. [IpoTe
po3puB ¥ Ha BeTMYMHY A B TOYIi X = X /la€ CUHT'YJISIpPHUM BHECOK A§(X — X()
y VW, IKMH )KOAHUM YHHOM He MO>KHA KOMIIEHCYBAaTH, a CX0Ka PO3PUBHICTDb ¥
VW 3anumae W HenepepBHOIO, TOMY /J11 KOMIIEHCAllil TaKOi pO3PUBHOCTI He-
06xinHe BuUkoHaHHs yMOBU W(Xp) = 0. A 3a BUHATKOM LbOT'0 OKPEMOI'0 BU-
NajKy, HaMm, sl 36epexkeHHs HenepepBHOCTI J(X, t), I0BOAUTHCS BUMaraTu,
mo6 i W, i V¥ 6ysin HenepepBHUMHU.

3rajiaHuii BUHSATOK Ma€ Miclle, KOJIU B eBHi# 06.J1acTi moTeH1iana W(x) Ha-
OyBa€ HeCKiHUEHHOTrO 3Ha4YeHHs, i ToAi 1 06/1aCTh CTA€ HEJOCTYIIHOIO JJIs
YJacTKU. [l IpOCTOTH PO3IJVIIHEMO MPHUKJIAJ, TAKOTO MOTEHLiaNy B OZHOMY
BuMipi: W(x) = 0 s x| < 1i W(x) = +oo a4 |x| = 1. Y HefocTynHil
o6uacti [x| = 1 xBunboBa ¢yHkisa W(x) = 0, Tomy pimeHHs piBHsaHHA Lpo-
JIUHT'epa B JOCTYMHIiM obsacTi x < 1 Mae aBaTu NOTPiGHUN pe3yabTaT Ha
rpaHuLi 3 HeAoCTyMHOW o6JacTio. OcKibKY e audepeHLiiHe piBHAHHS B
IPOCTOPOBUX NOXiJHUX APYroro NopsiKy, To MOXXHa HaKJAaCTH [Bi rpaHUYHi
YMOBHY, s1Ki 3a3Buuail o6upawTbcs ¥ = 0 npu x = +1. [I[poTe HEMOXKIUBO
TaK caMO HaKJ/JaCTH YMOBY Hy/J1bOBOro 3HaueHHA 0¥ /0x npux = +1 — serko
IepeKOHaTHUCH, L0 3a TaKoi yMOBY piHAHHA llIpoayHI'epa He MaTHUMe pillleHb.

[J}o cuTyaliio MOXHa Kpallle 3p03yMiTH, pOr/siAaodd HeCKiHUeHHUH 1o-
TeHLiaJ, IK FPaHUYHY MeXy cKiHyeHHoro: W(x) = 0 g4 [x] < 1iW(x) =
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We pas [x| = 1. 3B’A3aHMMM cTaHaMHM 3a TAKOro NOTeHIialy 6yAyTh CcTa-
LioHapHi pimieHHs piBHAHHA [lpojuHrepa, WO 33aL40BOJBHATUMYTb YMOBI
(—h?/2m)0*W/ox? + W(x)¥ = EW aasa E > 0. lle piBHsAHHA iHBapiaHTHe
BiZIHOCHO IepecTaHOBKU X < —X, TOMY B pasi, akio ¥ (x) € ioro pinieHHAM,
To K W(—x) Takox Gy/ie Horo pillleHHsIM 3 TAKUM caMUM 3Ha4yeHHsM E. Lle cTo-
CyeTbcsA U 6yAb-AKUX KoMOiHanil Buraagy a¥(x) + bW (—x), oTxe, BCi JiHIN-
HO He3aJIeXHi pillleHHs] MOXKHA 3HAWTH, pO3IJIsJal0yuH JIUILE apHi Ta HemapHi
byHKIl

151 1poCTOTH 06MEKUMOCS CUMETPUYHUMU QyHKIisIMU. s | x| < 1 nmap-
He pimeHHsa Mae Burasag W(x) = A cos(kx), ne k = vV2mE /h,a jnd |x| = 1 Ta-
ke pimenns 6yge W(x) = Be ¥, ne a = \/2m(V — E)/h. YMoBa Henepeps-
HocTi W(x) npu x = +1 gae A/B = e~%/ cos k; aymoBa HenepepBHocTi 0¥ /0x
npu x = +1 Bumarae Aksink = Bae™%, w0, 3 ypaxyBaHHSIM MONEpPeLHbOI
YMOBHY, CIIPOIIYEThCA 0 k tan k = a. PilleHHA 0CTaHHBOTO PiBHAHHSA AA€ IPU-
nycTUMi 3HaYeHHS k, a 0TKe, IPUIYCTUMI 3Ha4eHHs eHeprii 3B’13aHOro cTany
E.Ha Puc. 4.2 nokasaHo HalHWXYi piBHI eHepril /1 KilbKoX 3HaYeHb Vo, SIKI
06paHo TakK, 11106 k Habmxkanocs A0 T/2 Yyepe3 HU3KY 0JJHAKOBUX IPUPOCTIB
Ha 1/40. O4eBUAHO, 10 B MexXi Vo — 00y dyHKkLii W(x) 3’ABAsSETHCS Hepery-
JIIpHICTb NpU x = 1; caMa BOHa 3aJIMIIAEThCS HellepepPBHOIO, aJjie ii noxiJHa
3a3Ha€ po3puBy. OjHaK Hy/1IbOBOro 3Ha4YeHHA W(x) Ha HeCKiIHUeHHOMY NTOTEeH-
[iltHOMy 6ap’epi BUSBJSIETbCS AOCTATHLO, {06 3a6€3MeYUTH HENlePEPBHICTh
(3a3apa3oM i Hys1bOBe 3HaYeHHs) J B 1iii Touwi. OTXKe, i B rpaHUYHOMY BUIIAJ-
KY JOTPUMYETHCA Gi3UUHUUN NPUHLUIT HETIEPEPBHOCTI CTPyMy UMOBiIpHOCTI.

Jlani po3srysiHeMo INeBe/liHKY IMeBHOI KBaHTOBOI CUCTeMU B CUHTYASPHIl
mouyi, IKy AJi1s1 3py4HOCTi IOCTAaBUMO B IOYaTOK KoopAuHaT. Hexail S — Masa
cdepa pasycy 7, 110 OTOYYE L[}0 CHHI'YIAPHICTh. IMOBIpHICTB, 1110 YacTKa nepe-
OyBa€e B Mexax S, Ma€ OyTH CKiHUeHHO10. BBaxkatumemo, mo ¥ = u/r%, neu —
riaajKa QyHKIis, 1o He fopiBHIOE Hyat0 Tpu r = 0. OTXe, MOoTpi6bHO, 11106 iHTe-
rpan [ |W|?d3x 6yB 36i>kHUM y IOYAaTKy KOOP/MHAT, 3Bi[KH BUIIMBAE BUMOTa
a<3/2.

Butik cTpymy yepes mosepxHio S € F = ¢f,.J - ds. Bin mae oGepTaTu-
cd Ha HyJIb y Mexi r — 0, 60 B iHIIOMY pa3i N0YaTOK KOOPAUHAT CTaHe To-
YKOK CTOKY abo BUTOKY UMoBipHocTi. Jaui, akmo ¥ = u/r%, to d¥/or =
r~%9u/0r — aur~%"1. ipyruii gosaHok npu migcraHoBni B (4.22) ckopouye-

ThCH, TOMY
_ 2—2af —ih «Ju __Ju
F=r (2m>#(u ar u6r>dﬂ'

as

Jle IHTeI'PyBaHHA NIPOBOJUTHCA 3a TiJIECHUM KyTOM. fIKIo MiJjiHTerpaJbHUN
BUpa3 He MparHe A0 HyJs y MaJild OKOJIMLi TOYKU CUHIYJIAPHOCTI, TO JJs
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1 —
W(x)
0 =
0 1 X 2

7/
"

f

0,9 1,0 1.1

Puc. 4.2. 38’a3aHi cTanu XxBU/1b0BOI QyHKLII B moTeHIiHHIN amMi W (x) = 0 s | x| < 1
iW(x) = We and |x| 2 1,31 36i1b11eHUM 306 pakeHHAM (Apyrui rpadik) B OKOTULSX
Touku X = 1. Kpusi (3ropu Jjo HU3y) BifnoBizaoTh 3HaueHHAM W (x) =9,48; 16,54;
32,7;81,7; 361,7; co. (Oguuuni BuMipy: h = 2m = 1.)

o06epHeHHA F Ha HyJib ipu r = 0 noTpi6HO, 06 a < 1. lle :kopcTkima ymoBa,
HIX Ta, IKYy MU OTPHUMaJIH 3 aHaJli3y nuToMoi iMoBipHocTi. Ta sikiwo u(r) € fin-
cHowo QYHKIIi€0, 260 iHTerpas 06epTAETHCS HA HYJIb 3 SIKOICh iHIIIOT MPUYMHH,
TO HaBeJeHi MipKyBaHHS BXKe He J03BOJIIOTh JAiNTU TAKOTO BUCHOBKY.

OckinbKH |‘{J|2 € MUTOMOI0 MMOBIpHICTIO, BOHA MOBUHHA JOCUTb IIBU/I-
KO MparHyTH [0 HYJSl Ha HECKIHYeHHOCTi, 1[06 iHTerpas Mo BCbOMY KOH-
¢irypaunifiHoMmy npoctopy 36iraBcs i JopiBHIOBaB ofuHuULi. Bumora, 1mo6
) |¥|?d3x = (Y|¥) = 1 exBiBaseHTHa ToMy, 1[0 ¥ Mae HajeXaTH J0 TiJb-
6epTOBOr0 NPOCTOPY KBaAPATUYHO iHTEI'POBAHUX QPYHKLIIH.

O6roBopeHi HaMU YMOBHU CTOCYIOThCA XBUJIbOBUX QPYHKIIH, 1110 IpeACTaB-
JISIIOTh (hi3u4HO 30ilicCHeHHI CTaHU, aJle BOHU He 060B’sI3KOBI /151 BJJaCHUX QYH-
KI[iil onepaTopiB cnocTepeXHUx BeaudyuH. Taki BiaacHi ¢yHkuil, x(x), Biai-
rpawThb poJib GiNbTp-QYHKIIN B 06UMCIEHHAX iMOBipHOCTEH [AUB. 06roBO-
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penHs micaa (2.30)], i Ha HUX HaKJ/IaZeHO JIMIle YMOBY HaJIeXKHOCTI 10 po3-
IIKMPEHOro npocTopy QX y TPUILIETI OCHALIEHOIO iJIb6EPTOBOro MPOCTOPY
(Q ¢ H c QX). dk 6ys0 mokasaHo B § 1.4, pyHkuisa x(X) HaIeKUThb 10 0%,
Axmwo (x|¢) = [ x* (%) d(x) d3x € 1isKOM BU3HaYeHUM 214 Bcix ¢ (X) i3 azep-
Horo npoctopy Q. Ockinbku |(x|¥)|? iHTepnpeTyeThcs, Ak iMOBipHicTb (2.28)
abo nmuToMa iMoBipHicTb (2.30), To I BOHa Ma€ 6yTH 1[iIKOM BU3HAYEHOIO, i
1[e MOXKe HaBeCTH Ha AYMKY, 0 ¢pi3uyHo 3ailicHeHHi cTaHu W MOBUHHI 06Me-
»KyBaTUCS He IPOCTO TijibbepTOBUM npocTopoM H, a sepHUM NPOCTOpPOM ().
HacnpaBai Taka BumMora HaaTo cyBopa. s dyHkuii ¢pisuyHoro crany W(x)
He MOTPi6HO, 106 (x|¥) 6ysa LiIKOM BU3HAYEHOO A/ BCixX X i3 O, a e
JlIs1 BJacHUX QYHKIIN caMocnpsikeHUX onepaTopiB. Taki ByaacHi ¢yHKIii, Sk
yKe 6yJI0 TOKa3aHo Ha ovyaTkKy § 4.1 /i/ig onepaTopa M0J10’KeHHS, MaloTh Biji-
HOCHO peryJisipHHUM XapaKTep, OCKIJIbKM y3arajbHeHa CleKTpaJibHa TeopeMa
BUMarae, 11106 BOHM YTBOPIOBaJIU NOBHUM Habip, yepe3 KUl MOXKHA pO3KJia-
CTH O6yJb-KHUUM BEKTOD 3 riibbepToBoro npocropy. Hanpuknag, sikio {|x)} €
HabopOM BJIAaCHUX BEKTOpiB onepartopa X, AsKUH NpPeACTaBJSIE CIOCTEPEKHY
BeJIMYUHY X, TO

¥y = f BOOIW) d,

Jle inTerpyBaHHs (260 cyMa) NPOBOJUTHCS M0 BCbOMY CIIEKTPY BJIACHUX 3Ha-
4JeHb Y. TAaKUM YHHOM,

f XIW)[2dx = ($|W) < oo

Jia Bcix |W), mo HaznexaTpb 0 06J1acTi BUSHa4YeHHs onepaTopa X. A oTxe,
XYy =[x x)¥YX) d>X € 11iIKOM BU3HaYeHo PpyHKIiek A Beix W(X), AKi
HaJiexkaTb A0 00J1acTi BuU3HaueHHs X. [H1a piy, mwo aaa ¢yHkuioHana (x| He
0060B’sI3KOBO BUKOHYEThCS TeopeMa Pica (§1.1), 60 BiH Moxke 6yTH HeobMme-
JCeHUM — TOOTO TaKUM, [0 Ma€ HeCKIHYeHHY HOPMY, abo0, 1110 eKBiBaJIEHTHO,
36ixkHicTb neBHOI nocaigoBHOCTI {|Wy)} 1e He rapaHTye 36i>kHOCTI moCAiA0B-
HocTi {(X|Wn)}-

§4.6. Buaachi pyHKI1ii onepaTopa eHeprii BiJIbHMX 4YaCTOK

O6uucaeHHs BJAacCHUX QYHKIN BiJIbHONO 0JHOYACTKOBOTO TraMijJibTOHiaHa
CIYXKUTh IPOCTOI0, ajie SICKPaBOI iMrocTpamniero ¢opmasiaMy OCHAIIEHOTO
rinb6epToBOrOo NpocTopy. PiBHSAAHHSA Ha BJIaCHi 3HaYeHHS J1J151 BiJIbHOI YacTKH,
H|¥) = E|¥), B KOOpINHATHOMY pe/ICTaBJEeHHI Ma€ BUTJISAJ

hZ

—%VZLP(X) = E¥(x). (4.25)
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Horo pimeHHs no6pe BigoMi. Po3ainvBuiu 3MiHHI B AeKapTOBUX KOOPAWHA-
Tax, MU OTPUMYEMO TaKUH Habip pimeHb:

Wi (x) = ek*, (4.26)

Po3zinenHs 3MiHHUX ¥ chepUYHUX MOJSIPHUX KOOPAUHTAX A€ iHIUHM Habip
pilieHb (JIiHIKHO 3aJIeXKHUX Bif monepeaHix):

Piem = Jjo(kr) Y5'(8, @), (4.27)
ne j,(kr) — chepuuni pynkuii becens, a Y} (6, ¢) — chepryHi rapMOHIKH, 3
£=0,1,3,..,im=—¢—¢£+1,..,¢. Bnacui 3HaueHHs eHepril €
_ hk?
E = 5y (4.28)

[Ipo6sieMa noJisira€ B TOMY, 1110 3 NOTJ/ISly MaTeMaTHKHU Lii pillleHHs crpa-
BeJIJIUBI [/ 8CIX KOMN/IEKCHUX 3HAYeHb k, a 0TXe, 1 1151 8CiX KOMN/IEKCHUX 3HA-
yeHb E. (PilieHHs /151 HeLi/IMX Ta KOMILJIEKCHUX 3HaueHb ¥ i m Y NOJIsIpHUX KO-
OpJAMHATaX TAKOX MalOTh Miclle, ajle IX BUK/II04Ya€E 3 Gi3UYHOI0 PO3IJIAAY TeO-
pisg MoMeHTY iMnysibcy B Po3zini 6.) KpiMm Toro, HeMo>J1iiBo BUGpPATH MPUNHSA-
THi pillleHHS], BUXOASYH 3 KPUTEPil0 HOPMYBaHHS [ |W|?d3x = 1, 60 inTerpan
po36ixkHUMU B ycix BUnagkax. OueBU/IHO, 110 KO He pellleHHsI 3 [[bOI'0 Ha/[[10B-
HOT'0 Ha6OPY HEe HAJIEXKHUTh [0 TriJIb6epTOBOr0 IPOCTOPY.

Tenep po3risHeMo 110 33ja4y B MeKaX OCHALLeHOro riJibbepToBOro Mnpo-
cropy (@ ¢ H < Q). dnepuwmii npoctip Q Mictuth Taki GyHKLil ¢ (X), AKi
3a/10BOJIbHSIIOTh HECKIHUEHHOMY HaGopy yMOB [ |[bX)|?(1 + |x|*)"d3x < oo
Jast Beixn = 1,2, ... Tinp6eptiB npocTip H ck/ajaeTbCsl 3 IUPLIOTO KJIACY
bYHKIIN, 14 IKUX Llel iHTerpas Mae 6yTH 36ixxHUM Jiniie npyu n = 0. Po3uiu-
peHuii npoctip Q*MicTuTh Taki dyHkuii x(x), mo [ x*(X) d(x) d>x € 36ixHUM
JUis Bcix ¢ i3 (). 3po3ymiio, o () ckIaZaeThcs 3 QYHKIIIH, IKi Ha HECKIHUEHHO-
CTi MParHyTh J10 HyJIs WIBH/LIE 33 OyAb-sIKUN BiJ EMHUH CTeNiHb |X|, ToAl K
QO cknagaeTbea 3 pYyHKILIH, 10 MOKYTh 6YTH HEOOMEXKeHUMH Ha HeCKiHYEeH-
HOCTI], ajie 3pOCTaloTh He MBU/LIIE, HiXK IKUI-HEOYAb AOAATHIN CcTeNiHb [X|.

PimenHns (4.26) i (4.27) 3 piicHUMU 3HadyeHHsAMH npapameTtpa K 3azo-
BOJIbHSIIOTh OCTaHHIM yMoBi (MaJio TOro, BOHU B3araJji o6MeeHi Ha HeCKiH-
geHHOCTI — |Wk| < 11 [Wkem| < 1), Tomy Hanexartb go Q*. Ta sikmo k
Ma€ yABHUI KOMIOHeHT, To e~ M X 3pocTaTuMe B sKOMYyCh i3 HanpsAMKIB X
IIBUALLE 32 Oy b-KUH ClleNiHb. AHAJIOT'IYHO, AIKILO Kk He € AIMcHUM, TO j,(kr)
eKCIIOHEeHLilHO po36iraTuMeTbcs Npu r — oo, Taki pyHKIII He HaJiexKaTb 10
Q%, oTXKe, MOIOTDb GYTH BUK/IIOYEHUMH 3 PO3IJIsALy. TAKMM YUHOM, MU BU3Ha-
yuJIy, o K Mae 6yTH fificHUMM, a TOMy eHepris BiJibHOI yacTkH (3.28) He MoXe
HabyBaTH Bi/l' EMHUX 3HAYEHb.
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HacamkiHellb BU3HAYUMO HOPMYBaHHsA JJis1 BjaacHUX GyHKLIiN Wi (X) =
Ae®*, Ockinbku 106yToK (Wi | Wk ) HeCKiHUeHHUH, TO MM 06YHCUMO HOPMO-
BOYHUU MHOXXHHUK A 3 BUpa3y [Jis po3KJaAeHHs JoBijbHOTO |W)3 06J1acTi BU-
3HAaYeHHS raMiIbTOHIaHa 3a KOT0 BJIACHUMU BEKTOPAMU:

W) = f (P W)k
Y KOOpMHATHOMY Npe/ICTaBJIeHHI Le 6y/e
Y(x) = |A|? f e—“”‘( f eik'yW(y)d3y) d’k.

[HTerpas y AyXKax € JOCTOTy nepeTBopeHHAM ®yp’e dynkuii ¥(y) - P(Kk),
a HacTynHUH iHTerpas | e‘ik"“/}\’(k) d3k — 3BopoTHe nepeTBopeHHs Pyp’e. 3
KypcCy aHasIi3y HaM BifjoMo, 1110 Koedil[iEHT TaKOro nepeTBOPEHHS € (211)_1/2
JIJ1s1 KOXKHOI OKpeMoi 3MiHHOI iHTerpyBaHHs, TOMy A = (2n)_3/2. OTxe, B pe-
3yJIbTaTi MAEMO HOPMYBaHUM BUPa3 /151 BJJACHUX BEKTOPIB BiJIbHOTO raMijib-
TOHiaHa B KOOPJMHATHOMY Npe/iCTaBJIeHHI:

Wi (x) = (2m) " V2etkX, (4.26b)

§4.7. TyHe/bHMI epeKT

OpHiero 3 HalpaswUilluX JeMOHCTpalil BifMiHHOCTI KBAaHTOBOI MexaHiKU
Bi/l KJIAaCU4YHOI € SIBUIIe TyHEJI0BAaHHS YaCTKH Yyepe3 00J1aCTh, /ie MOTeHI[inHa
eHepris nepeBUILYE 3arajbHy €HEPrilo 4YacTKU. 3TiHO 3 KJIaCUYHOIO MeXaHi-
K010, 11e 6yJ10 6 HEMOXJIUBO.

Mu po3rjisHEMO HAaWNPOCTIIIUKA NPUKJIaJ TYHEJbHOIr0 NMepexoy depe3
OZJHOBUMIpHHUU NOTEeHIiHHUN 6ap’ep NpsAMOKyTHOI GopMu:

0, x<0;
W) ={Vo, 0<x<a (4.29)
0, a<ux

3a HasiBHOCTI MoTeHIjia/ly piBHSIHHS Ha BJIACHI 3HaYeHHs eHeprii HAbyBa€ BU-
TRy

h? d*¥ _

I do? + W) WP(x) = E¥(x). (4.30)
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PoaragHemo sume Bunagok 0 < E < Vy, A1 AKOro KjaacudHa MexXaHika
3a60pOHsIE€ nepexij yepes noTeHIinHUM 6ap’ep. PieHHaM piBHsAHHS (4.30) €

Ar1e** + Bie X x < 0; @
W(x) =< CeP* + DeBx, 0<x<a (b) (4.31)
Azet®* + Bye7X g < x. ©)

Tyt k =v2mE/h,aB = /2m(Vo — E)/h. Crpy™ imoBipHOCTI (4.22) 1ji€i xBU-
Jb0BOI QYHKIii He 06epTAETHCSA HA HYJIb Y HECKIHYEHHOCTI, TOMY MU MYCH-
MO YSIBUTH, 1110 iCHYIOTb BiJila/ieHi BUTOKHU Ta CTOKH, BifcyTHi B (4.30), i mo
1ie piBHSIHHSI HaclpaB/i ONKUCY€E PO3MIOBCIO/PKeHHS YaCTKU B IIeBHIiN 00MexeHi
o6J1acTi MpocTOpy Mi>k HUMHU.

Ha Tpu napu HeBifoMux KoedilieHTIB Hak/JIaJa€ETbCsl OOMeXKeHHS ABOMa
napaMmu piBHSIHb, 1110 BUMararTb HerepepBHOCTI W i d¥W/dx y Toukax x = 0 i
x = a. Ix 3pyyHime 3anuMcatu y MmaTpuuHii ¢popmi. Jlasa x = 0 maemo

e —al(51)=[s —5l(5)

eBa e—Ba C eika e—ika Ay
Bebe —Be Ba|\D) ™ |ikek* —ike~*a|\B,)"

JJ1s CTUC/IOCTI 3anUIeMo 1ji piBHAHHS, K

[M1]</Bli> = [M2]<g>, (4.32)

[M3]<g> - [M4]<';2>- (433)

XapaKTepHUCTHUKHU BiIGUTTSA Ta NPONYCKAaHHSA NOTeHLiHHOro 6ap’epy MiCTUTh
MaTpuUlis epeHocy [P], 1110 BUBHAYAEThCA 3

A1) _ A
()= 1m(32).

[P] = [M1]"*[M2][M3] ™ [Ma]. (4.34)

amIax =a,

Je
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EjleMeHTH MaTpulli IepeHoCy €

P11 = e”‘a[cosh(ﬁa) + %sinh(Ba)(% - %)],
Py = %e'ika sinh(Ba)(% + %),
Py = —%eika sinh(Ba)(% + %),

Py, = e'ika[cosh(Ba) - %sinh(Ba)(% — %)]

llei1 MeToZ MaTpuUlli IepeHOCi MOXKHA JIETKO y3araJbHUTH AJ 00YUCIEHHS
MPOXO/PKEHHS YaCTOK L[iJly HU3KY MMOTEHLiIHHUX IM Ta 6ap’epiB y oAHOMY BHU-
Mipi.

Y Takux 3aza4ax 3aBxAu OyZe Ha oHYy napy KoedilieHTIB Gisblie, Hix
KIJIBKICTB piBHSIHB, 110 BUIJIMBAKOTh 3 YMOBH HellepepBHOCTI cTpyMy. Pelira
JiBa koedilieHTH MarOTb BU3HAYATUCS 3 FPAHUYHUX YMOB, 1110 ONHUCYIOTh KOH-
diryparnii BifaieHuX BUTOKIB Ta cTOKIB. lonaHku y W(x) i3 MHOXXHUKaMHU A
i B, onucy0Th BXiJiHi MOTOKH, L0 NMaJAI0Th HAa MOTEHI[IHHUN 6ap’ep Biamo-
BiflHO 3 J1iBOr'0 Ta MpaBoro 60KiB. IKI0 BUTIK NPUCYTHIH Jiullle JiBOpyY BiJ
6ap’epa, To B, Mae gopiBHIOBaTU HyJ10. Toai mpaBopyd (x > a) Gyze Jsiuiie
CTpPyM, IpONyIleHW} NOTeH[iHHUM 6ap’epoM:

Iy wyyny = Tk
Zm(‘{’ VY — vy = m|A2| .
3arasibHUH CTPyM J1iBo6i4 6ap’epa (x < 0) ckJaAaeThCA 3 ABOX JOJAHKIB,
bk, 12 _ bk n 2
o 1A1l" = 1Bl

MepUIrH 3 SKUX € BXIIHUN CTPYM, a APYTUHA — CTPYM, BiIOUTUN NOTEHI[IHHUM
6ap’epoM. Mu o3Ha4uMO Koegiyienm giobumms R, ik

2

B |? Py
R=|="—=| =|s= 4.35
Aq P11 (4:35)
a koeiyieH nponyckauus T, 1K
A)? |1
T=1|==% — 4.36
Al TPy (2:56)

36epexxeHHs CTpyMy BUMarae, o6 R+7 = 1, i misaxoM npsAMOro 064uc/IeHHS
MO>KHa IIepeKOHAaTHCH, L0 e CIpaBAi TaK i €.



120 Po3nin 4. KoopgunaTHe npe/icTaBJeHHSA Ta HOr0 3aCTOCYBAaHHSA
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Puc. 4.3a. TyHe/roBaHHS XBUJIbOBOI QYHKIIIT /11 4acTKH 3 eHeprielo E = 0, 16. [lo-
TeHUilHUMK 6ap’ep Vo = 1,0; 0 < x < 1. (Oaununi BuMipy: h = 2m = 1.)

Jesiki npuK/Iagy TyHe/JIOBaHHS XBUJIbOBUX QYHKLINM noKa3aHo Ha rpadi-
kax 3 Puc. 4.3a i 4.3b. Ycyneped nomupeHii Aymiti, 'pyHTOBaHiM Ha AKiCHOMY
aHaJi3i ABuIna, moBeainka W(x) BcepeuHi 6ap’epa He € YUCTO EKCIIOHEHI[iN-
HUM cniaflaHHsaM. Ha Puc. 4.3a gificHa yactuHa W cniepiily 3MeHIYETbhCS, TOTIiM
MOYMHAE 3pocTaTy, a Puc. 4.3b 3acBiguye, mo y Bunagky E = V ailicHa Ta ysaB-
Ha yacTuHU ¥ 3MiHIOIOTHCA CTPOTO JiHiliHO. OfHaK abcoJtoTHe 3HaYeHH ||
3aBX/l1 MOHOTOHHO CIIa/Ia€ B3/I0BX 6ap’epy.

KoMmniekcHa npupoja ¢yHkiii W(x) i HeyxuybHe 3pocTaHHA ii pasu € BU-
3HaYaJbHUM GAKTOpPAaMH iCHYBaHHS HEHYJIbOBOTO CTpyMy. MiH/MUBiCTH aM-
mwiaityau || npu x < 0 o6yMoBJieHa iHTepdepeHIjiel0 Mixk BXiJHUM i Big6u-
THM NOTOKaMU. AMILIITYZla Ip4 X > @, 3BU4YaliHO, He3MiHHA. Ockinbku W i
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JilicHa Ta ysiBHa yacTuHu W

Moaynb

1,0

0,5

1,0

0,5

4-0,5

0,0

0,5
X

1,0

1,5

esed

Puc. 4.3b. TyHesroBaHHs XBUJIbOBOI QYHKIIT A/11 4acTKH 3 eHepriew E = 1, 0. [loTeH-

uiHu# 6ap’ep Vo = 1,0; 0 < x < 1. (Opgununi Bumipy: h = 2m = 1.)

d¥/dx nenepepsHi, To HeniepepBHUMHU € U || i d|W|/dx. OTke, HAa BUXOA] 3
6ap’epa |¥| 3aBkAu Ma€e HYJbOBUH HaxXWJ, a Iie 03HAYaE, 110 ii cnazilaHHA He
MOX€e Oy TH UUCTO eKCIIOHEHLiHHUM.

KoedinieHT nponyckaHHs [iJis 1bOT0 MOTEHIiHHOTO 6ap’epa €

r=lis

V3[sinh(Ba)]?
4E(V, — E)

e =+2mVy— E)/h. Jnsa Ba > 1 ne 3BoAUTHCS 10

Tz[

V3

4(E - VO) e—Ba.

(4.37)

(4.38)
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0 T T T T

log T

Puc. 4.4. 3anexHicTh HaTypasbHOrO JioraprudMa koedilieHTa NPoNycKaHHs BiJ TOB-
LIMHY NoTeHLiiiHoro 6ap’epa. (OguHuLi BUMipy: h = 2m = 1.)

lle ekcrioHeH1iliHe cnafzaHHsa T npu 36i/bllIeHH] TOBIMHU 6ap’epa a ICHO
MPOCTEXKYEThCs Ha Puc. 4.4. lnga pisHux opM noTeHuUiiiHOro 6ap’epa 1 3a-
JIEXKHICTb MO>Ke 3a3HaBaTH NeBHUX Bapiallill, ajle eKCoOHeHLiiiHa CKJa/|0Ba,
sIK MO>XHA MOKa3aTH, 3aJIMIIAEThCSA MPOBIIHOIO, i /1 BEJIUKUX 3HAUYEHb a HA
BUpas Ay T HisIK He BIVINBA€E KOHKPETHUH BUIVISZ OTEHIiAy.

ExkcrnioHeHLilHY 3asexHicTb (4.38) 6y/i0 eKcliepUMeHTaJbHO MiATBep-
JDKEHO B SIBUIL 8aKyyMH020 myHeatosaHHs1 (BiHHIr i cniBpob6iTHUKM, 1982).
EHeprida esleKTpoHa B MeTaJli HMXK4Ya 3a eHeprilo BiJIbHOIO eJIeKTpOHA Y Bak-
KyMi, TOMY By3bKUU NPOMI’KOK MiXK BiCTpsIM MeTaJsieBOI TOJIKM Ta MeTaJIeBOI0
MJIACTUHOIO JIi€, AK MOTEHI[IMHUM 6ap’ep, KPi3b IKUH eJIeKTPOH MOXKe TYHEJTI0-
BaTucs. PisHUI MiXk BAKYyMHHUM MOTEeHIialoM Ta eHepriero @epMi esieKTpo-
Ha Bcepe/iMHi MeTaly Ha3UBA€EThCS po6omoto 8uxody i BiiloBi/jae mapamMmeTpo-
Bi Vo — E = h? BZ/Zm y Hauid mojeni. TakuM YMHOM, WIBUAKICTb CllaZlaHHS
log T 3i 3pocTaHHAM a Jla€ cnoci6 BUMipoBaHHS pOGOTH BUXOAY Ha MOBEPX-
H10. Puc. 4.5 imocTpye nepeBipKy eKCIIOHEHIIHHOI 3a/IeXKHOCTI Bij BifcTaHi
3a I’'ThbMa NnopsiikaMu BeJauyuHu T.

Brcoka 4yTJ/IMBICTb TYHEJbHOTO CTPyMy A0 BiZiCTaHi MiX BicTpsAAM Ta
MOBEPXHED BHUKOPUCTOBYETHCS B MEHE/AbHOMY MIKPOCKONi, SIKUM J[03BO-
JISIE BUMIpATHU MIKpPOCKOIIYHiI NoBepxHeBi HepiBHOCTI ax Ao 0,1 aHrcTpema
(1079 cm) y BHCOTY.
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1 1 1 1 1 1

Displacement of W - Tip [1Div = 1,&]

Puc. 4.5. TyHenbHU omip i cTpyM y 3a/1eKHOCTI Bij BiicTaHi MeTasieBOro BicTps 10
noBepxHi miactuHu. [[lepeapyk i3 G. Binnig et al.(1982), Physica 109 110B, 2075-7.]

§4.8. dyHkuioHaNBHI IHTErpammn

EBoJiioljito BeKTOpa KBaHTOBOTrO cTaHy B yaci, |V (t)) = U(t, to)|¥(to)), MoxkHa
pO3TrAAaTH, SIK IOMUPEHHS aMILIiTyAu B KOH}irypaniiiHoMy npocTopi:

W t) = f G(x, 67, t0) W(, to) dy, (4.39)

ze
G(x, t;y,to) = (x|U(L, to)|y) (4.40)

4acTO HAa3UBAKTb hponaramopoM. OCKiJIbKY BiH JJa€ ABHE pillleHHS PiBHAHHA
[llpofHHI'epa 3 4ACOBOO 3a/IEXKHICTIO, TO Ma€ NpsAMY QpisM4Hy iHTepnpeTaLilo.
fAKImo B MOMEHT 4acy to cucTeMy 6yJI0 JIOKa/li30BaHO MOGJIN3Y TOYKH Y, TO-
Jli HMOBIpHiCTb BUSIBUTH ii B Mi3HIIIMK Yac t y Masill OKOJIMII TOYKU X 6y/ie
nponopuiitHa 10 |G(x,t; y, to)|*dx. (¥ ubomy maparpadi Mu 06MexXHUMO Hall
poO3rJisj OAHOBUMIPHMM BUIIaIKOM, aJjle BCi OTpUMaHi pe3y/IbTaTH JIETKO y3a-
raJIbHIITHCS Ha 6y/ib-KY PO3MipHicCTb KOHOIrypaliiHoro npocTopy.)

P.I1. ®einman y 1948 poui (guB. [58]) mokasas, 110 mponaraTop MoXHa
BUPA3UTH yepes CyMy 3a BCiMa JOCTYNHUMHU LLISIXaMU, SIKi HOEAHYIOTh Io4a-



124 Po3nin 4. KoopgunaTHe npe/icTaBJeHHSA Ta HOr0 3aCTOCYBAaHHSA

TKOBHWM Ta KiHI|eBUW CTaHU; aJjie TYT MU He 6y/leMO NOBTOPIOBATH KOT0 OPUTi-
HaJIbHUX BUKJIa0K. HaTOMiCcTh CKOpHUCTAEMOCS MYJbTUIIMKATUBHUMU BJIa-
CTUBOCTSIMH OIlepaTopa 4acoBOI eBOJIIOLIII:

U(tn, t1) = U(tn, tn-1) U(En—1,tn-2) =- U(t3, t2) U(t2, t1), (4.41)

jety > ty—g > -+ > tp > t1. 13 1bOro BUILIMBAE, L0 NpONaraTop MoXHa
3alucaTy, 9K

G(x, t; xo, to) =f"'fG(xlt;XN, tn) - G(x2,t2; x1,t1) X

X G(x1,t1; X0, to) dxq -+ dxp.

(4.42)

[Ii N iHTerpyBaHb eKBiBaJIeHTHI CyMi 3a BCiMa 3UI'3arOBUAHUMHU LJIAXAMH,

X
\/
/
Xo
to t1 ti-x tn t

Puc. 4.6. /[Ba MOX/IMBI LJIAXY, 110 TOEAHYIOTb TOYKH (Xo, to) Ta (X, t) y KoH}irypa-
LiHHOMY NPOCTOPI.

1110 MOEJHYIOTh MOYATKOBY TOUYKY (X, to) i3 KiHIIeBOO (X, t), IK TOKA3aHO Ha
Puc. 4.6. flkuo mu nepeizemo a0 mexi N - o0 i At - 0 (ge At = t; — t;—1), TO
OTPUMAEMO Nponaratop, K cyMy (4, pajlle, iHTerpas) 3a BciMa IIJIXaMH,
1110 MOEHYIOTh MOYATKOBY Ta KiHIIEBY TOYKHU.

/14 3aBepllieHHS HAIIOr0 BUBEJJEHHS MU MyCUMO OTpUMAaTH IBHUM BUpa3
JUIs mponaraTopa B iHpiHiTe3uMasbHOMY YacoBoOMY iHTepBasli At = t; — tj_q:

G(x, ti;y, tim1) = (x|U(t;, ti-1)|y) =

= (x|e” A My). 49

(Axuo H 3anexuTh Bij yacy, Tpeba B3ATH HMOro 3HaYeHHsI B cepeJHil To-
yIi Bifjpiska.) [aMisibTOHIaH € CyMOI0 OonepaTopiB KiHETUYHOI Ta MOTEHLiMHOI
eHeprii, H = T+V, aKi, 3a BUHATKOM TPUBiaJIbHOI'0 BUIIaJKYy V = const, He Ko-
MyTYIOTb MiX C06010, 60 epiuii € PyHKIIiE onepaTopa iMIyabCy, a APYTrui
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— omepaTopa NoJI0KeHHS. A TpoTe, MU MOKeMO 3aMHCcaTH
efTHV) = ofT e 4 (0(e?), (4.44)

akuo € = iAt/h € iHpiHiTE3MMa/NbHOIO BEJIMUMHOI. 3aJUIIKOBUU J10/JaHOK
O(g?), nponopuilinuit komytaToposi T i V, y Mexi At — 0 cTae HeiCTOTHUM,
OCKiJIbKM BiH Ma€ Jpyrui nopsaok 3a €. OTxe, (4.43) HabyBae BUTIALY

(xle—iHAt/ﬁly> — (xle—iTAt/he—iVAt/ﬁly) —

(4.45)

—iTAt/R —iv(y)At/h
’

= (xle ly)e

3 NOXMOKOI0 HAabIMKeHHs', 1110 06epTa€EThCs HA HyJIb pu At — 0.
MHOXHUK 3 KiHeTUYHO10 eHeprieto B (4.45) MoXKHa SBHO OGYUCIUTH, PO3-
knasuy (x|e~TAt/M|y) yepes Baacui BexTopH | E) ) eHeprii BirbHOI YacTkHy, A4

21,2
aknx T|Ex) = K| Ey) (§4.6):
(xle™ At yy = f (ele™ T B W B ly) dk =
N f (x|Ej) e B 2m By |y die = (4.46)

_ (21_[)—1[e—ithAt/Zmeik(x—y)dk.

B ocTaHHBOMY PAJIKY MU CKOPUCTAJIMCH BUPAa30M
(x|Ex) = Wr(x) = (2m) "2k, (4.47)

10 € OJJTHOBUMIipHUM BapiaHTOM piBHsAHHSA (4.26b), BUBeleHOr0 HaNPUKIiHII
§4.6.
InTerpan y (4.46) Mae BUI/ISAZ CTaHAAPTHOTO I'aycoOBOro iHTerpana, AJjs

AKOro
+00

f e P dp = (m/a) e /40, (4.48)
Tomy
. 2 Tim(x — v)2
—iTAt/hy.y — m im(x — y)
(xle ) (Zm'hAt) eXp[ 2hAt | (4-49)

" B3arani, 3 oninko Iiel MOXMGKK MU OGiHIINCA AyXe BibHO. CTpore JOBeJeHHS JUB. ¥
MyabpmaHa [163], P. 1.
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Tenep My MoXKeMO NepelTH A0 Mexi y Bupasi (4.42), koau N, KiJbKiCTb
BEPIUIMH JJAMAaHUX KPUBUX, CTA€E HECKIHYEHHOIO:

N
G(x,t;x0,t0) = Alll_l){)lof "'fHG(xj+1,tj+1;xj, tj)dxq - dxy. (4.50)

TyT MU MO3HAYUIU X = Xy+1, t = ty+1. OCKiIbKYU B Mexxi N — oo iHTepBa
At cTae iHdiHiTE3Ma/IBHUM, MU MOKeMo NificTaBUTH B (4.50) Bupasu (4.43),
(4.45) i (4.49). 3amiHUBILIN JOGYTOK EKCIIOHEHT HAa EKCIIOHEHTY CYMH, OTPHU-
MYyEMO

_ m \V/2
G(x, & X0, t0) = &‘l‘;f f(zmm) X

N im(x x)2 (4-51)
1
X exp E <12+hAt—V(x])> dxq - dxy.
Jj=0

Tenep nponaraTop ABHO BUPa)KeHO Yepes iHTerpaJ 3a BCiMa MOX/IUBUMHU 3U-
I3aroBUJHUMU LJIIXaMH, 110 CKJIaAalTbcd 3 N + 1 npAMUX BiZIpi3KiB MiX 110-
4YaTKOBOIO Ta KiHIIeBOI0 TOYKOI0. 3a JOIIOMOI' 010 HEBEeJIMKUX [1IepeTBOPEHb, Cy-
My B apI'yYMEHTI eKCIIOHEHTH MOXHa IHTepnpeTyBaTH, K piMaHOBY CyMY JJid
iHTerpasia B3[J0BX LJIAXY, AKa 3a/IMIIAETHCA LI/IKOM BU3HA4Y€HOIO B MeXi He-
nepepBHOCTI (N — o0):

ZAI:[ <x1+1AL' xJ - V(xj)] N—-o hf[%(?l:>2 _V(x)] de (4.52)
to

[HTerpan y npasiil yacTuHi 6epeThbcst B3J0BX HIAXY X = X(T), LU0 € Hele-
pepBHOI0 MeXel JaMaHol KpuBoi. Tenep nifjiHTerpajibHUNA BUpPa3 € AOCTOTY
JlarpaHKo0Bot0 QYHKIII€I0 3 KIAaCUYHOI MeXaHiKU:

L(x, %) = tmi? —V(x), (4.53)

ne x = dx/dt. [nterpan Big L o nuisaxy x = x(t),

S[x(v)] = f L(x,x) dr, (4.54)

x(T)
€ diew, noB’s13aHoI0 3 UM HLIAXOM. OTXKe, B HellepepBHi MeXXi KBAaHTOBUMN
MponaraTop BUPAXKAEThCS, K iHTerpasl Mo BCiX MOKJIUBUX KIACUUHUX IILJISA-

Xax, 1110 MOEAHYIOTb T0YAaTKOBY Ta KiHIleBY TOUKH; @ BHECOK BiJl KOXKHOTO Ta-
KOTO IJISIXY AA€EThCs pa30BUM MHOKHUKOM exp(iS/h).
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Pe3ysibTaT 4acTo 3aMUCYETHCA B YaPiBJIMUBO NPOCTiK popmi

@)
G(x, t; xo, to) = f eSO/ Dy (), (4.55)

(xo,to)

Ae Dx(t) no3Havyae QyHKI[iOHa/IbHEe iHTerpyBaHHsA 3a BCiMa LIJIAXaMU X =
x(t) Mk ToukaMu (xo,to) i (x,t). Takuii iHTerpa Ha3UBAEThHCS IHMErPaA10M
3a waaxamu abo pyHkYioHanbHUM iHmerpasom. Maemo JiBa 3ayBakeHH 1110/10
niei popmyuiu.

(a) Knac muisxiB, mo SKMX MPOBOAUTHCS iHTEI'PYBAHHA € AYXKe IIUPOKUM i
Ma€ BKJIOYATH HaBiTh YKpal HeperyasapHi ¢yHkiii. lle oueBUHO 3 TO-
ro gakty, mo x; = x(t;) ixj41 = x(tj + At) posraapawTbea B (4.51), Ak
He3aJIeXKHi 3MiHHI iHTerpyBaHHS, X04 OU SIKOI0 MaJIOl0 CTaBaJjia BeJU4u-
Ha At.

(b) Crtpore maTemMaTH4He 03HauYeHH U1 Mipu Dx(T) HAa MHOXUHI QYHKILIH,
110 MPEACTABJISIOTD YCi MOXKJIMBI ILIAXU Bif (xo, to) M0 (X, t), € HAA3BU-
YallHO TOHKUM i CKJIaflHUM MUTaHHAM. KpiM Toro, 36ikHicTb iHTerpasa
3HAXOJUThCA MiJ] NUTAaHHAM, OCKIJIbKH MiliIHTerpaJbHUM BUpa3 Ma€ ab-
COJIIOTHE 3HaYeHHs 1 /g BCix NUIAXiB. Ha mpakTuili, s 064uCcaeHHs
(4.55) Tpeba noBepTaTHUCH Jj0 BUpa3iB Ha 3pa3ok (4.50) i (4.51), wo mi-
CTATb IUCKPeTHI HabJIMKeHHS J10 IIJISAXIB.

KnacuuHa mexxa pyHKIiOHA/ILHOTO iHTerpaja

KiacuyHy Mexky KBaHTOBOI Teopil MU AeTaJbHO o6roBopuMo B Po3zgini 14,
MPOTe BXe 3apa3 6y/ie KOPUCHO PO3TJIAHYTH Il HacaiAKY A1 opmyaiu (4.55).
[py60 Kaky4yu, MU MOKEMO PO3PaxXxOBYBAaTH, L0 KJaCUYHA MeXaHiKa CTa€
NPUHHATHUM HaOIMKEHHSAM, KOJTU KJIaCU4YHa il S HabaraTo 6i/b1a 3a KBaHT
Jii h. 3a Takux yMoB pa30BUM MHOXKHUK y (4.55) cTae HaZi3BUYalHO Yy TJIU-
BUM /10 HAIMEHIIUX 3MiH S, BUKJIMKAaHUX He3HAYHHWMHU BapialliiMuy LISXY, 10,
3a OYiKyBaHHSIMH, Ma€ NPU3BOJUTH [0 IXHbOTO B3aEMHOTO CKOPOYEHHS B iH-
Terpasi. BUHATOK CTaHOBUTS JiMIIe TOM BUNAA0K, KOJIU Aifl € CTALliOHAPHOIO
BilHOCHO MasiuX Bapialliii AKOTOoCh NEBHOTO LIJSXY, i TOAI BCi CyciaHi A0 HbO-
ro IJISIXYU a0 Th BHECOK Y (4.55) 3 npub6/1M3HO oiHaKoBow ¢azorw. TakuM yu-
HOM, BeJIMUMHA iIHTerpaJia nepeBa*kHO 3aJie3KaTUMe Bij bOT0 By3bKOT0 y4YKa
JIAXIB.

YmMoBa cranioHapHocTi S[x(T)], KoM UISAX 3a3Ha€ iHQiHITE3UMaNTbHUX
Bapianiit x(t) — x(t)+8x(t), € AKpa3 raMiJIbTOHOBUM IPUHLUIIOM KJIACUYHOI
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MexaHiku (auB., Hanpukaaz, y Toaacreiina [78]), 1o npusBOAUTH 0 PiBHAH-
H4 JlarpaH:xa AJ1s Ki1acu4Horo uvisaxy. OTxe, B Mexi, KOJIM Jisl BeJMKa MopiB-
HSAHO 3 h, TOJIOBHUYM BHECOK y GYHKIiOHAJbHUH iHTerpas poOUTh caMe KJa-
cuyHU# 1isax. Ha oMy pakTi IpyHTY€ETbCS YMMaJio HAGJIMKEHUX METO/IB,
KOPUCHUX JJ15l IPOBEJEeHHS 064YHC/IEHbD.

YaBuuii yac i craTucTiyHa MexaHika

fAKio ramMiJibTOHIaH He 3aJIeXKUTh BiJ 4acy, To nponaratop (4.40) Mo>kHa 3a-
MUCATH, K

G(x,t;y,0) = (x|e™H/P|y) =
_ Z e~/ () W (), (4.56)
n

ne HY, (x) = EpWn(x). llincraHoBka t = —ihf gae

Gx,~ihB;y,0) = Y e P, () Wy (y) =
- (4.57)

= p(x,¥).

lle TernyioBa MaTpULA I'YCTUHU B KOOPAUHATHOMY [pe/CTaBJIEHH], 1[0 OMUCYE
KAHOHIYHUI aHcam6.1b ¥ piBHOBA3i 3 TEIMJIOBUM pe3epByapoM IpPH TeMIepa-
Typi T = 1/k[3. BoHa € BiinpaBHOIO TOYKOIO /sl GiJIBIIOCTI CUCTEMATUYHUX
004YMC/IEHD Y KBAHTOBIN CTAaTUCTUYHIN MeXaHiIli.

B mexi f — oo (HU3bKi TeMIlepaTypH) y CyMi JOMiHYIOTb 4JI€H BiJi OCHOB-
HOIO CTaHy, 11l0 ZI03BOJISI€ HAM BHU/I00YTH 3 AiaroHaJbHOI YaCTUHU MaTPHUIT
TYCTUHU €HePrilo OCHOBHOTO CTAaHY Ta BiZiMOBiIHY MUTOMY UMOBIpHICTb:

pp(xx) ~ e PP |Wo ()| (4.58)

[ xo4a k0JlHe 3 IUX I[iKaBUX CHiBBiJIHOIIeHb He MOTpebye dbopmasizamy
JyHKLiOHaNbHOTO iHTEIPyBaHHS, HOro METOAU MOXHA 3aCTOCYBaTH JJis iX
ob6uncieHHs. Hexall t = —iu 6yJe ysABHO 3MiHHOIO ,4acy”. B TepMiHax Lboro
YsIBHOTO Yacy KJIaCUYHUH JlarpaHKiadH HabyBa€ BUTaaay L = —%m(dx/du)2 -
V(x), wo BiAnoBijjae nmpocTo KJacu4Hii eHeprii 3i 3HakoM minyc. Toai piBHSA-
HH# (4.55) cTae pyHKIiOHA/IbHUM iHTerpa/ioM 3a HIJISIXaMU B YsIBHOMY 4aci:

Bh

2

pp(x,y) = jexp —%j[g(gi) +V(x)] du | Dx(w). (4.59)
0
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[leit dyHKIiOHAIBHUY iHTerpas Ma€ iCTOTHY 06YMC/II0OBaJIbHY MepeBary Imo-
piBHsIHO 3 (4.55), sIKa MoJiAra€ B TOMY, 1I0 TYT KO/IEH /I0/IaHOK He CKOpPOYy-
I0ThCS 3 iHUIKUM, OCKiJIbKM BCi BHECKHM [IificHI Ta mo3uTHUBHI. KpiM Toro, € Bci
niJicTaBu 04iKyBaTH, 1110 1ed iHTerpas 361kHUM, 60 ULISAXU 3 BACOKUMU eHep-
riIMU [aI0Th Y HbOTO €KCIIeHEeHIiHHO Ma/iuii BHecok. ['epi Ta Kidep [73] 3a-
CTOCYBaJIu Lled MeToJ, A/l BU3HAYeHHs1 OCHOBHOI'O CTaHy eHeprii Ta nuro-
MOi IMOBIipHOCTI /151 KiJIbKOX MPOCTHX MOTEHIIialiB, i iXHi pe3ysibTaTu A06pe
Y3roJPKyBaJIUCA 3 TOUHILIWMU pillleHHSAMU, OTPUMaHUMHU 3 piBHAHHA llpoau-
Hr'epa.

06roBopeHHs1 PYHKIiOHAJILHOTO METOAY

®yHKLioOHaNbHUH iHTerpas He HabyB MOIIUPEHHS, K 06YHUCAI0BATbHUM Me-
TOJ, y 3BUYalHill KBaHTOBiN MexaHilji. € neBHA KiJIbKiCTb 3a/4ay, 1[0 MOXYThb
O6yTH po3B’si3aHi 3a AonoMorow GyHKI[iOHAIBHOTO iHTEeIpyBaHHs, aje Tpa-
JUIiIHHI cToco6U IX po3B’si3aHH4, i3 3aCTOCYBaHHSM ONepaTOPHUX a6o aude-
peHIiHHUX PiBHSHb, 3a3BUYail HabaraTo npocrTiuti. A npoTe, GopMy/II0BaHHS
KBAaHTOBOI MexaHiku yepe3 QyHKIiOHaJIbHUHN iHTerpas Mae i jgesiki icToTHi
nepeBaru.

[lepenoBciMm, e 10ro 3arajbHiCTb. X04a MU PO3IJISIHYJIU Lied METO/, JIUIe
JlJ1s1 OJHOBUMIpPHOTO KOHQIrypaniiHoro npocTopy, 04eBUAHO, L0 A CUCTe-
MU 3 N CTENEHSIMU CBOOO/IU MU OTPUMaJIH 6 IiJIKOM aHasoriuHi popmysy, 1o
BKJIIOUAJIM 6 CyMy 3a LIJISIXaMHU B N-BUMipHOMY KOHirypauiiHoMy npocrto-
pi. CyTHicTb BUpasy (4.55) nmossrae B cymi 3a gcima moxcaAu8uUMU icmopiamu
p038UMKY, 1110 IPUBOJATL 3 I0YATKOBOI'O CTaHy CUCTEMHU J0 KiHleBoro. Ko-
»KHa TaKa icTopis cynpoBoJKYyeTbcsi $pa30BUM MHOXHUKOM exp(iS/h), ne §
— M0B’sI3aHa 3 Helo KJlacu4Ha Aifl. CucteMi He MOTPiIGHO CKIAZATUCS 3 YACTOK
i MaTu CKiHYeHHY KUJIbKICTb CcTeneHiB cBo6oau. CUCcTeMa MOXe OYTH IMoJieM
$(x, t), 1 B 1bOMy BUNIAJKY icmOpisi CKIaJaTUMEThCS 3 HellepeBHOI MOCTi0B-
HocTi ¢yHKIiH {P(X)}, yopsAAKOBaHHX 32 YacoM. 3pO3yMiJio, 110 HEMPAKTHU-
YHO 6paTH CyMy 3a BCiMa TaKMMH icTOPissMH, 60 KOXKHA 3 HUX MA€ HECKIHUEHHY
KIJIBKICTB cTeneHiB cB060AU. AJle MOX<Ha IPOCYMOBYBaTH 3a EBHOIO penpe-
3eHTaTUBHOI BUOGIPKOIO icTOpiil — 1110, 3 OrJIsSly HA TEMIHM 3POCTAHHS MPO-
JYKTUBHOCTI KOMIT I0TEPIB, CTAE I[IJIKOM 3/[iHCHEHHUM Ha MPaKTHUIIi.

QOyHKIlioHaIBbHUN dopMasi3M BaXKJUBUU He TaK CBOIMM MOTEHI[iIHHUMHU
O4YMC/II0BAJbHUMH 3aCTOCYBaHHAMHM, 1K TOYKOIO 30py, AKY BiH NpOoNoHYyE. Jlng
BCix GopMy/It0BaHb KBAHTOBOI MEXaHIKH € CIIJIBHUM Te, 1110 UMOBIipHiCTb Ipo-
1[ecy JAaeThbCS KBaJ[paTOM MOAYJISI KOMILJIEKCHOI aMILtiTyu. 3 norasaay oyH-
KLIOHAJIBHOTO iHTeI'pyBaHHS € 04E€BUJHUM, 1110 B pasi, KOJIU IpOLiec MOXe BiJi-
OyBaTHCs KiJIbKOMA LLJISXaMH, TO aMILIITYAU BiJj KOXKHOTrO LLJISAXY B 3arajb-
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HOMY BUNAAKYy iHTepdepyBaTUMYTh Mix coboro. Kpim Toro, pasza, nos’sizan
3 KOKHOI0 OKPEeMOI0 aMILIITy/ 010, IPOCTUM YUHOM CIiBBIJJHOCUTLCH 3 AI€I0
B3,0BX IIAXY. OCKiJIbKY Y QyHKIL[IOHaJIbHOMY iHTeI'pasli 4acTo nepeBaXKatoTh
Jl03BOJIEH] KJIACUYHOI0 MEXaHIKOI0 IIJIAXH, TO B IUX BUIAJKaX MOXHA JIer-
KO BUSIBUTH iCTOTHI 0COBJIMBOCTI €EKCIEPUMEHTY, B3sIBLIU cyMy KoedinieHTiB
exp(iS/h) 3a KIaCHYHUMHU LLISAXaMHU.

HacamkiHenp mopyumnmMo NUTaHHS NMpo GpisUYHUIN cTAaTyCc HECKiHYEHHOI
KIJIBKOCTI MOXJIMBUX LIAXiB. YK clipaBAi cucTeMa NPOXOAUTh IX 0JHOYaCHO?
Yu nutie nepebupac ix i 3ynuHsie BUGIp Ha ogHOMY? YH, MOXKe, 11e TPOCTO 3py-
YHUU TpukoM (0co6MBO 3pyYHUH ¥ KBAaHTOBIH Teopii moJis1), a HacnpaB/i BiH
He Ma€ XOJHOTr0 CTOCYHKY A0 $i3uyHoi AificHOCTI? Y BUNIaJKy YSIBHOTO 4Yacy,
1e, 6€3 CyMHiBY, IPOCTO 064YUCIIOBAJIbHUYN MeTo/1. HalineBHille, Taka cama cu-
Tyanid i 3 PyHKIiOHAJIbHUMU iHTeI'pajlaMU B peaJibHOMY 4aci — X04, 3BUYail-
HO, IHIIa ;IYMKa TaK0> Ma€ NpaBo Ha iCHyBaHHS.

Jlitepatypa o Po3zainy 4

JleTanbHi po3paxyHKU MNPOXOJKeHHSA 4YaCTOK yepe3 MOTeHLiHHI AMH Ta
6ap’epu HaBeneHo y [panepa [50, 51]. MoKJIMBOCTI MeTOy MaTpHUIli Iepe-
Hocy mpoistocTpoBaHo y Bokepa i ['etpaiita [184].

@yHKLiOHa/JbHE IHTeI'pyBaHHA PO3T/IAAAETHCA B Uy 0BUX KHIDKKaX PeliH-
MaHa i li6ca [59] Ta Takox Ulynbmana [163]. ¥ nepiuiit pyHKuioHaNBHI iH-
Terpajy BUBOJAATHCA 3 KBAaHTOBOI Teopil; y ApYrid caMa KBaHTOBa MeXaHika
BUBOJUTHCS 3 QYHKIIOHAJbHUX iHTerpasiB. OGHUABI MiCTATH YMMaJO 3aCTO-
CyBaHb.

3agauvi

4.1. TokaxiTk, [0 KOMYTaTOP OllepaTopa iMmy/bcy 3 GyHKI[i€I0 omepaTopa
MOJIOXKEHHS AAEThCA BUpPa3oM [f(x), Py] = ihdf /ox.

4.2. O64yucniTh BIaCHI 3Ha4YeHHA i BjacHi QyHKIil eHeprii Al 4acTKH, 3a-
MKHEHOI B HeCKiHYeHHill oJHOBHUMIipHill moTeHUilHiN aMi W(x) = 0 g
0<x<aiW(k) =ocgigax < 0ix > a.3HalJliTb MaTPU4Hi eJleMEHTHU
oIepaTopiB MOJIOXKEHHS Ta iIMIYJIbCY, B3sBIIU 3a 6a3uc BjaacHi pyHKIIil eHep-
ril.

4.3. Haiinpocrima Mozesb i1 MOTeHLiany, o Jji€ Ha eJIeKTPOH Ha IOBEPXHI
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MeTaJly, € CTYyNiH4acTolo:

Vo Juis x < 0 (BcepeauHi MmeTasny)
W) = .
0 st x > 0 (30BHI MeTasy).

O6uuciTh IMOBIpHICTB TOTO, L0 €/IEKTPOH, IKUHM HAJIMKAETHCA i3 cepejuHU
MeTaJly 3 iIMIyJIbCOM Ak, CkKepOBaHMM y NO3UTUBHOMY HANPSAMKY OCi X, 3MOXe
BifjipBaTuCA BiJj IOBEpPXHI.

4.4. OtpuMaiiTe A1a chepudHoro norenuiany surasgy W(x) = C/r? acum-
NTOTHUYHY GopMy cpepruIHO CUMETPUYHUX pillleHb XBUJIbOBOI0 PiBHAHHS I10-
6su3y r = 0 i BU3HauTe 3BiJcy iana3oH 3HayeHb C, /i AKOT0 BOHU Qi3UUHO
NPUUHSATHI.

4.5. OrpumanTe 11 chepuyHOro noteHuiany surasagy W(x) = C/r™ acum-
NTOTUYHY GopMy cpepruyHO CUMETPUYHUX pillleHb XBUJIbOBOI'0 PiBHAHHS I10-
6au3y r = 0. [l skoro Aiana3oHy 3Ha4eHb n BOHU $i3suYHO NpUiHATHI? Yu
3a/IeKUTD 1leH pe3yabTat Big C?

4.6. Bupaz (4.22) pna ctpymy HMoBipHocTi J(X,t) He € €AWHUM pillieH-
HSIM piBHSIHHS HenepepBHOCTI (4.21). Takox 1ibOMY PiBHSIHHIO 33/I0BOJIbHSIE
J(x,t) +f(x, t), 3 noBinbHOMW f(X, t), A/151 siKOi BUKOHY€ETbCS yMoBa div f(x, t) =
0. [TokaXuTh, 10 A/ pyXy B OAHOMY BUMipi Taka [OBIJIbHICTb ¥ BU3HAYEHHI
CTPYMY He Jla€ KOJJHUX HACAiAKIB i pe3ysibTaT (4.22) € paKTUUHO EAUHUM.

4.7. 06uucaiTe koediLieHTH BiAOGUTTS i nmpomyckaHHS AJi1 O4HOBHUMIipHOI
NpAMOKYTHOI noTeHinHOI aMu: W(x) = Vo < 0gma0 <x <aiW(x) =0
Juist x < 0ix > a./laliTe ssKicHe NOsICHEHHS] 3HUKHEHHIO Bi/[OUTTS NMPH 1EB-
HUX 3HAaYEHHSX eHepril.

4.8. 3acTtocyiiTe MeToJ MaTpulli NepeHOCy AJs 004YHCJeHHs KoedilieHTa
MNPOMYyCKaHHA JJis ABOX 300paKeHUX HIK4Ye NMPSIMOKYTHUX 6Gap’epiB mpu
eHeprii 4acTku B giana3oHi 0 < E < V.

Vo

0 a b b+a

4.9. VY uiii 3a1a4i po3rasAAaeTbCsA CUHIYASAPHUN NOTEHLial.
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(a) BusHauTe yMoBU AJ15 XBUIbOBOI GyHKIiT W (X) B OIHOBUMIpHOMY IOTEH-
uiHoMy noJii W(x) = c8(x). [[lidkazaka. Lle MoxxHa 3po6UTH Ge3nocepe-
JIHbO, BUXO/ISTYM 3 BJIACTUBOCTEH JesbTa-QyHKIiI. AJIbTepHATUBHO, MO-
TeHI[iaJl MOXKHA PO3IJIAIaTH, AK FpaHUYHUE BUunaziok (npu € — 0) cKiH-
yeHHOro norteHniany: We(x) = c/e gna |x| < Yz2eiWe(x) = 0 pas
|x] = 1/2¢.]

(b) 3HaliTh OCHOBHUU CTaH YAaCTKHU /AJ11 OJHOBUMIPHOTO MPUTSATYBaJIbHO-
ro noteHniany W(x) = c8(x), ne c < 0.

4.10. fxa fiq BiANMOBiAa€E pO3NOBCIOXKEHHIO BIJIbHOI YaCTKH y3/10BX KJ1acH-
yHOro nisaxy Bifg (xq,t1) o (x2,t;)? CkopucTalTecs pe3yabTaToM, 06 BU-
pasuTu ¢pa3oBUl MHOXHUK Y (4.55) yepes JOBXKUHY XBUJIi fie Bpoits.

4.11. Buxopnsyu 3 o3HadeHHs (4.40), moKaxiTh, mo nponaratop G(x, t; y, tg)
€ ¢yukuiero I'pina ana piBasanHA llpoaunrepa. To6To:

(Hx — ihg) Gx 65y, to) = —ih8(x — y) 8(t — to),

Jie H, — raMiJibTOHiaH, BUpaKeHUH K AudepeHI[iHUNA onlepaTop y OJHOBU-
MipHOMY KOOpAMHATHOMY NpeAcTaBaeHH]. OGUUCAITh LUM METOAOM Npola-
raTop AJid BiJIbHOI 4YaCTKHU.

4.12. 3actocyiiTe MeToJ, QYHKIiOHAJBbHOTO iHTerpaJa AJis OTpUMaHHSA NPo-
maraTtopa BiJIbHOI YacTKU B HaAGJMKeHHi, 1[0 BKJIIOYAE JIMINE KJIAaCUYHUH
usx. (3aysasiceHHs1: y 3a2a.16HOMY 8UNAJKY makKe HAOAUNCEHHS He Jd€E MO4HO-
20 pesyabmamy.)



Po3gin 5

IMnyJibCHe npejcTaBJeHHs Ta HOro 3aCTOCYBaHHSA

§5.1. IMmnyabCHe npeACTaBJ/IEeHHA

IMny/ibcHe mpeAcTaB/eHHSl OTPUMYIOTh NpU BHGOpPi 6a3ucoM HabGopy BJja-
CHUX BeKTOpIB {|p)} onepaTopa iMnyJibcy BiJIbHOI YaCcTKHU:

Pa|p) = pulp) (a=1,2,3). 6.1

Li B1acHi 3HaUYeHHS YTBOPIOIOTh HEllepepPBHUM CEKTP i, BiiMOBiAHO, BEKTOpU
|p) He HasexkaTh [10 riIbOEPTOBOro MPOCTOPY. 3TiIHO 3 y3araJbHEHOIO Clie-
KTPaJIbHOIO TEOPEMOI0, KO’KeH BEKTOP 3 06/1aCTi BUSHAYEHHS ONepaTopa iM-
MyJIbCY MOXKHA PO3KJIACTH 32 HOT'0 BJIACHUMU BEKTOPaMU:

b) = f Ip)pIP) .

[lepeMHOKHBIIK 06W/BI YACTMHM 11bOT0 BUpPa3y Ha JOBIIbHUM BJIACHUM Be-
KTop |p’), MaeMo

019y = f @' Ip)pld) d°p.

3Bigcu BUILIKMBAE, 106y TOK (p’|p) icHye B ceHci y3aranbHeHoi ¢yHKii (po3-
No/isy), a /IJi1 BAKOHAHHA i€l TOTOXXHOCTI HEeOOXi/THO i 1OCTATHBO, 11106 BU-
KOHYBaJIaCb yMOBa OPTOHOPMOBAHOCTI /151 BJJACHUX BEKTOPiB HENIEPEPBHOTO
CHEeKTpY:

(P'lp) =8’ - p) (5.2)
Cxoxxa ymMOBa, 10 pedi, clipaBeJIMBa i AJi BJaCHUX BEKTOPiB onepaTtopa Io-
noxeHHs (X'|x) = §(x’ — x). Ik i ciizg 6ys10 YekaTH, HOpMa TaKOTO BJIACHOTO
BEKTOpPa HECKiHYEeHHa.

Tenep BU3HAaYMMO CHiBBiAHOIIEHHS Mi>XK BJaCHUMU BEKTOPaMHU OllepaTo-
piB iMIyJIbCy Ta MOJIOKEHHS, 06YUCAUBIIM A06YTOK (X|p). CKOpUCTaBIIUCh
(4.1) ta (4.3) i 3anucaBIIM BJIACHI 3HaUYeHHs ollepaTopa iMNyJbcy, K p = Tk,
MU OTPUMYEMO PiBHSHHS

—ihV(x|FK) = (x|P|IK) =
= k(x| 1K),
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AKe Ma€ pilleHHA '
(x|FK) = c(K) e, (5.3)

HopMoBounuit MHOkHUK ¢(K) Bu3HadaeThcs 3 (5.2):
8(hK' — hK) = (hK'|hK) = f (FK'|x)(x|hK) d3x =
= c*(K") c(K) j exp{i(k — K) - x} d>x,

oTxe, c(K) = (2nh)_3/2. Tomy (5.3) HabyBae BUTIAAY
(x|hK) = (2mh)~V2ekX, (5.4)

KoopauHaTHe mnpejcTaBjieHHs BekTopa cTaHy |¥W) € yHKUi€eo Big X:
(x|¥) = ¥(x). B imnyavcHomy npedcmasieHHi TON caMUUl BEKTOP CTaHy 3a-
MHUCYEThCS, K

(hK|¥) = f (RK|x){(x|¥) d3x

= (2nh) ™ f e y(x) d®x = (-5)
= 2o (K).

Tyt (k) = (ZT[)_3/Z f e XY (x) d3x € nepeTBopennam dyp’e pynkuii Y (x).

OckinbKU B 11bOMY IIpe/iCTaBJIeHH] onepaTop iMnyabcy Py AiaroHalbHUH,
TO Horo aisg Ha @ (K) 3BoAUTHCS [10 MPOCTOTO EPEMHOXEHHS Ha BJIacHe 3Ha-
4eHHA p, = hq. A fid onepaTopa MoJ10KeHHA Q, B IMIIy/JIbCHOMY NpeACTaB-
JIEHHI fa€

(hK| QW) = (21th) ™2 j e~ %y W(x) dx =

3200(K)
Oky

=ih”
OTxe, B iMHyjleHOMy Hpe,[LCTaBJIEHHi OonepaTop MOoJIOKE€HHA Ma€E BUTJIA[]

. d . 0
Qu=1i5—=1ihs—. (5.6)
o
0kq 0P,
fAx MU y>xe 3a3Havasiy, BJaCHUN BEKTOp IMIY/JIbCy MAa€E HECKIHYEHHY HOP-
My, TOMY He HaJIeXXUTb |0 TiJIbOEpPTOBOr0 NpocTopy. B 6inb110CTI BUNIaAKIB 1ie
He NPU3BOJUTD [0 }KOJAHUX TPYJLHOLIiB, ajie 4acoM 6yBa€ 6akaHO YHUKHYTH
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HeCKiHUeHHOCTeN, 06MeXUBILU NPOCTip BeJIMKUM Ky6oM 3i cTopoHoo L i Ha-
KJIaBIIM NepiouyuHi rpaHuyHi yMmoBHU. fAkio (5.3) Mae 6yTu nepioguyHuM 3a
KOOpJHUHATaMHU Xy 3 KPOKOM L, TO 03BOJIEHI TAKUMU I'PaHUYHUMU YMOBaMU
3Ha4YeHHA k, MOBUHHI AopiBHIOBATH 2Tin/L, ne n — 1ijse yuciao. TakuMm 4u-
HOM, iCHy€ JIiIIe ofHe TpunycTuMe K /19 KoxHoi AinsaHku 06’emom (2m/L)3
B KoOHirypauifiHomy npoctopi. [lo3Ha4MMo BJ1acHi BEKTOPU TaKUX ,KOMipOK",
sk |hK L). BOHM MOy Th MaTH OAUHUYHY HOPMY 1 33/J0BOJIBHSITH YMOBi OpPTO-
HOPMOBAHOCTI:

(FKL|PK'L) = Sk xs (5.7)

TOoMy 3aMicTh (5.4) MaemMo
(x|hK L) = L™73eX, (5.8)

Y Mexi L — oo pe3yabTaTy MeTOAY ,KOMipoK“ MatoTh 36iraTucs 3 pe3yJib-
TaTaMH JiJis HellepepBHOT0 KoHOirypaiiiHoro npocropy. Hapasi mu 6auumo,
mo B Takik Mexi (5.8) He nmepexoauTh y (5.4), ajie Iboro # He BUMara€eThCsl.
Hacnpaai Ham noTpi6HO, {06 Npu L — 0o cTaBa/id 0/JHAKOBUMU cepe/iHi 3Ha-
YeHHS CIIOCTepeXHUX BeJIMYMH, 004rc/ieHi 060Ma cnocob6aMu AJisl AOBIJIbHO-
ro Bektopa ctaHy |¥). Hexait F — onepaTop, 1[0 NPe/CTaBJSE CIOCTEPEKHY
F; Toai B mpocTopi 6€3 rpaHUYHUX YMOB,

(F) = (WIF|¥) = f f (WIp')p [FIp)(p|W) d®p'd’p.

Y npocropi, po36uTOMy Ha ,KOMipKH“, 6epeThCsA CyMa 3a BCiMa AUCKPETHUMH
3HaueHHsAMU K = p/h, 10 A03BOJIEH] epioAUYHUMU FTPAaHUYHUMU YMOBaMH.
OTxe,
(Fy =(¥Y|F|¥Y) = Z(W|hk’L)(hk’L|F|hkL)(hkL|lP).
K k

3i 36isbLIeHHAM BeJIMYMHU L go3BoJieHi 3HadeHHa K Ta K [mo ogHOMYy
Ha (2m/L) xoHdirypauifiHoro npoctopy| rypTyTbCa AeAasi Tichiwe, i gas
OyAb-IKUX [VIaAKUX QYHKLiN TaKa cyMa epexoUTh B iHTerpyBaHHS:

L1° sw s _ [ L 1° 3.,/ 73
Z_)ﬁ dkdk—m d’p'd’p (5.9
K k
y Mexi Beninkux L. [lopiBasiHHe (5.8) 3 (5.4) mae

3/2
ety = (274) 1k,
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a, BpaxoBYI0YH, L0 B CYMi IPUCYTHI YOTUPHU TaKi MHOXXHUKH, TO BOHH AKpa3
i ckopouyTh MHOXKHUK Nepef; iHTerpanamu B (5.9). To6To B Mexi L — o
06u/1Ba pe3yJbTaTH CTAlOTh 0JHAKOBUMH.

[ Xo4 y HamoMy Kypci Mu He 6y/1eMO IOCJyrOByBaTUCSA METO/IOM ,KOMip-
KOBOI“ HopMautizaliii, BiH, IpOTe, MOXe CTaTH B HAaroAi, kosiu ¢pisvka 3agayi He
BUMAarae BJjaBaTUCH [I0 YCKJIaJHEeHb, I0B’SI3aHUX i3 HellepepBHUM CIEKTPOM
Ta BEKTOpPaMHU HeCKiH4eHHOI HOPMHU.

§5.2. Posnogin imnysabcy B aToMmi

3rifiHO 3 Teopi€lw, po3MOAia IMOBIpHOCTI A/ iIMIIYJIBCY B CTaHi, IpeJcTaBJie-
HoMy BeKTOpOM |W), €

l(p|¥)|? = (2ph)~3 f e~ X y(x) d3x 2, (5.10)

Jie p = Ak — iMnyabc yacTku. Lle TeopeTHyHe nepen6adyeHHsI 6akaHO mepe-
BIpUTHU Ha NPaKTUIL.

HalinpocTimuM AJist aHa i3y B IbOMY BUIIaJ Ky € aTOM BOJIHIO, 1110 CKJIaza-
€TbCS 3 OJJHOTO eJIEKTPOHA Ta OAHOro npotoHa. Takuil gocaia (auB. JloMaH i
Baiirosibz [119], Baitrosiba [187]) Bkiroyae ioHi3alio aToMa BOAHIO BUCOKO-
eHepreTUYHUM eJIeKTPOHHUM MYYKOM i BUMiplOBaHHS iMIyJbCiB BUGUTOrO 3
atoMmy Ta po3cisiHoro esekTpoHiB. Ha Puc. 5.1 noka3zaHo BiJHOCHI HanpsiMKu
IMIIy/IbCY P, BXiAHOTO eJIeKTPOHA, P, PO3CIAHOIO eJIeKTPOHA i p;, BUOGUTOrO
eJIeKTpoHa. 3aKOH 36epeXKeHHs iIMITYJIbCY A€

Po + Pe + Pn = Pg + Py + P (5.11)

Jie p, — iMIyJbc eJleKTpoHa B aToMi, p,,— iMnyJsbc Apa (IpoToHa) A0 3i-
TKHEHHs], a pj, — Horo x iMnyJibc mic/s ioHizanii. 3iTKHeHHsI BUCOKOeHepre-
THUYHOTO eJIEKTPOHA 3 aTOMHUM €eJIEKTPOHOM BiZi6yBa€ThCS TaK MIBU/KO, IO
peakLji€lo s1ipa MOXKHA 3HEXTYBATH | BCTAHOBUTH P,, = P),. TaKUM YUHOM, MU
MOXXeMO BU3HAYUTHU NOYATKOBUM IMIIYyJIbC €JIeKTPOHA B aTOMi 3 piBHSIHHS:

Pe = Pa t Pp — Po- (5.12)

3 MipKyBaHb, fIKi OyAyTb BUKJIaJleH] HHXYe, leTeKTOpH 0yJ10 HaJlallToBa-
HO TaK, 1106 BOHU PEECTPYBaH NOJ(l, B IKUX P, 1 p;, Ma/IM OJHAKOBY abCOJII0-
THY BeJIMYUHY i TOU caMUi Ky T BiAXu/aeHHs 0 BiJl HanpsAMKY BXi/THOT'O iMIyJib-
Cy Po. I3 1ux reomeTpUYHUX CNiBBiJHOIIEHDb, IPOLMIOCTPOBAaHUX Ha Puc. 5.1,
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Puc. 5.1. BigHOCHI HaNpPAAMKY PO3CiAHOr0 Ta BUGUTOrO €JIEKTPOHIB, P, i P;,, @ TAKOX
BXiZJHOTO eJIeKTpOHa p,. ¥ nepiuiil giarapami p, JIe&2KUTb y TJIOLUHI PUCYHKa; Apyra
Alarpama Jja€ BUIJIA/, NepleHJUKyISIpHO P, (TOPU30HTa/IbHOIO JIIHIEIO TOKa3aHo MJ10-
IMHY MepIioi giarpamu).

MO>Ha BUSHAYUTHU BEJINIHUHY iMl'Iy.}'IbCy €JIEKTPOHAa B aToMi:

2\ /2
Pe = | [2p, cOs® —p,] + |2p, sin B sin % . (5.13)
B excriepuMeHTI p, 3MIHIOETbCA 31 3MIHOKO @, @ KYT 0 3a/JMIIAETHCA NOCTIN-
HUM.

IMoBipHicTb Takoi noAil nponopuiliHa nepepisoBi eJ1IeKTPOH-eJIEKTPOHHOTO
PO3CIIHHA Oge AJIA 3ITKHEHHA BXiJHOTO Ta aTOMHOIO eJIEKTPOHIB, IOMHOXe-
HOMY Ha UMOBIPHICTb TOTO, 110 €JIEKTPOH y aTOMI Ma€ iMIyJibC p,. OTxe, 4a-
CTOTa peecTpalii Lux nojii 6y e npomnopijiiiHa 10

Oeel(Pe|¥)I*. (5.14)

[lepepis 0¢e € PYHKIli€IO €HEPTil eJIeKTPOHIB Ta KyTa 6, ajie BOHU B IbOMY J10-
caigi moctiiizi, 3MiHI0OETHCA utIe @. ToMy yacToTa peectpaiiii Ma€ 6yTH npo-
CTO MPONOPLiHHOI0 PO3NOALIOBI iMIy/Ibcy elekTpoHa B aToMi |(p,|¥)|?, mo
Jla€ MOXJIUBICTb IPOBECTU NIpsAMe MMOPIBHAHHA MiXK TEOpIi€I0 Ta eKCllepuMeH-
TaJIbHUMH JAHUMU.

TyT gopedyHo 3po6GUTH JBa 3ayBaXKEHHS 1[0/0 I[bOT0 eKcriepuMeHTy. [lo-
nepuie, BCi eJIEKTPOHHU TOTOXHi, a OTKe, HEMOXKJIMBO 3'SICyBaTH, SIKUU i3 HUX
po3cisiHMH, a AKMH — BUOGUTHUH 3 aToMa. [IpoTe BUGIp |p,| = |pp| 164 =
0p = 0 ycyBae yckJaJHEHHS], BUKJMKaHI 11i€el0 HeBU3HavyeHHicTio. [lo-apyre,
MU NPUILYCTUJIY, L0 3iITKHEHHS eJIeKTPOHA 3 aTOMOM MOXHa pO3IJ/IAJATH, K
YUCTO eJIEKTPOH-eJIeKTPOHHE PO3CiAHHA, A IPOTOH Y IbOMY BUIIa/IKY 3a/1M1lI1a-
€TbCA CTOPOHHIM criocTepirayeM. 3iTKHEHHS eJIeKTPOHA 3 IPOTOHOM TaKOX
MO>JIUBE, ajie TOLI aTOMHOMY eJIeKTPOHOBI IlepernaZae MaJloi eHepril yepe3s
1ioro MaJy, NOpiBHSIHO 3 IPOTOHOM, Macy. Binbip |p,| = |p,| ycyBae Taki He-
6akaHi 3iTKHEHHS 3 PO3TJIAY.



138 Posgin 5. ImnysibcHe npescTaB/IeHHS Ta HOro 3aCTOCYBaHHSA

0.8 H{1s)
=
) L
§ x 1200 eV
w 0.6 o 800eV
w o s 400eV
o
S

— 872 1+p2)"'

e
~
T

Differential
o
N
T

I ! 1 ] 1
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Electron momentum p (ag")

Puc. 5.2. BuMipioBaHHS po3noAiny iMIy/IbCy 4151 OCHOBHOI'O CTaHY aTOMa BOAHIO MPH
KiJIbKOX 3HaYeHHsX eHepril BXifHoro esekTpoHa [nmepenpyk i3 E. Weigold, AIP Conf.
Proc. No.86 (1982), p. 4.]

Teopiro aToMa BOAHIO MU ieTaJIbHO po3pobsaTuMemo B Po3aini 10. [IpoTte
snerko nepesiputy, mo ¥(r) = ce”/% (ge ¢ — HOpMOBOYHMIT KoedillieHT, a
ap = h?/me?) € pimennsam piBuaHHA lpoguHrepa A/ CTalliOHAPHOTO CTa-
HY YaCTKH Macow m y cdepuyHO CUMeTPUYHOMY noTeHiani W(r) = —e/r.
BignosigHo g0 (5.10), po3noain iMoBipHOCTI AJ1s1 iMITy/IbCY TPONIOPLIiHHUM 10
KBajipaTy nepetBopeHHs Oyp’e mis W(r), Tomy

(P |¥)? = ¢'(1 + afk®)™*, (5.15)

ne p, = hK iMnysibc esleKTpoHa B aToMi, a ¢/ — iHIIKI HOPMOBOYHU Koedi-
LIiEHT.

Ha Puc. 5.2 nopiBHIOIOTbCA TEOPETUYHI Ta eKCIepUMeHTaJbHi JaHHI,
OTPHMaHi JJ1s TPbOX Pi3HUX eHeprii BxiJHOTO eJleKTpoHa (BCi BOHM Habara-
TO MEPEBUILYIOTH eHeprito 3B’s3Ky aToMa BoJHIO 13, 6 eB). Ockisibku mocin
He Z1aBaB a6COIOTHUX 3HaUYEeHb BEJIMYUH, TO BCi TPU HAGOPU JJaHUX OYJIO0 Mifli-
CHAHO MiJ, TEOPETUYHI pO3paxyHKH /sl HAMHMKIMX k. Ak MU 6a4uMo, 3 ypa-
XyBaHHSAM LIbOr'0 NPUNYIIEHHS eKCIIepUMEeHTAJIbHI pe3yJbTaTH LIJIKOM y3ro-
JPKYIOTbCS 3 BACHOBKAaMH Teopil.

§5.3. Teopema Bsioxa

[ls1 TeopeMa onucye 3araJibHUM BUTJISL], CTAllioHAPHUX CTaHIB CUCTEM 3 Iepio-
JAYHOIO IPOCTOPOBOIO CTPYKTYporo. BoHa oco61MBo kopucHa y ¢pisuli TBep-
Jloro Tisia Ta kpucranorpadii. Ak BijoMo, KprcTas 3aJUIIAETHCA HE3MIHHUM
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npHu TpaHCJ'IFII_liHX THUITY
Rn = nia; +npa, + nizas, (516)

Jile nq, Ny, N3 — LiJi YACJA, a BEKTOPH a1, a2, a3 YTBOPIOIOTh pebpa esleMeH-
TapHOI KpucTaaiuyHOI KOMipKU. TaKUM TpaHCAALIsIM BiinoBi1aE ciM’'s1 yHiTap-
Hux onepatopiB U(R,) = exp(—ip - Ry/h), W0 3anumaiTs iHBapiaHTHUM
raMiJIbTOHIaH KpUCTaJLy:

UR,) HU ' (R,) = H. (5.17)

Li yHiTapHi onepaTopu KOMyTYIOTb MiXk co60t0 (sIK 6yJ10 MokasaHo B § 3.3)
Ta 3 raMiibToHiaHOM H, ToMmy, 3rifHO 3 Teopemoto 5, § 1.3, 1 BCix HUX Ma€
icHyBaTH MOBHUM Habip CMJIbHUX BJACHUX BEKTOPIB:

H|W)

E|¥), (5.18a)
URnp) [¥) = c(Rp) [¥). (5.18b)

[3 KOMMO3ULIHUX CIIiBBiIHOIIEHb [IJIs1 OIlepaTOPiB TpaHCASLiH
URn) URy) = U(Rn + Ry)
BUIIJIMBAIOTh TaKi K CIiIBBIHOIIEHHS /14 IXHIX BJIJaCHUX 3HaY€Hb
¢(Rn) c(Rn/) = c(Rn + Rp/).
[JboMy piBHSIHHIO 3aJ0BOJIBHSIE JIMIIe eKCIIOHEeH il Ha QyHKIIis
c(Ry) = exp(—ik - Ry). (5.19)

Ockinbku U(R;,) yHiTapHuit onepartop, 1o |[c(Ry,)| = 1, a omxe, k Mmae 6yTu
JiACHUM BEKTOPOM.

Axmo cucTeMa € 0JUHUYHOIO YaCTKOIO Y B3aEMO/1 3 NepioJUYHUM NOTEH-
LiMHUM 10JieM, TO meopemy baoxa B 1i cTaHAapTHOMY BUTJISAZI MOXHA OTpU-
MaTH, BUPa3WBIIH BjacHUH BeKTOp (5.18) B KOOpAMHATHOMY Npe/CTaBJIEHHi:
Y(x) = (x|¥).3a o3naueHHsaM, U(Ry) P(x) = Y(x—R;,), ToMy cninbHi BaacHi
¢byHkii 3 (5.18) noBuHHI 3aJ0BOJIBHATH YMOBI

W(x — Ry) = exp(—ik - Ry) ¥(x). (5.20)

BekTtop K HazuBaeThCs x8U1608UM 8ekmopom boxa sl 1boro cTaHy. 3ayBa-
’KMMO, 1110 TeOpeMa He CTBEP/KYE, 1110 BCi BJIACHI BEKTOPHU NepioJUYHO cCUMe-
TPUYHOTO onepaTopa H NOBUHHI MaTH TaKUH BUTJIsI/I, BOHA JIMILE JJA€E MOMKJIH-
BiCTb 06paTH IX TAKMM YHMHOM, 11106 BOHU OYJIY CMiJIbHUMH 3 BJACHUMHU BEKTO-
pamu (5.18b), i B TakomMy Bunaaky MaTuMyTh Buriasaz (5.20).
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Tenep poskaageMo ¢yHkiio baoxa (5.20) Ha nytocki xBuJIi:

Px) =Y ak)e™™ (5.21)

k/

[lifcTraHoBKa IbOTO po3k/aaieHHd B (5.20) nae

—7 /. 1 ,. —7 . i /.
Za(k/) e ik"‘Rp elk X _ e ik-Ry Za(k/) elk x’

K’ K’

110 CcripaBe/IMBO Toi i inme Tozi, konu a(K') o6epTaeTbca Ha Hy/Ib IPU THX
sHauenHsax K/, axi ve sagosonbusaoTs ymoBi exp[i(k’ — K) - R,] = 1 g4 Bcix
R, Burasazgy (5.16). Bektopuy, /15 IKUX BUKOHYETbCS 1151 yMOBA, OB’ sI3aHi Mix
06010 CIIiBBiHOIIIEHHAM

K — K = Gy, (5.22)

Je G, € BEKTOPOM 06epHeHoi KpucmanaiuHoi rpamku. JleTaJlbHUNA BUKJIAJ, Te-
opil npo KpucTasiuHi rpaTku Ta ob6epHeHi 10 HUX MOXKHA 3HAWTH B 6araTbox
KHWXKax i3 ¢izuku TBepgoro Tisia (Hanpuknaaj, EmkpodTt i Mepmin [5]). ¥
HalnpocTimoMy BUNIaJIKy, Ko BeKTOpH {Ry } yTBOPIOIOTh 3BUUaliHY Ky6GidHY
I'PaTKYy 3 eJIeMeHTapHUMHU KOMipKaMH y BUTJISIZi Ky6a 3i CTOPOHOIO a, BEKTOPH
{Gm} yTBOpPIOIOTH KpHUCTAJIYHY I'PATKY 3 eJleMeHTapHUMHU KOMipKaMu y BU-
rJasAi Ky6a 3i cTopoHoto 21/ a.
Y cBiTJi OTpUMaHUX pe3yJibTaTiB MU MoXxeMo nepenucaTtu (5.21), gk

Y =) a(k+ Gp) e KrEmx, (5.23)
Gm

OcCKinibKY pO3KJIaIEHHSA Ha IJIOCKI XBUJIi GAaKTHUYHO € PO3KJIaJIeHHSM 3a BJa-
CHUMM QYHKLISIMHU iMIyJIbCY, TO 3BiJiCH BUIIJIMBAE, 1[0 PO3MOALJT iMIYJIbCY B
ctaHi, skui onucyetbed (5.20) a6o (5.23), € AUCKPETHUM i 03BOJISIE JIUIIE
3HayeHHs BUTASAY h(K + Gy,). Lleil BUCHOBOK Oy/ie B&XKJIMBUM Y HACTYITHOMY

naparpadi.

§5.4. /AudpaxuiiiHe po3CisiHHS: Teopis

fABuiie nudpakuiiHOro po3cissHHSA 4YacTOK 6y/10 HAaJ3BUYAaHHO BaXKJIUBUM Y
icTOpUYHOMY PO3BUTKY KBAaHTOBOI MEXaHIKHU i JoTelep 3a/JUIIAETbCS BaX/IU-
BUM IIpU NpOBeJleHHi 6araTbox eKCllepUMeHTIB. Y noToyHOMYy naparpadi mu
po36epeMocsl 3 TEOPi€ LbOro SBUIIA i 3aJy4MMO Horo o iHTepmpeTaltii
KBAaHTOBOI MeXaHiKH.
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Audpakuia Ha nepiogu4Hii CTPYKTYpi

JAudpakuiline po3ciasHHA Ha NepioJUYHIN CTPYKTYPi, Ha 3pa30K KpucTaJja abo
JudpakuiiiHol rpaTky, MOXKHa IpoaHasi3yBaTH JBOMa PisHUMHM (X04 i MaTe-
MaTH4YHO eKBiBaJIeHTHUMH) MeTO/,aMH, IKi IPONOHYIOTh JiBa pi3Hi TiiyMaye-
HHA [[bOTO ABUILA.

(a) InToma MMOBIPHICTH MOJIOKEHHA YACTKHU

[lepmuii MeTo/, MoJIATA€ B pO3B’si3aHHi cTanioHapHoro piBHsaHHS [llpoguHre-
pa
h? o2 —

—ﬁv Yx)+WHx)P(X) = E¥Y(x) (5.24)
3 rpPaHUYHHUMM YMOBAMH, 1[0 BiZIMOBiAAlOTh BXiTHOMY My4YKy 3 MEBHOTO Ha-
NpAMKY, i B I0ZaIbIIOMy BU3HAYeHHi nuToMoi iiMoBiHocTi |W(x)|? Ha zeTe-
kTopax. TouHe po3B’si3aHHS LIbOT0 PIBHAHHSA MOXKe 6YTH HaJ3BUYaWHO CKJIA-
JTHOI0 33/]a4€l0, IpoTe MeTOAU Gpi3HUYHOI ONTUKH [J03BOJISIIOTh AOCAIAUTHU Hall-
BaXK/IMBIII 0COG/IMBOCTI Horo pimeHHs. BuBeieHHs onTu4HOi Teopii gudpa-
KIIii 3i CKaJISpHOT O XBUJIbOBOI'O PiBHSAHHS, CX03K0T0 Ha (5.24), MoKHA 3HAUTH
y bopHa Ta Byabda [33], Po3gin 8. Mu 3actocyemo ui metoau ao (5.24), gk
CyTO MaTeMaTUYHUM IHCTPYMEHT, L0 He BUMArae JjJaBaTH PiBHAHHIO Ta HOro
pileHHo Taky * ¢i3uyHy iHTepIpeTalio, K i B ONTHIII.

z
T—»@ © © €] ﬁ ﬁ ©
y
a

Puc. 3a. ludpakuiiiHe po3cissHHA 4YacTOK Ha NepioAUYHIN aTOMHIN CTPYKTYpi.

Ha Puc. 5.3a 306paxkeH0 BXiJHUI My4OK YaCTOK, KOXKHA 3 SKUX MaE€ iM-
nyabc p = hk, 0 3a3HarTh U paKIil Ha MepioAUIHOMY JIAHI[IOKKY aTOMIB.
J>kepeJsio Ta AeTEKTOPU PO3TalLlOBaHi JOCUTH AaJIEKO, 00 MU MOTJIH PO3TJIs-
JlaTu npoMeHi (TpaekTopil YacToOK), AK napasesbHi. Pi3sHUIA MiXK JJ0BXXUHAMHU
HIJISIXY JIBOX CYCiIHIX MpOMeHiB ck/1aaa€ a(sin 0, —sin 01). Ao 11i misaxu Bij-
pi3HAIOTHCA Ha I[iJie YUCIO0 AOBXKHUH XBWIb A = 2mh/p = 2m/k BxigHoro my-
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YyKa, TO aMILJIITy 1 MTPOMEHIB, pO3CisIHUX Bii OKpeMHUX aTOMiB iHTepdepyBaTH-
MYTb KOHCTPYKTHMBHO, JAl041 HalGinbute 3HauenHs |¥|? Ha geTexTopi. OTxe,
AudpakuiiiHi MaKCHMyMH WMOBIpPHOCTI PO3CiSIHHA CIIOCTePiraTUMyThCs IpHU
KyTax, 1110 BiANOBiAal0Tb YMOBI

a(sinf; —sin61) = nA, (5.25)

Je n — Ijijie Yy1cJo.

[HTepnpeTanisi, Ha AKy HABOAUTD Lie aHaJli3, HAalBAy4Hille XapaKTepUsy-
€TbCs GPa30I0 KOPNYCKYASPHO-X8UAbOBUT dyaizm. BifnoBigHo [0 niel KoHLe-
Mnii, 3 KOXXHOI YaCTKOI0 MOB’13aHa XBUJISL, X0Ua caMa IpHUpo/ia TAKOro MOES-
HaHHA 3a/IMLIAETHCA HEsCHOI0. bisbille TOro, MpUnycKaeThCs, 110 , XBUIbOBA
oyukuia” HpoauHrepa Moxke 6yTH i Gi3HUYHOIO XBUJIEI0 B 3BUYANHOMY MPO-
cTOpi, MpoTe, IK 6yJio BKa3aHo B § 4.2, Taka iHTepnpeTanis ¥ BTpayae ceHC y
BUIMA/IKy 6araTo4acTKOBUX CTaHiB. /lo BCbOro iHLIOT0, MU He IOBHHHI 3a0yBa-
TH, 1[0 HACTIPaB/i CIIOCTEPEXKHUMH € JIMIIEe YACTKHY, i cnocTepiratouu nudpa-
KIilHY KapTHHY, MU GaKTUYHO PaxyeEMO BiITHOCHY KUJIbKiCTb 4YacTOK, POCisi-
HUX y Pi3HUX HallpAMKaX.

(b) Po3mogais imoBipHOCTI AJ1a iMIy 1BCY

Jpyruii MeTo/; 064MC/IeHHSI IPYHTYETbHCS Ha Till 06CTaBUHI, 1110 HMOBIpHICTb
YaCTKU OTPUMATH B pe3yJIbTaTi po3ciaHHsA iMmnysnbe p’ — hK' € Takox iMoBip-
HiCTIO TOTO, W ii 6y/e BUABIeHO B HanpAMKy K'. He pu3KKy04u ycK/Ia HU-
TH Hallly 3a,a4y, MM MOKEMO MepetTH BiJ JIaHL[I0’KKa aToMiB Ha Puc. 4.2 no
JIBOBHUMipHOI AudpakuiiiHol rpaTku B mioLuHi xy. Kpim Toro, Hemae notpe-
61 06MexXyBaTHU KPUCTaJ €AUHUM I1apoOM aTOMIB, BiH MO)Ke MaTH [Jl0BIJIbHY
TOBIIMHY B HallpsIMKY —Z 33 YMOBH 30€epexeHHs NepioAUYHOl CTPYKTYpH B
HanpsAMKax +xi+ty.

OckinbKH cucTeMa nepioJM4Ha B IVIOILMHI XY, 10 Hel MOXKHaA 3aCTOCyBaTH
JIBOBUMIipHUI BapiaHT Teopemu bisioxa. Tozi pitneHns piBHsHHSA (3.24) MoXHa
nifiopaTv TAaKUM YUHOM, 1106 BOHU MaJld BUT/IA/,

Pq(x) = ) e bu(q, 2) (5.26)
n

Je 8, — ABOBUMIpDHHMI BeKTOp 06epHeHOi I'PaTKH, a q — ABOBUMIipHHUI aHa-
JioT XBUJIbOBOT'0 BeKTopa bsioxa k 3 (5.23); 061uaBa 06MeXKeHi IJIOLUUHOIO XY .
OCKiIbKY CTPYKTypa € NePioUIHOI0 JIMIlle B HAPSIMKAX X Ta Y, TO JIJisl KO-
*kHOTO pikcoBaHOrO Z icHyE€ pilieHHs y BUrJsi (5.26), ane 3 TeopeMu bsoxa
He MOXHa HiY0ro BUBECTH PO 3aJIeXxHIicTh P Bif z.
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3aranbHe pimeHHs piBHAHHSA (5.24) € JiHiliHOIO KoMOiHali€l0 QyHKILIM
(5.26), sAka mii6UpPaAETbCS TAKUM YMHOM, 11106 BiZMOBiAATH rpaHUYHUM yMO-
BaMm. lli yMmoBM BuMaratoTh, 106 npu z > 0 (Hag kpucraiom) W (x) mictuia
BXi/IHY XBUJIIO ekX 3 k. < 0.BuigHa XBUJIs Haby /e 6;10xiBCbKOI GOpPMHU, SIKIIO
MM BCTaHOBUMO ( = Ky (npoekuia K na nuiomuny xy). ToMmy HeMae notpe6u
KoM6inyBaTH QyHKLIT ®g(X) i3 pi3SHUMM 3HAaYEHHSAMH (], 106 BOHU 3a/[0BOJIb-
HSIJIM TPAHUYHUM YMOBaM, 60 I1i YMOBU BUKOHYIOThCSI OJHIE0 TaKOO GYHKII-
eto. OTxe, ¢piznune pimenHsa W(X) MoxHa 06paTH TaK, 1106 BOHO MaJio BUTJIS],
(5.26).

Hap kpucrtanom noTteHlian W(X) o6epTaETbCs Ha HYJib, TOMY pillleHHS
piBHsAHHSA (5.24) Mae 6yTH

Y(x) = e** + Zr(k’) e > sz >0, (5.27)
k/

ne E = h?k?/2m, a |[K'| = |k| = k. Jlna BxigHoi xBui (mepmuii 0aHOK)
MaeMo k, < 0, a AJist po3cisiHOl XBUJTi TOBUHHO 6yTH k), > 0. IMOBipHicTb, 1110
yacTKa poscieTbcs B Hanpamky K/, nponopuiitna |r(K')|2.

Tenep (5.27) mae HabyTu Burasany (5.26). Sk yxxe 3a3Havyasocs, e Mo-
MJIMBO, IKILO MM BCTAaHOBUMO q = Kyy, i Tozi fofganok 3 n = 0 (g, = 0)
y Bupasi (5.26) mae 6yTH izeHTHUdikOBaHUM i3 BxigHOW0 xBuelo B (5.27), a
penrTa 4ieHis, 1jg AkuX g, # 0, — 3 po3CiaHUMU XBUIAMU. TaKUM YMHOM,
k;cy = Kyy + 8, /ie 8, — HEeHyJIbOBUH BEKTOP JBOBUMIipHOI 06epHeHOi I'pa-
TKH. OCTaHHI! KOMIIOHEHT, k,, BU3HAYAETbCA Yepe3 BeJUYUHY K%y i ymOBY
36epexxenns eneprii |K'| = |K| = k [ockinbku cama Mojiesib Ipolecy, 3aK/a-
JleHa B piBHsHHA (5.24), nepe6ayae, 1o 1e NpyKHe po3CcissHHA Ha HEPYXOMiH
Mimeni]. OTxe, MM 6a4MMo, 1[0 NTpUNycTUMi 3HaYeHHs K o6MexeHi fuckpe-
THUM HabopoM, i po3CcigHHS MOXe BiZjOyBaTHCS JiMille B IEBHUX JUCKPETHUX
HamnpsiMKax.

[IprunHa NOsIBU JUCKPETHOr0 HA6Opy HANPSAMKIB PO3CisiHHS, 3Ti/HO 3 Ha-
[IMM aHaJi30M, OJISITAE B TOMY, 1[0 KOMIIOHEHT iMIYJIbCY B IJIOL[MHI Xy MO-
»Ke MiHAITHCS JIUIIEe Ha BeJIMYMHY, KPaTHY BEKTOPOBi IBOBUMipHOi 06epHeHOi
I'paTKH:

(7K' — 1K), = hig, (5.28)

[lepenaya iMnyJibcy Bif ab6o Ao nepioguyHoro o6’ekra (B HAllOMYy BUIAJKY,
JUPPaKLifHOI I'PaTKU) KBAaHTYETbCA B HANPAMKAX, Jle HassBHA IepioJUYHICTb.
ToMy z-KOMIOHEHT iMNYJIbCY He € 6e3mocepeHiM Y4aCHUKOM TAaKOTO KBaH-
TyBaHHS, 60 rpaTKa He MepioguyHa B I[boMYy HanpsiMKy (asie BiH pikcoBaHUM
3aKOHOM 30epexxeHHs eHeprii).



144 Posgin 5. ImnysibcHe npescTaB/IeHHS Ta HOro 3aCTOCYBaHHSA

11 NOpiBHAHHA 3 pe3yJIbTaTOM, OZlepKaHUM i3 3aCTOCYBaHHAM IepLIOTO
MeTO/y, IOBEPHEMOCS [0 OLHOBUMIPHOIO JIAHL[I0KKA aTOMIB y30BX OCi Y 1
pO3r/siHEMO INpoLiec JUIe B MJIOLIMHI yz. Tenep BeKTopu 06epHEHOI I'PaTKU
JIexaThb y HANPSAAMKY Y | MAalOThb BeJIMYUHH g,, = 2Tn/a, ie n — LiJIi YucIa, a a
— BigcTanb Mi>k atomamu. Tozi (5.28) nae

__ 2mhn

hles, — hkey = =T (5.29)

JU1s1 3MiHM IMIIYJ/IbCY YAaCTKU B HANPSIMKY nepioguyHocTi. B pesysbTat (5.25)
MU MOTJIY MiJICTABUTH A = 2m/k i oTpUMaTH
2mhn

hk(sinB; —sinB;) = 0

SIKUM To4HO BigTBOpIOE (5.29).

Ax Mu 6a4yMMo, 0611Ba METO/IU AAIOTh OJJTHAKOBUN PE3YJIbTAT, aJie MPOTO-
HYIOTb pi3Hi iHTepnpeTaliii. 30kpeMa, nosicHeHHs AU PPaKLiHHOT0 PO3CITHHS
Yyepe3 KBAaHTOBaHY Iepeaady iMmnyJibcy A0 abo Bif mepeoJUUHOTO 06’€KTa He
MPOIOHYE | He BUMarae 6yKBaJbHOTO OTOTOKHEHHS YacKH 3 Gi3UYHOI0 XBU-
Jieto 260 XBUJIbOBUM MAKETOM.

l'nmoTe3y npo KBaHTOBaHy Hepejady iMmyJsbcy [JJisi nosicHeHHs gudpa-
KI[ilfHOro po3cissHHsA OyJio 3anponoHoBaHo B./lyeiiHoM y 1923 poui, 1mie g0
Toro, Ak llpoauurep ta aiizeH6epr chopmMyJitoBasu 3acajd KBaHTOBOI Te-
opii. Y it rinoTe3i 6isiblile HeMae NOoTpebH, 60 Tenep BoHa GIrypye, ik ogHa
3 TeopeM KBaHTOBOI MexaHiKU. € TPU 3arajbHi NpUK/Ia U B3aEMO3B 13Ky MiXK
MEePIOAUYHICTIO Ta KBAHTYBaHHSAM:

(i) IlpocTopoBa mepioAUYHICTB i3 KPOKOM @, SIKa Aa€

/ 2mnh
p-p= : (5-30)
a
Je p i p’ — KOMIIOHEHTH IOYAaTKOBOTO Ta KiHIEBOTrO iMIYJbCIB y Ha-

NPAMKY NIepioJUYHOCTI, a N — LiiJie YUCJIO.

(ii) IepioguuHicTb y yaci 3 iHTepBasioM T, 3 IKOi BUIJIUBAE

2ntnh _

- =
E'—E T

nhw, (5.31)
jge w = 21/T,a E ta E/ — moyaTkoBa Ta KiHleBa eHeprii. Taka 3aJe-
YKHICTB POSBJISEThCS B rapMoHiiHOMY ociuisiTopi (Po3ain 6) iy Biiu-
Bi Ha cucTeMy rapmoHiliHoro 36ypeHHs (Po3ain 12).
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(iii) O6epTasibHa MePiOAUYHICTb HA KYT 2T, 1[0 IPU3BOAUTH J10

2nnh _
2T

J—J= nh, (5.32)
ne J ta J' — no4aTKoBHi Ta KiHI|€eBUH MOMEHTH iMIyJIbCY B HAIPSIMKY
oci o6epTaHHs. Lle npogemocTpoBaHo B Po3zii 7.

BapTo Bi/I3HaYXWTH TaKi XapaKTepHi BJIACTUBOCTI:
e Kpok KBaHTYBaHHS 3aBX/i1 00epHEHO NPONOPLiMHUM 10 epiofy.

e Take KBaHTyYBaHHS He € yHiBepCaJIbHUM 3aKOHOM, BOHO MAa€ Miclie JIU-
1le 3a HasiBHOCTI BiAnoBiAHOI nepioguyuHocTi [y Bunagky (iii) Taka ne-
piOAMYHICTD NPUCYTHS 3aBXKAH].

e [lepiofu4HICTb NPU3BOAUTDE A0 KBAHTYBaHHSA JIMLIE 3MIH y 3HAYE€HHAX
CIOCTEPEHHUX BEJIMUUH, a IX aOCONIOTHUX 3HAYEHb.

Audpakuia Ha ABOX LI/ IMHAX

Judpakiis yacTok npu NPoXo/KEHHI Yepe3 eKpaH 3 /IBOMa I[IJINHAMH YKe
JlaBHO CTaJla KJIaCUYHUM NIPUKJIAJ0M KBaHTOBOI oBeiHKU. Kon BiAKpUTO
JIMIe OJHY LIJIMHY, TO [I0Ka3u JleTeKTOPIB 3 MPOTUJIEKHOr0 GOKY eKpaHa
MaloTb MOHOTOHHUM pO3MOJiJ, No3Ha4eHUH Ha Puc. 3.5b BoMa nyHKTHpPHU-
MU I'padikaMu JiJish KOXKHOI 3i LIiJIMH; IKUPHUHA TAaKOTO PO3MOoJijy 06yMoBJIe-
Ha po3Mipamu Ta popmoro oTBOpiB. Ta KoJiu BiAKpUTO 06M/BI LiIMHY, TPO-

Hinuna 1 Llemexmop

Hocepeno /;

Imogipricmb

HJinuna 2

Puc. 3b. Judpakuis yacTok Ha ekpaHi 3 iBoMa LiiJiMHaMU. IMOBipHiCTb Ma€e MaKCUMY-
MU B THX MICISIX, Jle aMIUIITY 11 CKJIaJlaloThbcs ¥ $pasi ojHa 3 oJiHOlo, i MiHIMyMH — y
npoTtudasi.
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CTOPOBHH PO3MOJAIJI 3apeeCTPOBAHUX [JeTEKTOPOM YaCTOK I1epeTBOPIETHCS
Ha iHTepdepeHIiHHUM y30p, K TOKA3aHO Ha cyliibHOMY r'padiky. [losoxe-
HHS MaKCMMYMIB Ta MiHIMyMi MOHa po3paxyBaTH, BU3HAYAOYU MiCLd KOH-
CTPYKTHUBHOI Ta IeCTPYKTUBHOI iHTepdepeHLii napuialbHUX XBUJIb, 1110 TPHU-
XOJATB BiJj pi3HUX OTBOPIB.

Hocnin 3 audpakiii esleKTpoHIB Ha ABOX LiiMHAX 6ys0 npoBefgeHo To-
HOMYypolo Ta cniBpob6iTHukamu ([180], 1989) i3 3acTocyBaHHSIM MeAoOAy, 11O
[l03BOJISIE OTPUMATH iHTepdepeHLiHYy KapTUHY, YTBOPEHY 3 NOC/iL0BHOCTI
JpiGHUX LATOK BiJj MOTPANJIsIHHS OKPEMUX eJIeKTPOHiB. YacToTa BUIIyCKaH-
Hfl eJIeKTPOHIB OyJ1a y>ke HU3bKa, 1110 MakKe BUKJ/II0YaJI0 MOXKJINUBICTb 3Ha-
XO[KEHHA MK JKepeJsIOM Ta AeTEeKTOPOM KiJIbKOX eJIEKTPOHIB 0JHOYAaCHO,
i Ile NepeKOHJIMBO CIIPOCTOBYBAJIO OY/b-AKI riOTeTUYHI NOsACHeHHs Audpa-
KLl BHACJIiZJOK eJIeKTPOH-eJIeKTPOHHOI B3aeMozii. Tak caMo meToaMKa JOCIIi-
Zly He 103BOJIsl/Ia iAeHTU]IKyBaTH eJIeKTPOHU 3 XBUJIBOBHMU NaKeTaMH, 60
MOJIOXKEHHST KOXKHOTO 3 HUX QiKcyBasocs 3 HabaraTo BUILOK TOYHICTIO, HiXk
mUpUHA iHTeppepeHniiiHux cMyT. Lle mepeKoHINBO 3acBifuuJI0, o iHTEpdE-
peHliiHa KapTHUHA € JIMlIe CTATUCTUYHUM PO3INOAIJI0M PO3CIAHUX YaCTOK.

JVBOBM)XXHUI pe3y/abTaT LbOTO €KCIIEPUMEHTY MOJIATAE B TOMY, 110 IpHU
JBOX BIIKpUTHX HIiJIMHAX icHYOTh Miciga (audpakuiiidi MiniMyMn), ne nuTo-
Ma UMOBIpHICTb Malke HyJIbOBa, X04a NIpX OJHIN BiAKPUTIN 1LiKHI yau mo-
TpaIisiao 6araTo 4acTok. lle HanpaBAy Bpaxatoye QpisudHe sABUILe 3 HAA3BU-
YallHO LliKaBUMHU TeOPETUYHUMHU HacliikaMU. Ha »kaJib, BOHO NpU3BeJIo [0 NO-
sIBU XMOHOTO TBepKeHHH IIpo Te, 10 HIOUTO B LIapUHI KBAHTOBOI MexXaHIKH
BTPAYa€E CBOIO YMHHICTD ,KJacuuHa“ Teopis WMoBipHOCTI. l|s aprymeHTalis
3BYYUTb NPUOIU3HO TaK:

fAxuo BifKpuTa Jnule wijinHa 1, To UMOBipHICTb 3apeecTpyBaTH
4JacTKy B noJioxkeHHi X € P1(X). AHasoriyHo, KOs BikpuTa Jiu-
me miavHa 2, 1A AMoBipHicTh € P, (X). Hexail nmpu ABOX ofHO-
YaCHO BiIKPUTHUX ILIJIMHAX Bi/iOBiHa KMOBipHicTh 6yAe P12 (X).
Tenep npoxo»xeHHA Yyepe3 1 i NpOXOKeHHA Yepes 2 € 830EMO-
BUK/IOYHUMU NOJisiMU, A OTKe, 32 IPAaBUJIOM J10[aBaHHA UMOBIp-
HocTel Takux noAiu (1.49a) Mu po6uMO BUCHOBOK, 1110 P1;(X) =
P1(X) + P,(X). Ane Bci Tpu UMOBiIpHOCTi MO>KHa BUMIpATH B eKC-
NepyUMeHTI ¥ IepeKOHaTUCH, L0 1Sl piBHICTh HE BUKOHYEThCS. Ta-
KHWM YMHOM, IPpaBuUJIO AoAaBaHHs MoBipHOcTel (1.49a) He BUKO-
HYETHCA B KBAHTOBIN MeXaHill|.

3paBasiocs 6, 11ell BUCHOBOK MaB CTaTHU YK€ TPUBOXXHUM CUI'HAJIOM, [103asIK
Teopiss UMOBIPHOCTI Ay»Ke TiCHO MOB’s13aHa 3 iHTepIpeTalli€l0 KBAHTOBOI Me-
XaHIKH, TOX HEeCYMICHICTb MiK HUMU MOXe NPU3BECTU A0 AyXKe CepHO3HUX
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HacnaiakiB. Ta HacnpaB/i HaBeJleHUU BUlle paJUKaJbHUN BUCHOBOK € JIUIIE
pe3yJIbTaTOM HEKOPEKTHOTO 3aCTOCYBaHHS TeOopii UMOBIpHOCTI.

Tpeba ocTepiraTucs HMOBiIpHICHUX TBep/IXKeHb, BUpaXkeHUX Y popMi P(X)
3amictb P(X|C). lpyruii apryMeHT MOKHa 6e31eYHO ONYCTUTH JIUILEe B TOMY
pasi, AK1o yMmoBa C € 04€BUAHOIO 3 KOHTEKCTY i He3MIHHOH BIIPOJ,0BK PO3TJIf-
Ay Bciei 3apadi. [IpoTe B HaBeieHOMY IPUKJIA/li Lie 30BCIM He Tak, | HacnpaBAi
B apI'yMeHTax MalTb OYTH NPUCYTHI TPU LiJIKOM pi3Hi yMOBU:

C1 = (winuHa 1 BigkpuTa, IJIMHA 2 3aKPUTA; XBUJIbOoBa QyHKLiA = V1),
C; = (winuHa 1 3aKkpuTa, IiIMHA 2 BiAKPUTA; XBUJIbOoBa PyHKLiA = Wy),

C3 = (winuHa 1 BigkpuTa, WiyIMHA 2 BiIKpUTAa; XBUJIboBa QyHKILig = W1;).

I B gocaifii Mu cioctepiraemo siniie Te, o P17 (X|C3) # P1(X|C1) + P2(X|C2).
[IpoTe Teopis WMOBIpHOCTI ¥ He BUMarae, 106 y 11boMy BHUpa3i CTOSIB 3HAK
piBHOCTI. HepiBHicTB 11X iMoBipHOCTElN (BUKJ/IMKaHa iHTeppepeHIlier) cymne-
peuuThb KJacU4yHilt MexaHilli, ajie He caMill Teopii KMOBIpHOCTI.

Lle Ta 6araTo iHIIKMX XMOHUX 3aCTOCYBaHb TeOPil HIMOBIpPHOCTI B KBaHTOBIH
MeXaHilli leTaJbHO PO3rJsgaeTbcs B [12].

§5.5. JdudpakuiiiHe po3CiAHHA: eKCIEPUMEHT

Judpakiifine po3cissiHHS Ha nepioJUYHHUX CTPYKTYpax (3a3BU4ail KpUCTaIi-
YHUX I'PaTKax) crocrepiranocs g 6araTbox pi3HUX TUMIB YaCcTOK. Y HACTy-
MHi#M TabJauIi HAaBeIeHO NepeJsliK HalpaHHIIIUX JOCTi/PKEHb [IbOTO SBUIIIA.

JocnimpxeHHs JudpakLiiiHOro po3cisiHHA AJis1 pi3HUX YaCTOK

PenTreHiBcbki GoTOHU Y 1912 M. ¢pon Jlaye

EnexTpoHu e 1927 K. JleBicon i JI.T. ['epmep
Atowmu resito He 1930 0. tepH

Mounekysiu BogHio H, 1930 0. llltepH

HeliTpoHu n 1936 J.I1. Mituen i I1. H. [laBepc

3 norsisaay Teopil, HAMBAXKJIUBIIIKUM pe3yJbTaTOM I[UX AOCIi/IiB € BUCHO-
BOK IpO YHiBepcasbHicTh Audpakuii. YacTku MOXKYTb OYTH 3apsKEHUMH
a60 HeHUTpaJIbHUMH, eJleMEHTAapHUMH ab0 CKJaAHUMU. B3aeMoais Moxe 6y-
TH eJIEKTPOMArHiTHO a6o si/lepHoto (K y BUNA/IKy 3 HEUTPOHOM). Acolliiio-
BaHy 3 YaCTKOIO JIOBXXUHY XBWJIi A MOHa OTPUMATH 3 €eKCIIEPUMEHTY yepe3
Bupas (5.25) i nepekoHaTHCs, 1[0 BOHA NOB’s13aHa 3 iMnyJibcoM 3a GOpMYJI010
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Je Bpoitna A = h/p, ae h = 2mh — nocriiiHa [lnanka. TakuM ynHOM, Audpa-
KIiWHI JOCAiIN N03BOJISIOTh BUMIPSTH YHiBepca/bHY KOHCTAHTY h, IKy MU
3aMpoBaAW/IM B Teopito 3 piBHsHHA (3.55).

YsaBimo, 1110 My MoOTJIM 6 OTPUMATH Pi3Hi 3HAYEHHS eMIIipUYHOrO0 Mapame-
Tpa ,h" ans pizHux yactok. To/i MU Masid 6 MOXJIUBICTb PO3PI3HUTH he, hy i
T. /i. /19 eJIeKTPOHIB, HEUTPOHIB Ta iHIIKUX. TakoX MU MaJiv 6 OKpeMy BeJIUYU-
Hy hy asa GoToHa i3 cniBBigHOmenHa Bopa hyv = E; — E1, 0 BU3HAYaE 4a-
CTOTY BUIIPOMiHEHHH IIPY llepexo/ii aToMa MK pi3HUMHY eHepreTUYHHUMHU pPiB-
HsMHU. | X04a iCHY€ MOXKJIUBICTb BUMIPATH 1Ii MapaMeTpu 6e3mocepeiHbo ye-
pe3 popMyiy, 1110 10T iX 03HaYEeHHS, HabaraTo TOYHIiIlli pe3yJibTaTU MOXKHa
OTpMMaTH 3 KoMbiHaljii HenpsAMUX BuMiproBanb (Pimbax, ['pin i X103 [61],
1991).Y uux gocnigax 6y/10 BCTAaHOBJIEHO, L0 CHIBBiJHOWEHHSA he /hy 1 Ay [hy
BiZipi3HAIOTHCSA BiJl OAUHUII He OiJibllle, Hi2K Ha 1078,

PesysibTaTu [J1g aTOMIB reJiito Ta MoJIeKyJ1 BOLHIO 30KpeMa BU3HA4YHI TUM,
1110 3aCBiAYYIOTh HasABHICTh AUdpaKLil He Jinile [/ eJleMeHTapHUX YacTOK,
a ¥l a1d 06°eKTIB 31 cCK/1aZHOIO BHYTPILIHBOO CTPYKTYpoOIo. ludpakiiiine pos-
CIAHHA KOMNO3UMHUX YACMOK TAaK0X Ma€ BeJIMKe 3Ha4yeHHA 1[4 iHTepnpe-
Tanil KBaHToBOI MexaHiKu. EQeKTHUBHA /I0BXHWHA NTOB’s13aHOI 3 YaCTKOI0 XBUJIi
€ A = h/p, ne p — ii imnyabc. OTxke, B AudpakLiHHOMY eKCIepUMEHTI Yac-
TLI MacU m;, 10 PyXa€EThCA 3 HEPEJIATUBICTCbKOI MBUAKICTIO V;, BiANOBIA-
ae IOBXKUHA XBUJL A; = h/m;v;. Ak6u 1ie 6ysa peanbHa pizudHa XBUJIS, KA
PO3NOBCIOKYETHCS B 3BUYAHOMY MPOCTOPI, TO CJIiff 6y/10 6 04iKyBaTH, 110
6araTo4acTKOBOMY 00’€KTOBI Ma€ BiAMOBIJaTU CYKYMNHICTh Qi3UYHUX XBUJIb
{A; = h/m;v;}, axi noBUHHI BUABUTHU cebe Ha AupaKLiiHiKA kKapTuHi. OfHAK
I[bOTO He BiZiyBaeThcs. HacmpaB/i ciocTepiraeTbes Jiviie ofiHa XBUJIS J0B-
XXUHOW A = h/ Zi m;v;, WO BiZNOBiJa€ NOBHOMY iMIy/IbCOBI KOMIO3UTHOI
cucteMd. llel pe3ysbTaT )KOJHUM YMHOM He BIUCYETHCA B IHTepIIpeTalilo
JaCTOK, K peajbHUX Qi3WYHUX XBUJIb. 3 iHLIOTO GOKY, aHaJIi3, IpoBeJeHUI
y migcekuii (a) § 5.4, B3arasi 06xoAuThCsl 6€3 XBUJAbOBOI iHTepmpeTallii; BiH
Jlae nosicHeHHs Judpakuil yepe3 KBaHTOBaHY Nepefady iMIyJibcy Lo abo Bif
AudpakuiiiHoi rpaTku. Kpok Takoro KBaHTyBaHHS 1[iIKOM BU3HAYAEThCA Tle-
PIOAWYHICTIO I'PATKU i He 3aJIeXKUTH BiJi IPUPOLU PO3CIFOBAHUX YaCTOK. | ekc-
MEePUMEHT 3 PO3CisHHSA KOMIIO3UTHUX YaCTOK LIJIKOM MiITBEPKYE L|el BU-
CHOBOK.

KiacuunuMm npukiaasoMm qudpakiii € po3cisHHS CBiT/Ia HA I'PATIY, 1110 AB-
Jisie c06010 nepioJUIYHUN pO3I0 /i IeBHOI pe4OBUHU. 3BOPOTHE IBUILE — JIU-
dpakiiis pe4oBUHHU Ha CBiTJI, BifjoMe K ehekm Kaniyu-/ipaka. Toyaz, Pad
i pivapx ([79], 1986) npoaeMOHCTPYBaIX BiJIXUJeHHS HeHTpaJbHUX aToO-
MiB HaTpil0 B €JIeKTPOMAarHiTHOMY I10Jli, YTBOPEHOMY CTOSAYUMHU IIJIOCKUMU
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XBUJISIMM BiJl Jie3epa, i nigTBepauan ¢akT nepejadi iMmnybcy 3a popmyJioro
(5.30). Y ixuboMy JlOC/IiIi aTOMU B3a€EMO/IiS1/IU 3 TI0JIEM Yepe3 eJIEKTPUYHY I0-
Jagpu3saiiito. OCKiJIbKY eHeprig Takoi B3aemMo/ii mponopijiiiHa KBaJpaToBi Ha-
MIPY>KEHOCTI 10JId, TO NapaMeTp IPOCTOPOBOI NepioJUYHOCTI a CTAHOBUB I10-
JIOBUHY [IOBXXWHHU XBUJIi JIa3€pHOr0 NPOMeEH4.

Y neB’stHOCTHX poKax 6y/10 IPOBeeHO YNMaJI0 eKCIIEPUMEHTIB 3 aTOMHOI
inTepdepeHii 3a NPUKJIAAOM paHilIUX AOCHIAIB 3 ONTUYHOIO Ta €JeKTPOH-
How iHTepdepeHnieto. Hanpuknaj, ekciepumeHT llapHana i Miuuneka ([35],
1991) 3 npoxoAKeHHsI aTOMIB reJilo yepe3 eKpaH 3 ABOMa L[iJIMHAMM 3aB-
mypumky 1 mikpon (107° M), po3TainoBaHux Ha BijcTaHi 8 MiKpoHiB 0/iHa Bij
onHoI. [lebGpoiisieBa JOBXHWHA XBUJII B UX eKCIIEPUMEHTAX 3a3BU4all 3HAYHO
MeHIlIa 3a po3Mip caMoro aToMa, ToJi sK NP eJeKTPOHHIK a60 HEUTPOHHIN
Judpaknil [oBXKHWHA XBUJIb HA0AraTo MepeBUILy€E po3Mip caMHuXx 4acTok. Llie
Jla€ e OAUH apryMeHT NPOTU GYKBaJIbHOTO OTOTOXKHEHHS YaCTOK 3 XBUJIbO-
BHMMHU NaKeTaMHU.

Mu MoxkeM0 po3paxoByBaTH, 110 B MalGYTHbOMY aTOMHaA iHTepdepome-
Tpisi 3a6e3ne4YnTh HAC HOBUMU QYHAAMEHTAJbHUMU JOCAIaMU 3 IepeBipKU
KBaHTOBOI Teopil. [[poTe 0ci HAUNKOPUCHINIMMU YaCTKaMM B TAKUX EKCIIEPU-
MEeHTax 3a/IMIIAITbCI HeUTpoHU. KapTunu ix gudpakuii Ha ogHil a6o ABOX
IiJIMHAaX 3 TOYHICTIO MiATBEpAXYIOTh yCi TeopeTU4Hi nepefbayeHHs (AUB.
3aitinrep [194] ta 'enep i 3aiininrep [68]).

Jyxe TOHKI gocnigu 3 HeUTpoHHOI iHTepdepeHIIil cTaju MOXKIUBI 3aB-
JSAKH MOHOKpUCMAATYHOMY [HMepgdepomempy, BUTJIsA], SIKOTO MOKA3aHO Ha
Puc. 5.4(a). Moro Bupi3aloTh i3 L[iJIOro KpeMHiEBOro KpHCTaaa pO3MipoM
61u3pko 10 cM, 10 He Mae 3CyBiB y BHYTpILIHIA CTPYKTypi Ta moBepxHe-
BUX HepiBHOCTel (X04a MOKe MICTUTH HeBeJIMKi MOPOKHUHY, SIKIO BOHHU
He BIUIMBAIOTh Ha Horo po6oty). PizHi audpakuiiiHi nyyku 306pakeHo Ha
Puc. 5.4(b). BxinHu# ny4ok 3 A NoAiJsiETbCSA HAa ponylieHu ny4ok AC i Bij-
XUJIeHUH BHACIi0K 6periBcbkoi fudpakuii AB. Takuii caMui nofin BifoyBa-
€Tbcs B B i C, mic/ig yoro nponyuieHi Ny4ky 3aJUIIal0Th NPUCTPi i 6isiblie He
6epyThb y4acTi B eKkcriepuMeHTi. O6UABA My4YKH, 1110 3a3HaMU Audpakuii, BD i
CD, xorepeHTHO peKOMbGiHYIOTb Y D, Zile 3HOBY Ma€ Miclie 6periBcbka audpa-
Kuis. [HTepdepeHnis aMIIITY IBOX NMYYKiB CIOCTEPIraeThCs 3a J0NOMOT010
fetekTopiB D1 i Dy. AMiiityza B Dy € CyMOIO NIPONYLLEHOI YaCTUHU 3 NTy4YKa
CD Ta BigxuneHoi 3 BD; i, BignoBigHo, aMmIuiTysa B D, € CyMOI NpONyLeHol
YAaCTHWHU 3 niydkKa BD Ta Bigxusenoi s CD.

s aHastizy npotecy B iHTepdepoMeTpi MU NPUNYCTHUMO, 1[0 KoedilfieH-
TH IPONYCKaHHA Ta BiAXWUJIEHHS OJHAKOBI B ycix BepimiMHax 4, B, C i D, a Takox
1110 Mi>X LUMH BepLUIMHAMHU BiZi0YBa€THCS BiJIbHE MOMIUPEHHS MJIOCKUX XBUJIb.
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@

(b)

Puc. 5.4. Bursis i npuHIUN 1ii MOHOKpUCTaNIYHOTO iHTEpdepoMeTpa /il HEUTPOHIB.

Ak BUAHO 31 CXeMH, TYT NPUCYTHI JIMIle ABa HANPAMKH PO3NMOBCIOAXKEHHS, i
B KOXXHIl BepUIMHI aMIUIITyAd PO3NOAIJIAITHCI MiXK LUMHU IBOMa MOJAMHM.
Puc. 5.4(b) noka3sye 3aranbHy cxamy AudpakiiiiHoi BepiinHU. OCKiJILKY €BO-
JIIOLIEI0 Ta pO3NOBCI/PKEHHAM KepyITh YHITapHI ollepaTopy, TO 3BiJCU BU-
IJIMBAE, 110 CIHiBBIJHOIEHHA MK aMIIITYZaMH BXiJTHUX Ta BUXIJHUX XBUJIb

Mae€ BUTIJIA[
!
(a,l> - U<al>; U= [t r]. (5.33)

Tyt U yHiTapHa MaTpuns. EsneMeHTH t 1 u € KoediljieHTaMu nponycKkaHHs, a r
i s — koedilieHTaMu BigXuaeHHs.

3 yHITapHOCTI MaTpUlli BUIIJIMBAE KiJibKa KOPUCHUX CIiBBiHOIIIEHb AJIs
uux koedinientis. Hanpukiazg, ymosa UUT = 1 gae|t|?+|r|? = 1i|s|*+|u|? =
1. JleTepMiHaHT yHiTapHOI MaTpuUIli 3aBXA1 Ma€ OAUHUYHUN MOJY/b:

[tu —rs| = 1. (5.34)
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CroiBigHomenHs U™t = UT mae Burssig

1 u —-r|_ |t s”
tu—rs[—s t]_[r* u*]' (5:35)

3 (5.34) i (5.35) BunsiuBag, wo |u| = [t| i|s| = |r|. KomniekcHi yucaa mMo-
JKHa pO3IJIA[ATH, 4K JBOBUMIpPHI BEeKTOPH, I AKUX ClIpaBeIuBa HEPiBHICTb
TpukyTHUKa (1.2). OTxe, 3 (5.34) oTpumyemo |tu| + [rs| = 1. A ockinbku
|ul = |t|i|s| = |r|, To ue mae, wo |tu| + |rs| = 1. Lle cymicHo 3 (5.34) nuie y
BUIIaJIKYy, KOJIU tU | —7'S MalOTh OZJHAKOBY KOMILJIEKCHY a3y, a 0TKe, BeJTUYHU-
Ha rs/tu € aicHolo ¥ Big'eMHO1O0.

Axio amnitya B A € W4, To aMmmaityza B B i C Mae 6yt Wp = r¥4e!Pas
i We = tWyelPac, Tyt b yp 1 Gy — da3oBi 3cyBH, 10 BUHUKAIOTD IPU MPO-
XOJKeHHI XBUJIb Yyepe3 NMOPOoXHii npocTip Mixk A Ta B i A Ta C BignosigHo.
AmIiTyza, ika AOXOAWTh A0 AeTeKTopa D4, € CYMOI0 aMILIITY/, Bij, MJIsAXiB
ABDD;1i1ACDDq:

Wy, = Wy (re'®assei®epy 4 tel®PacreiPeny) =

i ; (5.36)
= W, r(rse'®asn + tye'®Paco),
CX0>KMM YHHOM OTPUMYEMO i PMILTITYAY, 10 AOXOAUTE 10 Dy:
Y, =Y, (relPassei®ept + tel®acyei®eng) =
o = ) (5.37)

= Y trs(e'®asp 4 el®Pacp),

B 060x Bupasax My no3HAYUIU G ypp = Gup + Gpp i Ducp = Gac + Pep-
Bysab-ake 36ypeHHs, 1110 N0-pisHOMY BIUIMBA€E Ha pasy, NOB’A3aHi 3 BoMa

LIAXaMU, IpU3BeJe 40 3MiHU IHTEeHCUBHOCTI IyYKIB, 110 OCATAIOTh e TEKTO-
piB D4 i D,. OckiibKY BeJIMUMHA 1S /tu AiicHA ¥ Bif €éMHa, TO 3BiiCH BUILJIUBAE,
1110 TPY KOHCTPYKTHUBHIM iHTepdepenuii y Bupasi (5.37) noxauku B (5.36) iH-
TepdepyBaTUMYTh AECTPYKTUBHO — i HaBnaku. HaspyuHimuii cnoci6é BUsiBU-
TU TaKy iHTepdepeH1iilo, 1ie BiZicTeXKyBaTH Pi3HUIIO B IOKa3aX JiYUIbHUKIB Y
petexkropax D1 i D».

B ogHOMYy 3 HAaWNpPUMITHIIIUX AocaifiB Takoro Tuny Kosesna, OBepxaysep
i Bepuep ([44], 1975) BusBW/IM KBaHTOBY iHTepdepeH1ito, BUKJIHUKAHY I'DaBi-
Tauielo. IHTepdepoMeTp o6epTaBcs AOBKOJIA TOPU30HTAIbHOI OCi, CKEpOBa-
HOI MapaJieJIbHO BXiJTHOMY NYy4KYy, 1[0 IPU3BOAUJIO JO BUHUKHEHHS Pi3HUL
I'paBiTaliiHUX oTeHIiaiB HA nLisxax AC i BD, sika nposiBJjsiack y $pa3oBo-
My 3cyBi iHTepdepeHIiiHOI kKapTHUHU. Pi3HUII0 a3 Mixk JBOMA HIJIIXaMU Jier-
KO po3paxyBaTH, BUXO/SIYU 3 HE3MiHHOCTI CyMH KiHETHUYHOI Ta MOTeHI[ilHO]
eneprii: i2k?/2m + mgz = E, e m Maca HeHTpOHa, g MPUCKOPEHHS CHJIM
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TSHKIHHS, a2 Z BUCOTA BiJTHOCHO BXiZHOTO My4yKa. 3MiHa ¢a3u B3[,0B¥K KOXKHO-
ro IJISIXY OOYMCTIOETHCA 3 f k ds, ne ds — efieMeHT JOBXKHHHU LIbOTO ILJIAXY. 3
ypaxyBaHHSIM TOTrO, [0 MOTeHI[iliHa eHepris JJae MaJiuil BHECOK Y IOBHY eHep-
{0, MU OTPUMYEMO
)~ Y2ZME _ m’gz

h IW2mE

®dazoBa pisHULA MK BOMA LLISXaMHU € G 45, — D ucp = § k ds, BHECOK /10 SIKOT
A€ JIMIIe JOJAHOK, 110 MICTUTB z. [HTerpasn ¢ z ds mo 3aMKHEHOMY KOHTYDY
ABDCA 5opiBHIO€E BepTUKaJIbHIN NpoeKLii N10111i, OKpecJeHOoi UM KOHTYPOM.
OTxe, pa3oBa pi3HULS €

m? . m2gi | .
¢ABD - (I)ACD = W%ASID(X = 21.[22 A sin «, (538)

fe A — mioma netai ABDCA, a o — KyT il HaXuJj1y BiJHOCHO TOPU30HTAJIbHOI
IJIOIUHMU. Y ApyTil piBHOCTI A = 21th/V2mE — pebpoilieBa JOBKUHA XBUJI
BXiJHUX HEUTPOHIB.

1200

1000

800

NEUTRON COUNTS

600+

1 1 1 1 1

-30 -20 -10 0 10 20 30

Puc. 5.5. [HTepdepeHLiiiHa KapTHHA, BUKJIMKaHa 3MiHOIO MOTeHIilHOI eHeprii HEH-
TpOHIB y noJii 3eMHOTO TsKiHHA. TyT ¢ He pi3HULA a3, a KyT o6epTaHHs iHTepde-
pomMeTpa JoBKoJIa TOpU30HTaIbHOI oci. [[Iepepyk i3 Colella, Overhauser, and Werner,
Phys. Rev. Lett. 34,1472 (1975).]

[HTepdepeHi1iiiHa kKapTUHa Ha Puc. 5.5 6y/a nepiIuM eKCiepUMeHTaJlb-
HUM CBilYEHHAM TOTO, L0 HBIOTOHIBCbKa Teopid I'paBiTanii YuHHA | B KBAHTO-
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Bill MexaHilli, a rpaBiTaliiHU{ oTeHIlias MoXe ¢irypyBaTH B piBHsAHHI Llpo-
JIUHTEePa, K i 6y/ib-siKa iHIIIa TOTeHI[iliHA eHePTis.

§5.6. Pyx B oaHOpigHOMY CMJIOBOMY NOJIi

[llopa3y, koiu ¢isudyHa cUcTeMa BUABASAETbCA iHBapiaHTHOIO BiHOCHO Mpo-
CTOPOBHUX IlepeMillleHb, MU MOXKeMO 04iKyBaTH, 10 iMIyJIbCHE NIpe/CTaBJIeH-
He Oy /e 3py4YHIIINM JJ151 TPOBeIeHHSI 069U C/IeHb, HiXK KoopAnHaTHe. [lo npu-
KJIaJly, pO3rJisHeMO OJJHOBUMIPHHUH pyX BIJIbHOI YaCTKH 3 NIEBHUM I10YaTKO-
BuM ctaHoM |V (0)). ¥ koopanHaTHOMY HpeAcTaBJIeHH] L 3aZja4a BUMAarae
pO3B’A3aHHA AUepeHiHHOr0 PiBHAHHA JPYroro NopsAKy B 4aCTKOBUX I10-
XigHUX. 3aTe B iIMIyJIbCHOMY Ipe/iCTaBJeHHI 3 BEeKTOPOM CTaHy, 03Ha4€HUM,
ak (hk|¥(t)) = h~2d(k, t), piBuanna llpoauHrepa HaGyBae BUTIALY

% L)
T ®(k, 1) = ih— =, (5.39)

siKe PO3B’SI3Y€E€ThCA TPHUBiaIbHUM YHHOM:
D(k, t) = e ItIKE/2m gk, 0). (5.40)

KoopanHaTHe npejcTaBieHHs QYHKIII CTaHy MOXXKHA OTPUMATH yepe3 06ep-
HeHe nepeTBopeHHs Oyp’e:

+ oo

W(x, t) = (2m)~7? f exp(ikx

— 0o

ithk?

>d>(k 0) dk. (5.41)

BisbMeMo, Ik IpUKJIaJ, I0YaTKOBMI cTaH y popMi posnoginy [ayca:
W(x,0) = (2ma?) ™/t ¥ /40, (5.42a)
Horo nepersopennsam ®yp’e Gyze
2\"Y4
®(k,0) = (2%) o=@, (5.42b)

®yHKLil HOPMOBAHO TAaKUM YHHOM, 1106 [ W% dx = Il |®|% dk = 1. Tigcra-
HoBKa (5.42b) B (5.41) gae

Wxt) = (2“;)_1/4 Toexp[ikx _ (a ;ht) kz] dk. (5.43)

— 00
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Ilel iHTerpa/ Mo>xHa IepeTBOPUTH 0 CTaHJAAPTHOTO BUI/IALY, IPUBIiBIIY ap-
I'YMEeHT eKCloHeHilHOoi GyHKIiT 0 moBHOro KBaJipaTa. [lic/is iHTerpyBanHs
OTPUMAEMO

_ 2\—1/4 iht /2 x? iht -1
W(x,t) = 2ma®)™" [1 + Zmaz] exp[—4a2(1 + Zmaz) . (544

A Tenep posrJisiHEMO PyX YaCTKH B OJJHOPiJHOMY CUJIOBOMY 10JIi — TOOTO

B TaKOMY, 1110 Ma€ OJAHAKOBY 3a HANPsIMOM i aGCOJIIOTHOIO BEJIMYMHOIO HAIPY-

YKEeHICTh Y KOxHiH Touli npocTopy. OCKiJIbKM KOMIIOHEHTH iMNYJIbCY, TIEPIEH-

JUKYJIAPHI [0 BEKTOpa HANPYKEHOCTI, 3a/JIMIIAITLCA HEe3MiHHUMH, MU MO-

»KeMO 0OMEXKHUTHUCS PO3TJISZ0M PyXy JIMILE B HANPSIMKY [Jii CHJIY, a OTXKe, 3a-

Jlaya 1o cyTi ctae ogHOBUMipHOI0. O6epeMo cUCTeMy KOOPAUHAT TakK, 1106

CuJa Jid/a B HanpaMi +x, ToAi noTeHuian Mae suraan W = —FQ,, e Q,

— X-KOMIIOHEHT oIlepaTopa M0JI0XKeHHs (B KOOPAUHTHOMY NpeJCTaBJeHHI

Q, = x). CrauioHapHi cTaHU ONKCYIOTHCS BJJACHUMH BEKTOPAMHU 3 PiBHSIHHS

PZ

HIWE) = (2 = FQ.) 1¥5) = E¥5). (5.45)

HaBiTb Ipu TOMY, 1110 HAlIPpY»KEHICTB [10J151 iIHBapiaHTHA BiZJHOCHO NepeMillleHb

X — X + a, raMiJIbTOHIaH Takoi BJacTUBOCTI He Mae. [IpoTe piBHAHHA (5.45)
iHBapiaHTHe BiJHOCHO KOMOGIHOBaHUX NePETBOPEHD

x—->x+a E-E-Fa. (5.46)

OT>xe, HaM OTPi6GHO OGYHUCAUTH BJIACHY PYHKIIiIO JIMIIIE /1JI51 OAHOTO 3HAYEH-
Hs eHepril, a pellTy BJacHUX QYHKIiH MOXKHA OTPUMATH Yepe3 nepeTBOPEeHHS

(5.46).
B imnysibcHOMY npezcTaBseHHi (5.45) HabyBa€ BUT/IALY
2
hz = o) - F@d;}({k) = E o(k), (5.47)

i3 3acTocyBaHHA BUpasy (5.6) A/ onepaTopa NoJioKeHHs. TaKuM YMHOM, 3a-
MicTb AudepeHLiHHOr0 PiBHAHHS APYroro NOopsAAKY B KOOPAUHATHOMY Npej-
CTaBJIEHHI, MU OTPUMaJIY PiBHAHHS JIMILIe [TepIlIoro NopAaaKy. Moro pileHHAM
€

_ E .3 h
oK) = A exp( [k k 6mF]) (5.48)
Je A — JoBiZIbHA KOHCTaHTa. BignoBigHy yHKIiI0 cTaHy B KOOPJUHATHOMY
npeCTaBJeHHI MO)KHA OTPUMATH dyepe3 nepeTBopeHHs Oyp’e:
+00

Wy (x) = f exp(i[k(x+F> I hFde (5.49)

— 0o
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OcKiJIbKY HOPMYBaHH4 € JOBIJIbHUM, MU HaJla/li BUYCKaTUMEMO MHOKHHUK A.
Y (x) piticHa ¢oyHk1ig, 60 @(—k) = @* (k). OueBuHO, 10 Bupa3 (5.49) inBa-
piaHTHUM BiiHOCHO MepeTBopeHHs (5.46), TOMy BJacHiI QyHKUIT A/ pi3HUX
3HaueHb eHeprii nepebyBalOTh Y CNiBBiJHOLIEHHI

W (x) = Yr(x + 1), (5.50)

ne x’ = (E' — E)/F.Otxe, Ham focutb o6uncautH (5.49) pisi E = 0.

@yukuis Wo(x) ekBiBaneHTHa @yHKYii Elipi, 3 TOUHICTIO 4,0 MacUITaOHUX
MHOXHMKIB 211 W i x. [i He MOHa BUpPa3UTH B aHAITUYHOMY BUIJIAJI Yepe3
npoctimi ¢yHKIil, MpoTe MOXHA AOCAIIUTH ACUMIITOTUYHY IIOBE/IIHKY B MeXi
X = 100 Mmemodom nepesasia. 3amuIIEMO

. hZ
Wy (x) = f e dk,  a(k) = kx — k3 2. (5.51)
6mF
c

[liziHTerpasbHUM BUpa3 € aHAJITUYHOI QYHKIiE k, TOMY KOHTYp iHTerpy-
BaHH# C, Bif —oo0 10 400 B3/10BX JiiCHOI Oci, MO>XHa HenepepBHO Aedopmy-
BaTH TakK, mo6 Im k> < 0 npu k — +00, a 0Txe, 1po 361kKHICTH iHTerpasa He
BapTo TypOyBaTHCS.

[Ipu |x| — oo migiHTerpanbHuil BUpas, sk GyHkKuisa k, gefani mwBuame
OCLIMJIIOE, TOMY MOT0 BHECOK /10 iHTerpaJsa 6JM3bKUN 10 HYJS 32 BUHSATKOM
TOYOK, fie da/0k = 0. [106/1M3y TaKMX TOYOK CTalliOHApHOI ¢pa3u BHECKH 10
iHTerpaJsia Bif cycifiHiX 3HaueHb k [0AAI0TbCS KOMepEeHTHO, HE CKOPOYYIOUU
OJIMH OJITHOT'0, TOMY B OCTaTOYHOMY pe3yJbTaTi NepeBaKaTUMYyTh CaMe TaKi
o6JiacTi. PiBHsAHHSA 14 cTalioHapHoi ¢asu da/dk = 0 Mae ABa pileHHS:

ko(x) = £Y2E, (5.52)

B okosniax 060x LUX TOYOK (k) MOXKHa alpOKCUMYBAaTH 3a JIpyrUM MOPsi/-
KoM pagny Teisnopa:

2
Zkox _ Kol” gy 2. (5.53)

a(k) = =3~ ~ omF

BHecok 10 iHTerpaJia Bij KO>KHOI 3 IUX TOYOK €

, 2 [ 2
eZlkox/3 f e—a(k—ko) dk’ (a = lé‘;;f;) (554)

C

KonTyp inTerpyBanHs C Tpeba flepopMyBaTH TaK, {06 BiH MPOXOJUB Yepes
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Puc. 5.6. KoHTypu iHTerpyBaHHS B KOMILJIEKCHIN MJIONIMHI Kk /11 06YHC/IeHHSI BUPA3y
(5.54). Kontyp C; npujaTHUl 11 X — —00, a KOHTYp C; — s X — +00. XKupHUMHU
KpanKaM{ [I03Ha4YeHO BiANOBiAHI TOUKHU cTanioHapHOi da3u.

k = ko nig xkyTowm, ans skoro a(k — ko)2 € AiCHUM | TO3UTUBHUM y310BX C,
TOJI BeJIMYUHA NiJiHTeI'paJbHOr0 BUpa3y WIBUKO CllaflaTUMe [IPU BiggajieH-
Hi Biy MakcuMymy B k = ko. TakuM YMHOM, MU IPUGJIU3HO MAEMO

+ oo

2 12
f e~ al—ko)” g f e~ 4z = (E) . (5.55)

a

C —o0

Jns x < 0 06uABi TOUKM cTalioHapHOI a3y po3TalloBaHO Ha ysABHiH oci.
BkasaHill BUllle YMOBI BiZiIOBiZjlae KOHTYD iHTerpyBaHHA C1 y BUIJIALI TOpU-
30HTaJIbHOI IpaMoi, IpoBe/ieHOol Yepe3 6y/1b-Ky 3 HUX; Hexall Lie O6y/ie HHxK4e
JiHcHoi oci, yepes kg = —i,/2m|x|F /h. ToAi MaEMO Taky aCHMITOTUYHY I0-
BEJIiHKY:

Wo(x) ~ |x| ™7 exp[—ézh"”’wﬁ], (x > —o). (5.56)

Jnsg x > 0 Touku cranioHapHOi ¢a3u po3TalloBaHO HAa AiHCHIN oci, i
[JIs 3a0e3MedyeHHs WBUJKOTO CNaZaHHA MiJIiHTeI'PaJbHOrO BUpPa3y KOHTYp
C, Tpeba MpoBOAUTH Yepe3 00U/IBI, K MOKa3zaHo Ha Puc. 5.6. Kyt Haxuiy B
060X BUMafKax Ma€ 6yTH 45°, mo6 a(k — ko)? 6yu JiHCHUMH Ta MO3UTHBHHU-
MU B3/IOBXK YChOTO KOHTYPY. BHECKU B iHTerpai BiJ 060X TOUOK CcTal[ioHapHOI
$asy KOMIJIEKCHO cIpshKeHi Mixk co6010 [a Yepe3 HaxuJl MPsSMUX A0 HUX Lie
JI0JIal0ThCst MHOXKHUKU exp(Fin/4)], 1ix cyMa J1ae TaKy acCUNITOTHKY:

Wo(x) ~ 2|x|~* cos givzg’”ﬂxﬁ/z — T oo +oo). (5.57)
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[Ipu po3B’sa3aHHi 11iel 337a4i B iMy/IbCHOMY peACTaBJIeHHI MU OTPHUMaJIU
e/uHe pimeHHs Ay ¢ikcoBaHoro E. Ta ak6u MU po3B’sa3yBanu audepeHIfin-
He piBHAHHSA APYTroro NOopsAKy B KOOPJUHATHOMY IpeCTaB/JIeHHi, TO BOHO 6
JlaJI0 1Ba pi3Hi pillleHHd: O/iHe, IKe MU LOWHO AOCAIUIY, | ApyTre — sIKe eKC-
MOHEHLIHO pPo36iraeTbcs nNpu x — —oo. B iMny/ibcHOMy npeAcTaBIeHHI BO-
HO aBTOMAaTHU4YHO 3HUKJIO, 1110 MPSIMO BKa3ye Ha Woro Hedi3UUYHICTb. YTiM, i B
KOOPAMHATHOMY NpeCTaBJeHHi Horo 6 HeraHo JoBeJsiocs BifkuHyTH. Taka
byHKIisl 3poCcTaE Ha HECKIHYEHHOCTI MIBU/LIIE 32 OY/|b-SIKUH CTEMiHb X, a TOMY
He HaJIeXUTb Hi 710 Q, Hi g0 H, Hi g0 X 3 TpUIIETa OCHALIEHOTO rib6epTo-
Boro npoctopy (§ 1.4) i He Moxke 6YTH BJIaCHOK QYHKIIIEI0 CaMOCIPSI?)KEHOr' 0
oneparopa B (5.45).

JlitepaTtypa g0 Po3ainy 5

Jesaki HatipaHimi gudpakiiiHi ekcriepuMeHTH HaBegeHo y Tpira [181], P. 10.
[x MOXHa NOPIBHATH i3 CydaCHUMM MOHOKPMCTa/liYHUMM iHTepdpepomeTpa-
My, onvcanuMu CrazeHnManoMm [172] i I'pin6eprepom [82]. llepeBaru Ta mo-
TeHIilHI MOXX/JIUBOCTI aTOMHOI iHTepdepomMeTpii 06rOBOPHOIOTHCA ¥ CTATTI
[Ipivapga [149].

3agaui

5.1. TTokaxiTh, 1[0 KOMyTaTOp ONepaTopa MoJ0XKeHHs 3 QYHKIIi€I0 onepaTo-
pa iMnyiabcy gae [Q,, f(Px)] = ihdf /0P, (mop. i3 3agauero 4.1).

5.2. fxuil BUI/IA], Ma€ epeTBopeHHs [aisea aya BekTopa crany |¥) B iM-
nysibcHoMYy npepctaBaeHHi @ (K) = (hk|W)?

5.3. Jloka/ibHuli noTeHLiag OMUCYETHCS onepaTopoM W, MaTpULs IKOTO B KO-
OpZIMHATHOMY Npe/iCTaBJIeHHi € AiaroHanbHOIO, (X|W|X') = §(x—X') W (X). ki
BiZIOBI/IHI BJIaCTUBOCTI Ma€ 1 MaTPULS B IMIYJIbCHOMY NpeJCTaBJeHHI?

5.4. TaminbTOHIaH eJleKTpOHA B KpUcTaJi € H = P2/2m + W, ne noTeHuiaa
W Mae cuMeTpito KpUCTalidHOI I'paTKU. 30KpeMa, BiH 3aJIMIIAETHCA iHBapiaH-
THUM [IPYU NPOCTOPOBUX NepeMileHHAX TUMY (5.16). 3anuiiiTh piBHAHHA Ha
BjacHi 3HayeHHa H|W) = E|W¥) B iMnysbcHOMY Npe/iCTaB/JeHHI ¥ MOKaXiTh,
1110 BOHO pillleHHS TPUPOHUM YUHOM MPU3BO/IATH /10 BJAaCHUX BEKTOPIB 6J10-
xiBcbKkoi dopMu. He 3acTocoByiiTe A5 1iboro TeopeMy byioxa, ocKijlibKu MeTa
3a/a4i — fJaTu il anbTepHaTUBHE [JOBeeHHS.
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5.5. Jlnsa dyukuii crany W(x) = ¢ exp(igx — ax?), e ¢ — neBHa HOpMyBaJlb-
Ha KOHCTaHTa, ¢ q i o — AilficHI napaMeTpu, 064YUCAITh cepeHE 3HAYEHHS iM-
MyJIbCY JIBOMA LISIXaMHU:

(a) 3acrocyBaBuIM KOOpJMHATHE NPE/ICTaBJEHHS:

(Py = f ‘P*(x)(—ih%)q’(x) dx.

(b) 3actocyBaBumIM iMOyJibCHE NpeACTaBJEHHS, 06 OTPUMATH PO3MOALT
iMOBipHOCTI [i/19 iMITy/IbCy, @ TOTIM OGYUCAUTH CepeHE 3HAUYEHHH iM-
MyJIbCY 3 [IbOTO PO3NOAiny.

Tenep 069KCiTh (P?), CKOPHCTABIINCH HA/IEKHUMH y3arajJbHEeHHSIMU METO-
niB 3 (a) i (b).

5.6. 3acTocyiiTe iMnyJbCcHe NpeACTaBJAeHHS [Jis 3HAXOJ>KeHHS OCHOBHOI'O
CTaHy 4YaCTKA B OJJHOBUMIPHOMY NPUTATyBaJbHOMY mHoTeHujiani W(x) =
c8(x), ¢ < 0. IlopiBHANTE Lie pillleHHd 3 pilleHHSAM aHaJoriyHoi 3azadvi 4.9
JU11 KOOPZIMHATHOIO Ipe/iCTaBJIEHHS.

5.7. Busnaute yacoBy eBoJonito W (x,t) A8 04HOBUMiIpHOI0 I'ayCcOBOTO I10-
yaTkoBoOro craHy (5.42a) B mocTiiHOMY OJHOPiTHOMY MOJII.

5.8. 06GYHC/iTh YacOBY €BOJIIIiI0 rayCOBOT0 MOYATKOBOTO CTaHy BiJbHOI
YaCTKU 3 HEHYJIbOBUM CepeJiHIM iMIyibcoM hq:

W(x,0) = W(x,0) = (2ma?) V* e~ /4 plax,

3acTocyiTe MeTo/| IpUBE/JIEHHS JI0 TIOBHOT'0 KBa/lpaTa, sK Lie 6yJ10 3p0o6JieHo
npu ouinni iHterpana B (5.43).

llepeBipTe OTpHMMaHy BiJNOBiAb, 3aCTOCYBaBLIM MepeTBOpeHHs [ajines
(§ 4.3) no Bupasy (5.44), o € piuteHHAM 1iel 3aaa4i aas q = 0.



Po3pgin 6

lFapMOHIMHMHI OCLHUJIATOP

['apMOHIHHUM OCLUISITOPOM HAa3UBAETHCS CUCTEMA, 110 epeGyBa€ B IPUTS-
IrYBaJIbHOMY IOTEeHLIHHOMY I10Jli, eHepris AKOro 3p03CTa€E NPOMNOPLIHHO O
KBaJ[paTa BiXWJIEHHS Bifi TOUKH piBHOBAaru. [amMisbTOHiIaH Takoro o6’eKTa,
110 PYXa€ETHCA B OJHOMY BUMIDpI, €
_ 1 2 mooz 2

H= ﬁP + TQ , (6.1)
Je P onepaTop iMnyJbcy,  onepaTop MOJIOXKEHHS, a M Maca 4acTKH. Jlerko
[I0Ka3aTH, pO3B’sA3aBLIM KJACHUYHe PIBHAHHS PYXY, IO W € YACTOTO KOJIU-
BaHb (y paZiiaHax Ha OAWHMILIO 4yacy). [apMOHINHHUN OCLUUJIATOP BaX/JIUBUMI
THUM, IO BiH CJAYKUTb MOJeJIJII0 AJ51 6araTboX BU/JiB KOJHUBaJbHUX CUCTEM,
BKJIIOYHO 3 eJIEKTpOMarHiTHUM noJsieM (auB. Po3zin 19). Kpim Toro, meToau,
Jl0 IKUX MU BJIaMOCs NIPH PO3TJIAAI bOTO NUTAHHS, BUABIATLCA KODUCHUMH
1 A1 IHIIMX 3aCTOCYBaHb.

§6.1. Anre6paiyHe pilieHHs

CnekTp BJIaCHUX 3HAUYeHb raMijsibToHiaHa (6.1) MOXXHa ofiepKaTH CyTO aJre-
OpailYHUM LIJISTXOM, CKOPUCTABIIUCH JIMIIE KOMYTaI[iHHUM CHiBBiIHOIIEHHAM

[Q, P] = ih (6.2)
i caMocnpsikeHicTIo onepaTtopiB P i Q:
p=pt, Q=q" (6.3)

[lepenoBciM 3ampoBa Mo 6e3p03MipHi onepaTOpPU MOJIOKEHHS Ta IMNYJIbCY:

q= (";L”)/ Q, (6.4)

p=< 1 )1/2 3 (6.5)

mhw
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1110 33/0BOJIbHAIOTh KOMYTal[iiHOMY CNiBBiHOIIEHHIO
[q, p] = 1. (6.6)
Y TepMmiHax IMX HOBUX 3MiHHUX raMiJIbTOHiaH HabyBa€ BUTJIAAY
H = 1ho(p® + q7). (6.7)

Jani 3anpoBajuMo 11ie JiBa OlepaToOpH:

a=4 Ep, (6.8)
ot = q_\/iip. (6.9)

[3 (6.3) BUIIMBAE, 1[0 3HAK CIPSKEHHS T nmocraBseHo kopektHo i a’ cnpaszai
€ CIPSKEHUM 10 a. I3 MpUYHy, AIKi cTaHyThb 3po3yMii gai, imepatopu a’ i a
MaloTh Ha3BY cxodosi onepamopu. Takox at HasuBaTL onepamopom nideu-
WeHHs, a . — oNepamopoM NOHUNCEHHS.

I3 (6.6) MaeMo KOMyTalliliHe CIiBBiAHOIIEHHS:

[a,a’]=1 (6.10)

Tenep raminbToHiaH (6.7) MOXHa NMepenuCMTU B €KBiBaJIeHTHOMY BHUTJIS[
yepesaTaal:

H = lho(aa’ +aa) =
= hw(aat - 1) = (6.11)
= hu)(aTa + %)

OcTtaHHA 3 LUX piBHOCTeH 6yAe [JisI HAC HANKOPHCHILIOIO.
3a/jlaya 3HaxXO/pKeHHS BJIACHUX 3Ha4YeHb raMisibToHiaHa H 3BOAUTBCA [0
JOCJIiI>KeHHA CIIeKTpy ollepaTopa

N =a'a. (6.12)

CxopucTaBLIMCh TOTOXHICTIO [AB, C] = A[B, C]+[A, C]BicniBBigHOLEHHAM
(6.10), Mo>xHa EpEeKOHATUCS, L0

[N, a] = —q, (6.13)

[N, a'] = aT. (6.14)
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[3 ux cniBBiZHOLIEHb JIETKO OTPUMATH CIIEKTp onepartopa N.
Hexait N|v) = v|v)gas (v|v) # 0. Tozi 3 (6.13) maemo

Nalv) = a(N — 1)|v) = (v—1D)a|v).

OTxe, a|v) € BJJacCHUM BEKTOpOM orepaTopa N i3 BJacHUM 3HAYeHHSAM v — 1
3a yMoOBHY, o a|v) # 0. KBagpaT HOpMU 11bOTO BEKTOpPA €

(vlaT)(av)) = (vIN|v) = v(v|v).

OckinbKYM HOpMa Ma€ 6yTH AiMCHUM HEBiJl' EMHUM 4YHCJIOM, TO V = 0, a OTXKe,
BJIACHi 3Ha4YeHHs onepatopa N He MOXYTb OyTH Bif'eMHumu. lllnsaxom 6ara-
TOPa30BOTr0 3aCTOCYBaHHS ONepaTopa a MOXHa YTBOPUTU HEOOMeEXeHy Io-
CJIiIOBHICTb BJIaCHUX BEKTOPIB, 1[0 MAlOTh BJIaCHI 3Ha4YeHHAV—1,v—2,v—3, ...
[IpoTe 1je cynepeynTHMe OTPUMaHOMY BHUILe pe3yJIbTaTy NP0 HEBi EMHICTD
BJIACHUX 3Ha4eHb. L4 cynepeyHicTb yCyBaeThCA JIULIE 3a YMOBY, 110 [TOCIi0B-
HiCTb 0GPUBAETHCA HA 3Ha4YeHHi v = 0, 60 ToAi HOpMa BekTopa a|0) KopiBHIOE
HYJII0, a OTKe, CaM BEKTOP € HYJIbOBUM i NOoAaJIblIe 3aCTOCYBaHHA ONlepaToOpiB
a He YTBOPIOBaTHMe HOBUX BEKTODIB.
I3 (6.14) BUILIMBAE, L0

Nat|v) = at (W + 1)|v) = (v + 1)aT|v).

Taxum yuHoM, a'f|v) € B1acHuM BexTOpoM onepatopa N 3 BJIaCHUM 3HA4YeH-
Ham v + 1: af|v) = |n + 1). KBagpaT HOpMH 11bOTO BeKTOpPa AOPiBHIOE

((via)(@T[v) = VIV + DJv) = (v + 1)(v]v),

i HiKoJIM He 06epTa€eThcs Ha HyJIb, 60 v = 0. BaraTropasose 3acTocyBanHns a'
YTBOPIOE HEOOMEKEHY MOCiIOBHICTD, ¥ AAKiM KO>KEH HACTYNHUM BJIacHUH Be-
KTOp Ma€ BJIACHE 3HAa4YeHHS Ha OJUHMUINIO Oisiblie 32 nonepeaHe. lg nocrigos-
HiCTb IOYMHAETHCA 3 BJIACHOrO 3HayeHHA v = 0, 0Txe, crieKTp onepatopa N
CKJIAJIAEThCA 3 YCiX HEBIZ EMHUX LIIJTUX YUCEJ V = N.
OpToHOpMOBaHi BJyacHi BeKTOpU omnepatopa N 6yAyThb MO3HA4YaTHCS 4e-
pes |n):
Nn) =n|n), n=0,1,2,.. (6.15)

OCKiZTbKM BEKTOPH |Nn) € HOPMOBAaHUMH Ha OJJUHUIII0 BEKTOPAMH |V), TO MU
MoxeMo 3anucatu at|n) = Cy|n). Togi (n|aaf|n) = |Cp|?(n|n), a 3 inmoro
6oky, (n|aat|n) = (v|(N + 1)|v) = (n + 1)(n|n), Tomy

|Cn|l =Vn + 1.
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®a3a BekTOpa |n + 1) A0BiNbHA, 60 BiH BU3HAYAETHCA JUlIE 3 YMOBH (6.15).
Tox mMu BisibHI B 11 BUGOPi i MOXKeMO BCTaHOBUTH, 110 Cy, € AINCHUM i TO3UTUB-
HUM. Y MiJCyMKY Lie Aa€

afln) = Vn+ 1jn + 1). (6.16)
3 1bOro pe3yJbTaTy BUIJIMBAE, 1110
Iny = (n!)™7*(a")™|0), (6.17)

[3 (6.16) Ta yMOBU OpTOHOPMOBAHOCTI BJJACHUX BEKTOPiB OTPUMYEMO MATPH-
yHi eleMeHTH onepaTopa a':

(n'|a¥|n) = Vn8nni1. (6.18)

OCKi/IbKY a € CTIpsXeHUM /o af, Horo MaTpu4Hi eJleMeHTH HIAXOM TaHCIO-
HyBaHH# (6.18):

(n'laln) = VA S nos. (6.19)

3anucaHu#l y BUTIAli MaTpuli, BUpa3s (6.18) Mae HEHYIbOBI eJIEMEeHTH JIUIIIE
B IeplIii no3ullii HWxx4e fiaroxnadi, a (6.19) — y nepuiiii no3uiiii BuIe aiaro-
Haui. 3 (6.19) BUILIMBAE, L0

aln) = vnjn — 1),
In) | ) (6.20)
al0) = 0.
HacamkiHenp BifizHauuMo, 1110, B cuity (6.16), BEKTOPU |n) TaKOX € BJa-
CHMMHU BEKTOpPaMHU raMijibToHiaHa H:

H|n) = En|n),

neEp = ho(n+ %). lle yaromxyeTbcs 3 TBepAeHHsM (5.31) npo kBaHTOBa-
HiCTb epezadi eHeprii Bif a60 /10 mepioJUYHUX Y Yaci CUCTEM.

§ 6.2. PimieHHsI B KOOpAUHATHOMY MIpeACTaBJ/JIEeHHI

fAkio 3anucaTy piBHSHHS Ha BJacHi 3HaueHHd H|¥) = E|W¥) ans ramisibToHi-
aHa (6.1) y koopiIUHAaTHOMY IpeJICTaBJEHHi, TO MU OTpHUMaEMO AudepeHITin-
He piBHAHHSA

K2 d? mw?x? _

ﬁﬁq’(x) + > Y(x) = E¥(x). (6.21)
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PilieHHs 11bOro piBHAHHSA JleTa/IbHO PO36HUPAETHCSA B 6araTbox CTaHAAPTHUX
nigpyuHukax (Ii¢ [161], P. 4, Mepubaxep [124], P.5), ToMmy MU 06MexKHUMOCS
JIMIIE CTUCUM PO3TJISA0M.

3anpoBasnMo 6e3p03MipHY KOOPAUHATY

q= ("%“’)/ x (6.22)

i 6e3po3MipHe BJIacHe 3HAYEHHS

_ 2E

A= T (6.23)
Axuro mosnauutu W(x) = u(q), To (6.21) HabyBa€ BUTIALY
2
AU L A—gHu=0. (6.24)
dq

OuiHKy acuMOTOTUYHOI NoBeAiHKU u(q) A/ BEJMKUX 3HaUY€Hb ¢ MOXKHA
OTpPHUMAaTH, 3HEXTYBaBIIH A IOPIBHAHO 3 g2 y Apyromy gojaHKy (6.24). lle nae
JiBa pilieHHs — etz je2", [lepiie 3 HUX HENPUHHATHE, 60 MA€E EKCIIOHEH-
L[ilHY pO36iXHICTBh, a 0TKe, He HAJIEXKUTh /10 OCHAILeHOTO riJIbOepTOBOI0 MPO-
CTOPY i He MOKe OyTH BJIacHO QyHKLi€w0. ToMy BUAAETHCA JOPEYHUM LIYKa-
TH pilleHHA Yy BUTIAAL

u(q) = H(q) e 27", (6.25)

[B3araui, 6ys10 6 soninbHile nosHauuTu pyHkIio H(qg) ikock iHakllle, 11[06 He
BUHUAJIO [JIyTAHUHU 3 FaMiJIbTOHIaHOM H; ajie TaK y»Ke CKJIaJ0Cs iCTOPUYHO. |
[lifcraHoBka (6.25) y (6.24) pae

H" —2qH'+ (A — 1)H = 0, (6.26)

Jle ILITPUX NI03HaYaE NOXiAHY 3a q.

3 Teopii AudepeHLiHUX piBHAHB BiJIOMO, 1110 B pa3i, KOJIU 4jieH 3 MOXiAHO1
HaWBHUILOIO MOPSAKY He Ma€ JOAATKOBUX MHOXKHUKIB [fIK IepIIHH JO0JAaAHOK Y
(6.26)], To pilieHHS TaKOro piBHSHHS MOXX€e MaTH CUHIYJISPHOCTI JM1le B TUX
TOYKaX, y AKUX MAalOThb CUHIY/JIAPHOCTI KoedilieHTH Npu MOXiJHUX HUKIOTO
nopsaky. Ockinbku koedillieHT 2g B Apyromy AoAaHKy (6.26) € BCIOAU pery-
JISPHUM, TO 3 [IbOT'0 BUILJIUBAE, [0 GyHKIiA H(q) He MOKe MaTU CUHTYJISIPHO-
CTel NpU CKIHYEeHHUX @, a OTXKe, Il MOXKHa TPeJICTaBUTH y BUTJIAZ] CTeNIeHEBO-
ro psAy 3 HeoOOMeXeHHUM pafiiycoM 36ixkHocTi. ToMy MM MiICTABUMO P,

H(@) =) anq" (6.27)

n=0
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y (6.26) i npupiBHsEMO KoedillieHTH 6isis1 KOXKHOTO cTeneHs q A0 HyJs. e gae
HaM peKypCcUBHY GOpMyTy

2n+1-—2A >0

An+2 = m an, (n=0). (6.28)

Axuo papg (6.27) He nepepUBa€eThcd, To 3 (6.28) BUNJIMBAE TaKe aCUIITO-
TUYHE CIiBBiAHOIIEHHS [/ KoedilieHTiB:

‘%2 — % (6.29)
Taky caMy acHMOTOTHUKY MalTb Koe]illieHTH po3kajeHHs B psaj PyHkuii
q"eq2 JJ1s1 6y/1b-SIKOTO MMO3UTHBHOTO 3HAYeHHS Kk, i B3araJii, criBBigHOLIeHHSA
(6.29) xapakTepHe AJ1s1 eKCIIOHEeHL[iHHOro MHOXKHHKKA. Taka nosezinka H(q)
Jlana 6 ¢isuyHO HempUHHATHY po36ixkHicTb u(k) y (6.25) npu BesuKux q, i
€MHUH CIO0CI6 YHUKHYTH LbOT0, OJISITAE B TOMY, 1[0 PSAJ Ma€ NepepBaTUCs
Ha [IeBHOMY CKiHYeHHOMY n. fK1o

A=2n+1 (6.30)

[l Lijioro HeBiJy'eMHoro n, To H(q) cTae nosiiHOMOM cTeneHs n, i u(q) nparHe
Jl0 HyJIsl IpU BeJIMKUX q. BizibpaBuiu TakuM 4uHOM yci GpisuuHO NPURHATHI
piteHHs, My 3 BUpa3iB (6.30) i (6.23) oTpuMyeMo Habip BJlaCHUX 3HAYEHD AJI5
raMiJibTOHiaHa:

En=ho(n+1), =0,1,2,.. (6.31)

To4Ho Taku¥ pe3ybTaT MU OTPUMAJIH iHIIUM METO/IOM y IOTNIepeJHbOMY Ia-

parpadi.
Juig noAanpLoro npeAcTaB/leHHA MU 3allMLIeMO BJIAcHI pyHKILii B HOpMO-
BaHOMY BUIJIAAI:

1/2
15242
W, (x) = [ﬂ/‘;nn'] Hyp(ax) e” 2%, (6.32)

ne o = (mw/h)¥?, a Hy(z) € noninomMom Epmita crenens n. Lli moiHoMu Ta
iXHi BJJaCTUBOCTI MOXKHA OTPUMATHU 3 I'eHepyr040i GyHKIIil

oo

exp(—s? + 2s5z) = Z

n=0

Hn(2)
n!

s™, (6.33)

BuBeJileHHA LIbOrO pe3yJbTaTy MiCTUTbCA B LIUTOBAHUX BUILE CTaHAAPTHUX
Nigpy4YHUKaX.
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MeToau nporo naparpada Ta nonepeHbOro Aye pisHATbCH, a IpoTe Aa-
I0Tb OIHAKOBUM CIIEKTP BJIACHUX 3HaueHb. ToMy 6y/ie NOBYaJIbHO poaHali-
3yBaTH MPUYMHH TaKoi ekBiBasieHTHOCTI. [Audepenniiine piBasanHA (6.21) €
piBHSHHSIM Ha BJIaCHI 3HaYeHH JJis raMisibToHiaHa (6.1) 3 onepatopamu P i
Q,3amMcaHUMHU B KOOPAUHATHOMY NpeJiCTaBJeHHI — BiAnoBigHO, ik —ihd /dx
i x. [leBHa piy, A1 HUX ClIpaBeJJ/IMBi KOMKTaliiiHi cniBBifHOMeHHs (6.2).
[IpoTe fo6pe BizoMo, o udepeHLiiiHe piBHAHHSA BUr/Isa4y (6.21) mae piuie-
HHS JIJ19 8CIX KOMN/IEKCHUX 3Ha4eHb TapaMeTpa E. O6MexxeHHs Ha BJ1acHi 3Ha-
YeHHS1 BUHUKJIM JIUILIE TOJi, KOJIM MU HaKJIaJld yMOBY ,lIpaBUJIbHOI" OBeJiH-
ku W(x) npu |x| — oo. Ha 1je Mo>kHa 3ayBaKUTH, 1110 B § 6.1 He 6yJI0 KOAHUX
IOCUJIaHb Ha I'PaHUYHI YMOBH [Jif1 BJaCHUX BeKTOpiB. [IpoTe ekBiBaseHTHa
iHdpopmaliss MicTusack y BUMO3i caMOCIpsi?)KeHOCTi ramisibToHiaHa H = HT,
1110 aBTOMAaTUYHO BUKJIIOYAJIO 3 PO3TJISAAY MOXKJIUBI pillieHHs, IKi BUXOAWUIH 6
3a MeXi 0CHalLeHOTO TJIb6epTOBOro NPOCTOPY; a B NOTOYHOMY Iparpadi Ham
MPOCTO A0BEJOCS 3pOGUTH Lie ABHO, B pyYHOMY pexxkuMi. Tox, monpu nosipHy
BiMiHHiCTB, 06HABa METOU TiCHO MiXK COO0I0 OB’ sA3aHi.

§ 6.3. PimeHH#A B npeAcTaB/IeHHI raMiJibTOHiaHa

Y Buks1aZieHoMY B § 6.2 MeTo/i BJIaCTUBOCTI ollepaTopa M0J103KeHHS BBaXaJlU-
¢ BiAOMUMU. BUpasuBiY raMijibTOHIaH H y KOOPAWHATHOMY NIPEACTaBJIEH-
Hi, MM 00YHCIIOBA/IM Moro BjacHi 3HayeHHs. BaacHi ¢ynkuii Wy, (x) = (x|n)
MOXKHa BBaXKaTH KoedilliEHTaMU PO3KJIaJIeHHS abCTPAaKTHOTO BJIACHOIO Be-
KTOpa raMijibToHiaHa yepe3 Habip BJaCHUX BEKTOPIiB onepaTopa Q.

CnexkTp H y»xe 6yJio BizoMo 3 pe3ysbTaTiB § 6.1. Jlasi, 3aMicTb 064ucIIO-
BaTH BJIaCHI 3Ha4YeHHsS H B KOOpAMHATHOMY NpeACTaBJIeHHI, MU MOTJIH O BU-
Pa3UTH TaKUM CAMHM CIIOCOOG0M BJIacHi 3HaYueHHs ( B 0COOGJIMBOMY IpeCTaB-
JIEHHI, [le rTaMiJIbTOHIaH € AiaroHaJbHUM. [lUM HE3BUYHUM LIIJIAXOM MU 3apa3
i migemo.

CxopucTtaBuuch (6.4), (6.8) 1 (6.9), MoxkHa 3anIMcaTH ONEPATOP MOJIOKEH-
Hf, K

0= (h)l/z (at + ). (6.34)

2mw

HMoro mMaTpu4Hi eJleMeHTH B 6a3uci, yTBOPEHOMY BJaCHUMHU BeKTopamu H
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(a6o N = a'a) moxxna orpumaru 3 (6.18) i (6.19). OTxe,

o = ()

e (6.35)

V4
0

.Oooﬁlo
eefe
oo G
NI =

0
0
0

PiBHAHHSA Ha BJacHi 3HaueHHd Q|x) = x|x) BiaTak HabyBae BUTIAAY

> nlQIn')n’|x) = x(n]x),
n/
siKe micsis 3acTocyBaHHA (6.35) mae

1/2
(35) / [Vain = 1) + v+ Ln + 11)] = xfnla). (6.36)
lle piBHSHHS MOKHa PO3B’sI3aTH PEKYPCHUBHO, IOYMHAKOYH 3 OBIIbHOIO 3Ha-
yeHHA (0]x), 3 sKoro o6uncauTH (1|x), motim (2|x) i T. A1., micJjist Yoro nNpuBecTU
Habip {(n|x)} pusa Bcix n, ase npu PpikcoBaHOMY X, 10 HAJIEIKHOTO HOPMYBaH-
Hsl. Take peKypcuBHe pillileHHs piBHAHHA (6.36) MOXKJ/IMBe /151 BCiX 3HaY€Hb X,
TOMY CIIEKTP € HEepepBHUM i JIEXKUTb Ha BCil AilcHiN oci (—oo, +00). [3po-
3yMiJI0, 1110 06MeKeHHS JIMIle JiCHUMU BJIaCHUMU 3HaUYeHHSIMU BUILJIMBAE 3
epmiToBocTi Q.]

Y ubomy mMeTo/li MU 064HUCAI0EMO (n|x) Ak PyHKIiI0 n npu pikcoBaHOMY
X, TOZi IK y § 6.2 po6usin HaBnaku — o6uucaoBanu Wy, (x) = (n|x)”, sk dyH-
KILito Big x npu ¢pikcoBaHOMY n. X04 lie He € TAKUM OYEBUJHUM, ajie 06U/ Ba
MiIX0IN y3TO/KYIThC Mixk cobotro. [yist AeMoHCTpalii Takoi y3ro»keHocCTi
Bi3sbMeMo pe3ysibTaT (6.32) 3 nonepesHboro naparpada i miicraBumMo 1oro B
(6.36). [lns TenepiwHix ninet (6.32) MoKHa 3aMKCaTH, K

(nlx) = c(x) (2"n!)™V*Hy (o),
Jie c(x) MicTUTB yci He3a/1eXHi Bif n MHOXHUKU. [lizcTaHoBKa B (6.36) Aae
nHp_1(ax) 4+ 3Hn1(ax) = axHp(ax).

Ile cTaHZj@pTHA TOTOXKHICTB, AKIH 3a/]0BOJIBHAIOTH NoJiHOMU EpMiTa, a oTxe,
pe3yJibTaTH, OTpUMaHi 060Ma MeTO/JaMH, I[IJIKOM CyMiCHi.
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3agauvi

6.1. OTpuMaiiTe onepaTOpU MHOJIOKEHHS Ta IMIYJbCYy AJisi TapMOHIKHOIrO
ocuusTopa B KapTuHi ['alizeH6epra.

6.2. 064HCaiTE MATPHUILIi AJIs1 OllepaToPiB MOJI0XKEeHHS Ta iMnyJbcey, Q i P, B 6a-
3HUCi, yTBOPEHOMY BJIACHUMU BEKTOPAMU eHeprii rapMOHIMHOT0 OCUUIATOPA.
[lizHeciTh 06UABI MaTpUILli 0 KBaApaTa i mepekoHalTecs 1[0 MaTPpHUYHA cCyMa
P?2/2m + mw?Q?/2 piaronasbHa.

6.3. TlokaxiTh, 10 AJ1S CKIHYeHHOBUMIpHUX MaTpHUllb A i B 3aBXJ1 BUKOHYE-
Thes piBHicTb Tr[4, B] = 0.

Iapadoxkc. 13 nporo pe3yabTary, 34aBajnocs 6, BUILIUBAE, o Tr[Q, P] = 0,
a omxe, h = 0. CkopucTtaiTech SBHUM BULJISAJ0M HECKIHYEHHOBUMIPHUX Ma-
TpUIlb JJIS1 OlepaTopiB iMNyJ/ibCy Ta MOJI0KEHHS, OTPUMAaHUM Y NonepeHin
3ajaui, 71 o64yrcaeHHss PQ Ta QP i nosicHITBh, YoMy MapaJj0KcaJlbHUUN BUCHO-
BOK i = 0 € MIOMUJIKOBUM.

6.4. Bupasitb af, sk audepenuiiinuii onepaTop y KoopAMHATHOMY Npej-
craBJsieHHi. BasgBmu ¢yHknito ocHoBHOro crany Wo(x) i3 (6.32), ckopucrai-
tecs al g orpumanna Wy (x), W, (x) i W3 (x).

6.5. 3anuuriTh piBHSHHS Ha BJIACHI 3HAYeHHS /IS FTAPMOHIMHOTO OCLUJISITO-
pa B iMIyJIbCHOMY INpe/CTaB/JeHHI 1 004YMCIiTh BignoBigHi BiaacHi PyHKITiT

(p|¥n)-

6.6. 'aMi/IbTOHIaH TPUBUMIPHOT'0 i30TPONHOTO FTAPMOHIMHOT0 OCITU/ISATOPA €

_P-P, mw?Q-Q
H—2m+ 5 )

Po3B’s1KiTh piBHHHHH Ha BJIACHI 3HaYeHHH B AEKAapPTOBHUX KOOPDAWHATAX.

6.7. Po3B’sKUTH piBHSIHHS HA BJIACHI 3HAY€HH: JJ1s1 TPUBUMIpPHOTrO i30Tpo-
IIHOTO FapMOHIMHOI0 ocLuIATOpa y chepUuyHUX KoopAuHaTax. [lokaxiTs, 110
BJIACHI 3HaYeHHs Ta IXHE BUPO/XKEHHS € TAKUMHU CaMHUMHY, 110 1 OTpUMaHI B
JleKapTOBUX KOOpAMHATAaX y NonepeAHii 3aaadi.

6.8. /l151 6y/1b-IKOT'0 KOMILJIEKCHOTO Z BEKTOP |Z) MOXe OYTH 03HAa4YeHO 3 Ha-
CTYIHOTO pO3KJaJleHHs yepe3 BJacHI BEKTOpU eHeprii rapMoHiliHOro ocju-
JgaTopa:

_ 1,2 wﬁ
|z) = exp(—1|z| )2% =
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CkopuctaiiTecs piBHIHHAM (6.20), 1106 MoKa3aTH, 1110 |Z) € IPaBUM BJIACHUM
BEKTOPOM oOllepaTopa MOHMWXKeHHs a (TOO6TO, KOJIM a JAi€ Ha HbOTO 3JliBa —
alz)).

TMokaxiTh TaKoX, 1[0 ONepaTop MiZiBuIleHHs a’ He Mae mpaBUX BJIaCHUX Be-
KTOpiB. (3ayeasceHHs. BeKTOp |z) Ha3UBaETHCSA KO2epeHMHUM cmaHoM. BiH Bi-
JirpaBaTuMe BaXKJHUBY poJib y Po3zini 19.)



Pozpgin 7

MoMeHT iMnyJibCy

Y Posgzini 3 My nmokasasy, 110 reHepaToOpH oONepalniii TpocTOpOBO-4acOBOI
cuMeTpii criBBiIHOCATBCA 3 GYyHAAMEHTAJbHUMH AUHAMIYHUMH 3MiHHUMH.
30KpeMa, reHepaTop 06epTaHHS € OIIEPATOPOM MOMEHTY iMIyJibcy (B OAUHU-
1sx h). O6epTasbHa CUMeTPpIis Bifiirpae BUSHAUYHY poJib y 6araTbox GpisuuHux
3aJlayax, 30KpeMa B aTOMHil i a/iepHi ¢i3ulli. 3 BacTUBOCTEN IEPETBOPEHD
CIOCTePEKHUX BEJIMYUH NPU 00epTaHHAX MOXKHA BUBECTU YMMaJI0 KOPUCHUX
BUCHOBKIB, i I]e MiIBOJAXUTH HAC 10 NOTPeOU AETAJbHOTO PO3IJIAAY Teopil Mo-
MEHTY IMIyJIbCY.

§7.1. BusacHi 3HaYeHHA Ta MAaTPUYHi eJleMEeHTH

Y Posgini 3 MM BCTaHOBUJIY, 1[0 KOMYTAllilHi CHiBBigHOIIEHHS MiX KOMIIO-
HEHTaM{ MOMEHTY iMIyJIbCy MalOThb BULJISA/,

[, Jy] = iliy, (7.1a)
[in JZ] = thx; (71b)
[z, Jx] = ihJy. (7.1c)

Lli Tpu onepaTopu CaMOCHpPSKEHI:
JN=Je, Ji=Jy, Jf=Js (7.2)

CrnekTp BJIaCHUX 3HAa4€Hb MOMEHTY iMIIy/IbCY MOKHA OTPUMATH, BUKOPHUCTO-
BYIOYHM J/1UlWEe HaBe/leHi BUllle PIBHAHHS.

Cnepmy 3anpoBagumo oneparop J* = J-J = JZ + JJ + JZ. Kepytouncnb
cniBBigHomenuamu (7.1), serko nokasary, mo [J2, J| = 0. Omxe, gaa J2 i
OJIHOTO [JI0Bi/JIbHO 06paHOro KoMnoHeHTa J (ckaxiMmo, J;) icHye noBHUU Ha-
6ip cHiIbHUX BJAAaCHUX BeKTOPiB. Jlasi mykaTHMeMo pillleHHA Mapy piBHAHD
Ha BJIaCHI 3HaYEHHH:

J?|B,m) = h?B|B, m), (7.3a)

J,|B,m) = im|B, m). (7.3b)
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(TyT m — KBaHTOBE YMCJI0; HE CJIiJ JIyTaTU KOro 3 Macow m. Fk MoxHa 1o-
MITHTH, iX HaBiTh MO3HAYEHO TPOXH BiAAMiHHUMHU wipudTamu — m i m.) MHo-
YKHHUK h 6yJ10 BKJIOYEHO JiJIs TOTO, 1106 [ i m 3anumanuca 6e3po3MipHUMH.
[leBHa piy, CIEKTp BJIaCHUX 3Ha4eHb Oy/ie TAKMM CaMuM i 3 Jy a60 Jy, OCKi/Ib-
KU OJIUH KOMIIOHEHT J MepeTBOPIOETHCA Ha iHIIUH MIJITXOM 00epTaHHS.

3 03Ha4eHHH .J? MaEMO

(B, ml|J?|B,m) = (B, m|JZ|B,m) + (B, m|J5|B,m) + (B, m|J7|B,m).

OCKiJIbKM KBaJjpaT HOMH BEKTOpa € AiACHOI0 i HEeBi/l EMHOI0 BEJIMYUHON), TO
(B, mlJZ|B,m) = (B, m|JH)(Jx|B,m)) = |IJx|B,m)||* = 0.3posymino, mo ne
cnpaBeuBO i g Jj . Tomy (B, m|.J?|B, m) = (B, m|JZ|B, m), a nifcTaBuBImIH
B I[10 HepiBHicTb BUpasu (7.3), oTpUMyeMO

B = m?. (7.4)

OTxe, A1 pikcoBaHOro 3HaYEHHs 3 BeJIMYMHA ™ MOKe HaOyBaTH JIMIIe 3Ha-
YyeHb y AianasoHi — /B < m< /B [i3 (7.3a) oueBuAHO, 110 B HeBiL'eMHa].
Jlani 3anpoBaJiMMo JiBa olepaTopu

Jy = Jy 1Ty, (7.52)

J_ = Jy —idy. (7.5b)

dcHo, mo J4 = J!. Bonu 3a/10B0IbHAIOTE KOMYTAL[iHUM CITiBBiZIHOIIEHHAM

[T, J+] = b4, (7.6a)
[, J-] = —hJ_, (7.6b)
[Ty, J_] = 21J,. (7.6¢)

[Ipu nboMy Ha6opu criBBigHOLIEHb (7.6) 1 (7.1) 3 04eBHUAHICTIO €EKBiBaJIEHTHI.
CkopucraBuucs (7.6a), MaEMo

JzJ+|B,m) = (J4Jz + hJ4)|B,m) =

= h(m + 1)J+|B, m). 7.7

BiagTak Moxx/1uBi ABa BapiaHTH: a60 J4+|[3, m) AopiBHIOE HYJII0, a60 € BJACHUM
BEKTOPOM J; 3 BJJaCHUM 3HaueHHSM /i(m + 1). Tenep nmo3Haymumo yepes j Ma-
KCUMaJIbHe 3HaY€eHH$, siKe M0ke HabyBaTU m npH ¢pikcoBaHoMy 3. [lis1 Takoro
J Ma€ BUKOHYBaTUCH PIBHICTH

J+|B,j) =0, (7.8)
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00 iHaKIllle MU OTPMMAEMO HEHYJbOBHUH BJIACHUN BEKTOD 3 BJIAaCHUM 3Haye-
HHAM A(j + 1), o cynepedyuTUMe YMOBi MaKCUMaJIbHOCTi 3HaYeHH:A m = j.
TouHe cniBBiHOLIEHHS MiX [3 T j MOXKHA BUBECTH, NOMHOXHUBIIH (7.8) Ha J_
i CKOpPUCTaBIIUCH PiBHICTIO

J_Jy = Jp + I+ i(xdy = JyJx) =

7.9
=J% = J? = hJ,. (79)

PiBHsAHHA (7.8) ToTOXHO fae J_J+|B,j) = 0,23 (7.9) maemo, wo J_J4|B,j) =

R2(B — 5% = DIB.J) Tomy (B — j* — 7)IB,j) = 0. A ockinbku Bextop |B, j)
HEHYJIbOBUH, TO IOBUHHO OYTHU

B=7G+1). (7.10)
Jani ckopuctaemocs (7.6b), 1106 064YUCIUTH

JzJ-|B,m) = (J-Jz — hJ-)|B,m) =

= fi(m — 1)J_|B, m). (7.11)

Tak camo, sik i micsis (7.7) maemo ABa BapiaHTH: a6o J_ |3, m) JOpiBHIOE HYJIIO,
ab0 € BJIaCHUM BEKTOPOM J,; 3 BJJaCHUM 3HaueHHAM A(m — 1). Hexalh k — MMi-
HiMaJIbHe 3HAaYeHHs, IKe MO)Ke HabyBaTH m nmpu ¢pikcoBaHomy [3. Taki cami ap-
I'YMeHTH, 110 npuBesd Hac Bif (7.9) go (7.10), Tenep gatoTth, o 3 = k(k—1),
aToMy k = —j.

OTxe, nmiaBeaeMo nifcymMok. MU BCTaHOBUJIHY, 110 s dikcoBaHOTO B =
j(G + 1) BernuuHa m Moe HabyBaTH 3Ha4YeHb y Jiiamas3oHi j = m = —j,
NPUYOMY KOXXHE 3 HUX BIIPi3HAETbCA Bif, CyCifHIX Ha oAMHULI0. TaKUM 4U-
HOM, Pi3HULA MK MaKCUMaJIbHUM 3HAaYeHHAM m = j | MiHIMaJIbHUM m = —j
Ma€ OyTH LiJIMM YUCJIOM, a 3BiJick BUJMBAE, 110 j = (1iijie yucao)/2. lle nae
MOXJIMBICTh BCTAHOBUTHU J03BOJIEH] 3HAYEHHS AJI4 j 1 m:

7 =0, m =0,

ji=1/2, m=1/2, -1/2,

7 =1, m=1,0, —1,

7 =3/2 m=23/2,1/2,-1/2, =3/2,
1 Tak gaJii.

11 KOXKHOTO 3Ha4YeHH4 j iCHy€ 25 + 1 3Ha4yeHb m.

Hapgani My foTpUMyBaTUMEMOCH 3araJibHONPUKUHSATOTO 1 3py4YHILIOro Mno-
3HauYeHHs BJaCHUX BEKTOPiB uepes j 3aMicTb B = j(j + 1). Takum 4uHOM,
BEKTOp, 1110 A10Ci Mo3Ha4vaBcd |3, m) Tenep MaTUMe BUTJIALA |j, m).
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Buie My noka3saJsiy, 1110
Jiljym) = Cjmlj,m + 1), (7.12)

Ae Cjy, — NeAKUH MHOXKHUK, 110 MOXKe 3aJIeXKaTH Bif j Ta m. Beanuuny |C i, |
MOXKHa BU3HAYUTH, 06UUCAUBIIU HOpMY (7.12):

(G, m|J)T+lg,m)) = |Cjml?.
3a nonomoroio (7.9) e aae
|Cjml|? = R{j(G + 1) —m(m + D} (7.13)

3a3HavyuMo, L0 NPU M = j Ledl BUpa3 CTa€ HYJbOBUM, sIK i MyCUTb 6y TH 3Ti-
JHO 3 yCiMa nolepeHiMU pe3yJibTaTaMHU.

®asa B Cj,, € JOBIILHOIO, OCKIJIbKM PIBHAHHA Ha BJIacHI 3Ha4eHHA (7.3)
Bizl Hel He 3a/1eXaTh. 3py4HO 06paTH ii TaK, 11106 MHOXHHUK C j,, OyB AIHCHUM i
NO3UTHUBHUM JiJ151 BCiX j Ta m. Togi

Jelgmy = hJiG + 1) — m@m + 1)|j,m + 1) =

' : _ (7.14)
=/ (G +m+ D0 —m)ljm+1).
3actocyBaBuiu J_ g0 (7.12) i ckopucTtaBmucs (7.9), oTpUMyeEMO
Ciplism) = CimJ_|j,m + 1).
3aMiHa B bOMYy BUpasi m Ham — 1 gae
J_lj,my=~a/7(+1)—m(m—-1D|j,m—1) =
lj,m) = ”iG + 1) = m(m = Dl ) (7.15)

=hJ(G —m+ )G +m)|j,m—1).

Tenep My MoxxeMo No6yIyBaTH siBHE MaTpHUYHe NpeJCTaBJeHHs /151 KOM-
noHeHTiB J, B3ABLIM 3a 6a3uc BiacHi BekTopu(7.3). MaTpuusa g J; € cyto
AiaroHasnbHoIo: (j/, m/|Jz|j, m) = hmb;: ;8,1 MU 04iKy€EMO, 1[0 ¥ /151 IHITMX
KOMMNOHeHTiB J BoHa 6y/ie iiaroHanbHOI0 3a napamu (5, §), ockinbku J? i3 Hu-
MU KOMYTYE. l1l06 0BecTH 1ie, pO3TIsTHEMO

(G, m |23, my = (5", m'|T T?|5,m),
R25' G+ DG, m/ 131G, my = (G, m! (315, mR®5 (G + 1).

Omxe, (j/,m/|J|j,m) = 0, akmwo j' # j. (Taki % MipKyBaHHSA roJATbCA /IS
OyAb-IKOr0 ollepaTopa, 1o koMyTye 3 J.) Matpuui gasa J, = (Jy + J-)/21i
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Jy = (J+ — J-)/2i MOKHa JIerKO OTPUMaTH 3 MaTpULb 414 J4 i J_. MaTpuna
(4!, m'|J+|j, m) npsimMo o6uncaoeTbes 3 (7.14) i Mae BUrIsiz

i=0 3 5 1 3
m=0;3, -1, 0-L3 §-3-3
=0, m' = 0 0
j'=3 m= 3
_% 0
i=1m= 1 0v2 0 (7.16)
0 0 02
-1 0 0 0
i'=3m= 3 0v3 0 0
1 0 0v4 0
-1 0 0 0 V3
-3 0 0 0 0

Bci HeHyJIBOBI eJleMeHTH pO3TallOBaHi HAa OJHY NO3ULIiI0 BULlE AiarOHAJIbHUX.
A ockinbku J_ = JI, TO MaTpUld Jiis J_ € TpaHcIoHOBaHoM Bif (7.16).

§7.2. SIBHMI BUIJIAA ONlepaTOpa MOMEHTY iMIYyJIbCy

BekTopHUI onepaTop MOMEHTY iMIyJibCy 6yJi0 3anpoBa/keHo B §§ 3.3 i 3.4,
SIK reHepaTop obepTaHHS, i pyHJaMeHTaJbHI KOMyTal[ilHi CHiBBiIHOIEHHSA
(7.1) BUBOAATBCS 6e3mocepeIHbO 3 HOT0 BJAACTUBOCTEH reHepaTopa. YHiTap-
HUU onepaTop, [0 BiJINMOBi/la€ 06epTaHHIO HA Ky T O JOBKOJ1A OCi, mapasieybHOl
OJIMHUYHOMY BEKTOPOBI i, Ma€ BUTJIA],

Rp(0) = e¥03/7, (7.17)

JleTasbHO AOCAIAMBIIY 1Ii 06EpPTaNTbHI TepeTBOPEeHHS, MOXKHA BUBECTH SIBHUH
BUpa3 JIJisl ONlepaTopa MOMEHTY iMIyJIbCy.

Bunagok (i): cuctrema 6e3 BHYTPillIHiX cTeneHIB CBOGOAM

Taka cucTeMa ONHUCYETbCA B KOOPJWHATHOMY IpeJCTaBJeHHI 0JJHOKOMIIO-
HeHTHO10 ¢yHKIi€et cTany W(X) . Koaiu W(X) 3a3Hae ob6epTaHHs, TO TepeTBO-
PIOETHCSA Ha

R¥(x) = Y(R 'x), (7.18)
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e R — onepatop Burasaay (7.17),a R — 3 X 3-mMaTpulisi o6epTaHHS B TPUBHU-
MipHOMYy npocTopi. [i KoOHKpeTHui BUrIsA A 418 TPhOX OCel ZileKapTOBUX KOOP-
JUHAT HaBeJieHo B § 3.3. [PiBHsAHHA (7.18) € 0kpeMUM BUIIaJIKOM 3arajbHOTO
npasuia (3.8).]

Jlist o6epTaHHSA Ha KYT € IO0BKOJIA oci z, piBHAHHA (7.18) nae

R,(e)W(x,y,z) =¥(x cose +y sing, —x sine + y cos¢g, z).

Axmo kyT € iHpiHITE3UManbHUH, MU MokeMo po3kacTu W B paf Teitnopa U
00MEeXUTHCH YJIEHOM IepIIOro NOPALKY:

R.(&) W(x,7,2) = Wy, 2) +e(y §F —x %J)

AnasoriyHe poskaaaenHs s (7.17) gae

iJ.
R;(e) =1—¢ ==,
h
[TopiBHSIHHSA [UX ABOX BUPa3iB 03BOJISIE HaM ileHTUIKYBaTH J,, K

. d d
Jz = —Lh<x — =y ).
z dy Y ax
A 1ie, 3BUYAKHO X, € Z-KOMIIOHEHTOM OllepaTopa MOMeHTY iMnysibcy L = Q X P
[lJIs1 4acTKU 6e3 CIiHy, BUpa3 /s IKOT0 MU BUBeJU B § 3.4, BUXO/AYH i3 3a-
raJIbHUX apr'yMeHTIB.

Bunagoxk (ii): cucrema i3 BHyTpillHiMu cTeneHAMH CBO6G0AH

CucTeMa, 110 Ma€ BHYTpIllIHI cTelleHi cBOOO Y, ONIUCYETHCS 6araTOKOMIIOHEH-
THO! yHKuieto ctany (W1, W, -++). [lepeTBopeHHs Takoi ¢yHKIii mpu ob6ep-
TaHHi MOKe 6yTH HabaraTo ckJaagHimuM, Hixk (7.18). Y Hai3arasibHilIOMY BU-
naJiky MM MaeMo TpaHcdopMallio TUILY

¥1(x) %1 (R™'x)
R|(¥,(x)|=D|¥, (R x)|. (7.19)

Ha gojady /10 KoOOpAMHATHOTO NepeTBOpeHHA R™1X, € Takox MaTpuusa D, mo
Jlie Ha BHYTpillIHI cTeneHi cB060AM, YTBOPIOIOYH JIiHIMHI KOM6iHaLil pi3HUX
KOMIOHeHTIB ¢yHKIi cTany. OT>Ke, 3araJibHUM BUTJIS/ YHITAPHOTO OllepaTo-
pa (7.17) 6yne TakuM:

Rp = e/ p,(6). (7.20)
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[li ;Ba MHOXKHHUKA MOBUHHI KOMYTyBaTH MiX C06010, 60 IIepIIui Ji€ uliie Ha
KOOpJUHATH, a APYTUN — JIMIlIe HA KOMIIOHEHTH BEKTOPA-CTOBMIIA.
MaTtpusa D Mae 6yTH yHiTapHOO, TOMY ii MOXKHA 3aMMCcaTH, K

Dy (6) = ™S/, (7.21)

neS = (Sx, Sy, Sz) € epmitoBuMu MaTtpunaMH. Iligcrasasaroun (7.21) y (7.20)
i mopiBHIOI04H 3 (7.17), MU 6a4MMO, 1[0 ONlepPaTOP MOMEHTY iMIyJIbLCY Ma€ BU-
WG

J=L+S§, (7.22)

neL=QXxPi[Ly Sg] =0 (a,B = x,¥,2). Y KoOOpAAUHATHOMY NpEJICTaBJIEHHI
L = —iAix X V, a KOMIIOHEHTH S € JUCKpeTHUMU MaTpulsaMu. Onepatopu Li S
Ha3UBalOThLCA BiAMOBIIHO 0p6imasibHUM Ta chiHOBUM MOMEHTAMHU iMIYJbCY.
Sk MO>XHa MMOKa3aTH IIJIAXOM NMPAMUX 004McIeHb (3anaya 3.6), KOMIOHEHTH
L 3a/10BOJILHSAIOT TAKUM CAMUM KOMYTaLiMHUM criBBifHOUmEeHHAM (7.1), Ak i
J. 3Bifcy BUNIIMBAE, 1[0 1 /11 KOMIIOHEHTIB S MalOTh BUKOHYBATHUCA CHIiBBij-
HomeHHs (7.1).

Op6iTa/bHUM MOMEHT iMNYJIbCY € HACAIIKOM PYXy LIEHTPY Mac CUCTEMHU
BiIHOCHO MOYaTKy KOOpPJHHAT. A CliH MOXHa ileHTU)IiKYyBaTH 3 MOMEHTOM
iMnyJsibcy, AKUI Ma€e CUCTeMa, KOJIH I LIeHTP Mac MepebyBa€ B CTaHi CIOKOIO.

§7.3. OpGiTa/IbHUI MOMEHT iMIyJIbCy

OnepaTop op6iTaTbHOIO MOMEHTY IMIYJIbCY €
L=QxP, (7.23)

Ze Q — onepaTop nosoxxeHHd, a P — oneparop iMnyJibcy. B koopAuHaTHOMY
npeJcTaBJieHHi A Q B nepeMHOXKeHHI QyHKLiI Ha BeKTOp KOOpAUHATH, a P
Mae BUraag —ihv.

YacTo BUHHMKAE MoTpeba BUPA3UTH Ii onepaTopu B chepuyHiil cucremi
KoOpAuHarT (7, 0, ¢), 10 cHiBBiJHOCATHCA 3 IeKapTOBUMH KOOPAUHATAMH, SIK

x =rsinBcos @, (7.24a)
= rsinBsin @, (7.24b)
z =1 cosB, (7.24¢)

sIK 300pakeHo Ha Puc. 7.1.
['pafieHT y cpepruIHUX KOOpJUHATAX MA€E BUTJIAL

V=er;—r+egla L9

796 T % 7 sing o’ (7.25)
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Puc. 7.1. [lekapToBa Ta cheprdHa CUCTEMHU KOOPJAMHAT. Y chepudHil cucTeMi r mpo-
6irae 3HayeHHs Bif 0 0 +00, 6 — Big 0 o T, a @ — Big 0 o 2T. Tako MOKa3aHO
OJIMHUYHI BEKTOPH JJIs1 000X CHCTEM.

ne (er, eg, €p) — OJMHUYHI BEKTOPU CHEePUIHOI CUCTEMH KOOPAMHAT. BoHK
BUpaXKalOTbCA Yepes [eKapToBi OJMHUYHI BEKTOPH, AK

er = exsinBcos@ + ey, sinBsing + e, cosH, (7.26a)
€g = ey, cosBcos@ + ey, cosBsing —e;sinb, (7.26b)
ep = —exsing + ey, cos @. (7.260)

BpaxoByouy, 1110 B chepUyHUX KOOpJAUHATaX Q = 1 e, MU OTPUMYEMO TaKHUU
BUIJIsAJ, OllepaTop op6iTaIbHOr0 MOMEHTY iMIYJIbCY:

L=re, X (—ihV) =
_ . i) 1 9 (7.27)
= lh(eq, 20 €y e %) .
Buxopsyu 3 pe3ysbTaTiB § 7.1, MU MaeMO LIYKaTH BJIACHI BEKTOPHU JBOX
KOMyTaTUBHUX onepatopis:L? =L - Li L, ne

L,=e,-L=—-ih-L (7.28)

[Ipu o64uncneHnHi L - L MaeMo namM’siTaTH, 1[0 OJUHUYHI BEKTOPU B CHEPUIHUX
KOOp/AMHATAaX He € MOCTIHHUMU, TOMY Tpeba BpaxoByBaTH Ait0 HA HUX Jude-
peHLiiHUX onepaTopiB. OCTaTOYHUHN Pe3yJIbTAT MOXKHA 3aIMCATH, K

z_.__zlg-@)la;
L“=L-L=-h [sine ae(smeae + sin? 0992 | (7.29)
Tenep MU MaeMo po3B’s13aTH [iBa 34elljieHi JudepeHliiiHi piBHSAHHS:

LY (0,9) =hmY(6, o), (7.30)

LY (8, @) = B*2(£ + 1) Y(6, ). (7.31)
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(IToxn MM He POOGUTHMEMO OJHUX NPUNYILEHb 110JJ0 BeJUYUH £ Ta m, AKi
Hapa3si He 060B’I3K0BO MOBUHHI OYTH 1iauMu yucaamu.) [lifcranoBka (7.28)
y (7.30) nae dY /0@ = imY, a Tomy

0%Y
o -m?Y. (7.32)
lle no3BoJisie HaM cripoctutH (7.31) Ko BUTASALY
sinG:—e(sinG:—e)Y+{sin26€(€+ 1) = m?}Y = 0. (7.33)

PiBusaHH#A (7.32) i (7.33) yKe He 34en/ieHi MiXK c06010; epIe 3aJIeKUTh JIUIIE
Biz @, a Apyre — nemte Bifg 0. Tenep oueBU/HO, 1110 Y (0, ) MoKHa npeCTaBU-
TH Y BUIVIAAL J0OYTKY QYHKLIT Biz ¢, ika 3ag0BosbHse (7.32), i dyHKUiI Bij
0, Aika 3a710B0.1bHAE (7.33). Pimenusam (7.32) € e™?. Pipusauns (7.33) exBiBa-
JIeHTHe piBHAHHIO JlexaHApa, 1[0 Ma€ CBOIM pillleHHAM npuedHaHi noAiHoMu
Jlescandpa, mo 3anucyroTbed, 9K Py (cos 0). [CTangapTHUH BUTJIAJ, PIBHAHHA
JlexkxaHipa OTPUMYETHCS 3aMiHO0 3MiHHO1I O Ha U = c0s 0; a OCKiZIbKU M Y HbO-
My dirypye Jielie B KBaipaTi, To BOHO /A€ OJJHAKOBI pe3yabTaTH g t|m|.]
OTxe, 32 BUHATKOM HOPMYBaHHs, MU MaeMo Y (6, @) = eim‘pPLm| (cos ©).

Auie foci He 6yJ10 HiYOT0 CKa3aHO Npo 3HadeHHs £ i m. PiBHaHHA (7.32)
Ta (7.33) MaloThb pilleHHs 0.1 8cix 3HayeHb napameTpiB £ i m, a o6MexeH-
H{ Ha 3'ABJISIIOTHCA JIM1Ie Mic/as HaKJaZeHHsl FPaHuYHUX yMoB. Ko My npu-
MyCTHUMO, 110 pillleHHs Ma€ 6YTH OJHO3HAYHUM MPU MOBHOMY 06epTaHHI —
Y(8, @ + 2m) = Y(8, @) — Tozi 3 MHOXKHHKA e"*? 0TPUMAEMO YMOBY, 1O 17 €
[isiuM yucaom. [lpunycTuBuy Aalti, o pilieHHs: HOBUHHO OYTH peryJsspHUM
y CUHI'YJAApHUX TouyKax 8 = 010 = m, To 3 Teopii piBHAHHA JlexxaHgpa BU-
MJIMBAE, 1110 £ Ma€ 6y TH HEBil' EMHUM ITIJIUM YUCJIOM Y Aiana3oHi € = |m| (ans
ninnx £ < |m| npueaHani nosiHoMu JlexxaHapa TOTOXKHO 06epPTAIOTHCA HA
HyJib). BpaxyBaBIiu 11i 06MeXXeHHsI i MPUBIBLIU pillleHHs 0 OAUHHUYHOI HOP-
MU, OTPUMYEMO J106pe BimoMi cihepuyni zapmoniku:

2¢ + 1) (£ — |m|)!"?
4mt(f + |m))!

Y78, @) = (—1)(mHimD/2 e!™® Pl (cos0). (7.34)

[Ipuepnani noninomu Pj' (1) BUBOAATLCA i3 3ara/JibHUX NMoJIiHOMIB Jlexxanapa
— (-1 at , ?
Pp(w) = (2°¢)" — W -1 (7.35)
du
yepes CHiBBIJHOLIEHHH

PR = (1 — u?)"™? % P(w). (7.36)
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JoBinbHy dasy Y, (0, ¢) 06paHo TaKUM YUHOM, 11106

Ym(6,0) = (=1)"{Y;'(6, @)} (7.37)

lle mo3BoJisie y3aroautu (7.34) 3 JOMOBJIEHOCTSIMH Ipo $as3y B PiBHSHHSAX
(7.14) i (7.15). CdepuyHi rapMOHiKH yTBOPIOIOTH OPTOHOPMOBAHUH Habip,

2T T

[ [rr@eyyy @ o)smodode = 8idum,  (738)
00

y npocTopi QyHKLiM Ha NoBepXHi 0 JUHNYHOI chepu (iHTerpyBaHHS GepeThCs
3a TijlecHUM KyToM df) = sin 0 dO d).

[IpunyueHHs npo 00HO3HA4HIcCMb i peryasapHicms UiJIKOM BUNpaBJaHi B
KJIACU4HIN Teopii moJsid, Ha 3pa3oK eJeKTPOMarHeTU3My, Jie [oJle € CIOCTe-
pexHo10 Gi3NYHOI0 BeJIMYMHO0. KBaHTOBOMexaHiYHa XBUJIbOBA QYHKIiA He
HaJIeKUTh JI0 TAKUX BEJIMYUH, ajle B CUJIy MipKyBaHb, BUK/IaJleHUX ¥ § 4.5, Bo-
Ha Ta Il I'paJlieHT MalOTb OyTH HellepepBHUMH, 1100 3a6e3Me4YuTH yMOBY He-
MepepPBHOCTI i cTpyMy MMoBipHOCTi. CaMe TOMy, pO3B’sI3yl0YU PiBHSAHHS
Ha BJIacHI 3Ha4eHHA /15 OpbiTaJIbHOT0 MOMEHTY iIMIYJIbCYy B CPepUIHHUX KO-
OpJAUHATaX, HaM J0BeJIoCsl 0OMEXUTUCS JIUILe TUMU PilleHHAMH, A5 TKUX
£ i m € uinumu yncaamu. Lle nyxe BaXXJIUBUN pe3ybTaT, i TOMy OyAe KOpU-
CHO OTPUMATH HOT0 B 3araJibHIllIOMY BUIJIAZ], He BJAOYUCh [0 KOHKPETHOrO
npeJCcTaBJeHHS.

BJyiacHi 3HaYeHHA 0p6iTA/IBHOr0 MOMEHTY iMNyJIbCY

OnepaTop op6iTAILHOrO MOMEHTY iMIYJIbCY € EPMITOBUM i 33/10BOJIbHSIE KO-
MYTaLifHUM CHiBBiZiHOMEHHAM [Lg, LB] = ihgqgyly — NOCTOTY TakuM ca-
MUM, fIK i JiJIs] ollepaTopa MOBHOTO MOMEHTY iMIyJibcy. Sk 6y/io MMOKa3aHO
B § 7.1, 3 IMX CHiBBi/JHOLLIEHb BUIJIMBAE, 1110 BJIACHI 3HaYeHHS KOMIIOHEHTIB
ornepaTopa MOMEHTY iMIyJIbCY MOXKYTh Oy TH JIMIIIE LIJIUMH Ta HANIBI[I/IMMU B
oauHNLAX h. [lofanblie o6MexeHHs AJ15 onlepaTopa OpbiTaJbHOT0O MOMEHTY
Jl0 OJJHUX JIMLIe LiJIUX BJIACHUX 3HaYeHb MA€ NOXO0JAUTH 3 0COOJIUBUX BJIACTHU-
BOCTeH LIbOT0 OIlepaTopa, sKi He € 000B’A3KOBKMMH [iJIs1 OIlepaTopa 3arajbHo-
ro MOMeHTY iMnyJibcy. Taki 0cOG/MBI BJACTUBOCTI MOXKYTb OXOJUTH JIUIIIE
3 BUpa3y L = Q X P a4 opbiTasibHOro MOMEHTY iMIyJibCy i, BiANOBIJHO, 3
KOMYTAaLiHUX CHiBBiIHOIEHD JJIfl OIlepaTOPiB MOJIOKEHHS Ta IMIYJIbCY.
[llykaTrMeMo BJIaCHi 3HaYeHHs onepaTopa op6iTaJbHOT'0 MOMEHTY

LZ = QxPy - Qny, (7.39)
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BHUKOPHUCTOBYIOUHM JIMIlle KOMYTalliliHi cliBBiAHOLIIEHHSA

[Qx; Qy] =0, [PXI Py] =0, [QOU PB] = ih&(xﬁ (7.40)

Ta epMiTOBY NIPUPOAY OllepaTopiB.
J15 3py4HOCTi TUMYacoBO NPUKMMEMO CUCTEMY OJUHULb, Y sAKil Q i P 6e3-
po3MipHi, a i = 1. 3ampoBaluUM0O YOTUPHU HOBi onlepaTopu:

Qx + Py
== 7.41a
d1 NG ( )
Qx — Py
== 7.41b
q2 7 ( )
Px - Qy
= 7.41c
P1 NG ( )
Px+Q,
= 7.41d
P2 2 ( )
fAx MoxHa nepeBipUTH,
[d1, 92] = [P1, P21 =0, [da PRl = i8ap- (7.42)
PiBHsAHHA (7.39), 3anucaHe Yyepe3 HOBi oNlepaTopH, Ma€ BUTJISA]
L, =31 +41) — 303 + 03). (7.43)

[lopiBHIOHOYM Liel BUpa3 i3 raMiJIbTOHIaHOM /il TApMOHIKMHOT0O OCLUU/IATOPA
(6.1), Mu 6a4MMO, 1110 CYTO MaTeMATUYHO 33/jaya 3BOJUTHCS [0 3HAXO/KEH-
HS1 BJIaCHUX 3HA4YeHb Pi3HUIi raMiJIbTOHIaHiB JBOX He3aJIeXKHUX FapMOHIHHUX
oCIUJATOPIB 3 Macoro m = 1 iyactoTtoio w = 1 (He 3aGyBaemo, 1[0 3apas
h = 1). Ockinbky 06UABa 4ieHU B (7.43) KOMYTYIOTb MiXX C06010, TO MalOTh
cnisibHUM Habip BJIaCHUX BEKTOPIB, a IxHi BiacHi 3Ha4eHHs L, € mpocTo pi3HU-
1elo IX BJIaCHUX 3HavyeHb. Y § 6.1 MU BxKe JOCJIiI)KyBaJId CIEKTP ollepaTopa BU-
raspy 3(p? + q2), 3aCTOCOBYIOYH JIMILIE KOMyTAL{iiiHi CiBBiAHOLIEHHS, €KBI-
BaJieHTHi (7.42). 3 Toro pe3y/ibTaTy MU po6MMO BUCHOBOK, 1LI[0 BJIaCHi 3HaYe-
HHA (7.43) €

(+3)~ (2t D) =m—n,

Jle nq i ny HeBig'eMHi 1iji yncaa. TakuM YMHOM, BUXO/ 14U 6e3mocepeiHbO 3
BJIACTUBOCTEU OMlepaTOpiB MOJI0KEHHS Ta IMITYJIbCY, MU [1I0Ka3aJiy, 110 KOXKeH
KOMIIOHEHT Op6iTa/IbHOr0 MOMEHTY iMIyJIbCy MO>Ke HabyBaTU 3HaueHb mh
JIUIIe AJs HIJIMX M, i HIKOJIW — JJ1s1 HaliBLIJIUX.



180 Po3ain 7. MoMeHT iMny/ibcy

§7.4. Cnin

KoMnoHeHTH onepaTopa CiHOBOI'0 MOMEHTY iMIyJIbCy S 3a/{0BOJIbHSAIOTH 3a-
raJbHMM KOMyTaLiiHUM CIiBBIJHOINEHHAM [Sq, Sg] = ihigggy Sy, TOMy Aas
HUX 3Q/IMIIAETHCI YAHHUM aHaJi3, mpoBeJeHU HaMu B § 7.1. PiBHAHHA Ha
BJIACHI 3HAUeHHA s S =S -SiS,,

S2|s,m) = h%s(s + 1)|s,m), Sz|s,m) = hm|s, m), (7.44)

Mag€ pilieHHsA m = S, S—1, ..., —S JiJIs BCiX IIiJIMX Ta HaMiBIiJIUX HEBiJ EMHUX S.
OCKiJIbKM KOHKPETHi Pi3HOBUAY YaCTOK XapaKTepH3yIThCs HAOOPOM KBaH-
TOBMX YMCeJI, 10 AKUX HaJeXKUTh i CIiH S, TO B Gi/IbIIOCTI BUITaAKiB BUABJISA-
€TbCS AOCTATHIM BUPA3UTH CHiHOBI omepaTopu yepes ixHo Aio B (2s + 1)-
BUMIpHOMY NPOCTOPi, HATArHEeHOMY Ha BJIacHi BeKTopH 3 (7.44) npu dikcoBa-
HOMY 3HaueHHi S. Jlasi MU fjleTa/IbHO PO3TJIIHEMO HaWMOIIMpPEHilli BUNAAKHU
s=1/2,1, 3/2.

Bunagok (i): cmin 1/2

Y 1boMy BUNIa/IKy 3aBeJleHO 3alMCyBaTH CiHOBUU ollepaTop, K S = %ha, Je
0 = (0y, 0y, 0;) HasuBaKWTbCcAa Mampuysamu Ilay.i. IBHe npecTaBIeHHA KX
MaTpulb y 6a3uci, yTBOPEHOMY BJIACHUMH BeKTOpaMH 3 (7.44) MOXKHaA OTpHU-
MaTu 3 BUpasy (7.16) Ajs1 MaTpUUHUX eJleMeHTIiB onepaTopa J; (0kpecyieHU
paMKoIo GJIOK 2 X 2):

Oy = [2 (1)], Oy = [(2 _é], 0, = [é _(1)] (7.45)

Matpuui Ilaysi 3al0BOJIBHATE TAKUM BaXKJIMBUM CIIiBBiJHOLIEHHAM:
ol=0l=02=1 (7.46)
(TyT 1 mo3Hava€ OJUHUYHY 2 X 2-MaTpHUIII0),
0q0g = —O0g0q = i€qgy0y- (7.47)

[li cniBBiHOLIEHHA € ONEPATOPHMMU PiBHOCTAMMY, L0 He 3aJiexKaThb BiJ, KOH-
KpPeTHOT'0 MaTPUYHOIO NpeJCTaBJEeHHS.

Oneparop, 1110 BiZIIOBila€ KOMIIOHEHTOBI CIIIHOBOI'O MOMEHTY IMIIYJIbCY B
HanpsAMKy Nl = (sin 6 cos ¢, sin 0 sin ¢, cos 0), Mae BurassAn - S = %hﬁ -0, e

~ cos® e 'sinH

n-o= e®sind —cosO|’ (7.48)



§7.4. Cnin 181

[IpsiMe 064U C/IEHHS TOKA3YE, 1110 BJJACHUMU 3HAa4eHHAMH Ijiei MaTpuni € +1 i
—1, a BigmoBigHi (HEeHOpMOBaHi) BJACHI BEKTOPH,

e ®sin 0 —esing
1—-cos@)’ 1+ cosO J°
3a /I0[OMOT0I0 TPUI'OHOMETPUYHUX GOPMYJT [JisI MOJIOBUHHUX KYTIB, Iii Be-

KTOpHU MOXXHA 3aMiHUTH eKBiBaJleHTHHUMHU BUpa3aMH /[jI1 HOPMOBAHHUX BJIa-
CHUX BEKTOPIB:

e~®/2 cos[0/2] <_e_i(p/2 Wy (7.49)

e!®/2 5in[0/2] ei®/2 cos[0/2]

Jis BekTOpa cTaHy MaloTb $i3WyHe 3HaYeHH JiMlIe BiIHOCHI BeJIMYKMHA
Ta pa3u 1oro KOMIOHEHTIB, a KOro MOBHA HOpMaA Ta [T0OBHA a3a He BaXKJIMBI.
Ao po3rjsgHyTH Nepiui BeKTOp (3 pYyruM yce aHaJIOI'i4HO), TO BilHOCHA
dasa BoX 0ro KOMINOHEHTIB ckaajae e ~? i npu 3miHi @ Biz 0 0 2T Mpo6irae
BCi MOXK/IMBi 3HaueHHs $pa30Boi pizHuIli. CliBBiIHOIIIEHHS aOCOIIOTHUX BEJIH-
4YuH (HOpPM) X KOMIIOHEHTIB € tan[0/2] i mpu 3miHi 0 Big 0 mo T mpobirae Bci
JlificHi HeBi/l'eMHI 3HaYeHHS1 — iHaAKIIle Ka)Ky4H, BCi MOXKJIUBI ClIiBBiAHOLIEH-
Hs HOpM. TakUM YUHOM, 6y b-IKU I BOKOMIIOHEHTHU M BEKTOP 3 O MHUYHOIO
HOPMOI0 MOe OYTU OJJHO3HAYHO BUpakeHUH yepe3 nepiuuit (i Tak camo ve-
pe3 apyruii) BekTop i3 (7.49) misgxoM mii6opy HasexxHUX 01 @. A 0TKe, KOXKeH
YHUCTUU CTaH 3§ = % MOX<Ha 0OZJHO3HAYHO acOLil0BaTU 3 TAKUM IPOCTOPOBUM
HaNpsIMKOM 1, 1[0 BEKTOP LbOT'0 CTaHy Gy/ie BJaCHUM BEKTOPOM OllepaTopa
n - S i3 BJIaCHUM 3HAaYEHHAM +%h, TOGTO ONKCYBaTHUME CIIiH, 30PiEHTOBAHUM ¥
HanpsAMKy h.

Jani posryisiHeMo 3arajJbHUN cTaH (AKUH MOXKe OYTH U 3MilIaHUM), L0
OIUCYETHCA ONIEPATOPOM CTaHY P. 2 X 2-MaTpHUL Ma€ YOTUPU lTapaMeTpH, TO-
My 1l MO>KHA BUPA3UTH Yyepe3 JiHIHHYy KOMOiHAIi 10 YOTUPHOX HE3AJIEXKHUX Ma-
Tpulpb 1, 0y, 0y i 0,. OTXKe, MU MOXKEMO 3aNKcaTH JOBIIbHUH OllepaTop CTaHy
Yy BUTJIALI

p=3i(1+a-o). (7.50)

MHOXHUK % obpano A4 Toro, wob Trp = 1. Bektop a = (ay, ay, az) no-
BUHEH OyTHU AiWCHUM, 11106 3a6e3MeYruTH eMiTOBICTb p. [J1s 3’sicyBaHHSA HOro
¢$isuyHOro0 3Ha4YEHHSA, 06GYUCIUMO

(ox) = Tr(pox) =
=1a,Tr1=

== ax.
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TyT Mu ckopuctanucs (7.46) i (7.47), a TakoK TUM paKTOM, 1110 CJIiJ MaTpHUIlb
[layni gopiBHIOE HyJI0. AHAJIOTIYHUN pe3yJbTaT JAOTh OUMCIEHHS A1 Y i Z
KOMIIOHEHTIB, TOX MU MAaEMO

(o) = Tr(po) = a. (7.51)

lleli BeKTOp Ha3UBAKTb 8EKMOPOM NOAAPU3AYIT CTAHY P.

Ockinbku onepatop (7.48) mae BiacHi 3HaueHHsa +1 i —1, To 3 (7.50) He-
raiHo BUILJIUBAE, 110 BJJACHUMH 3HAYEeHHSIMH P € %(1 +]al)i %(1 —|a|). Onepa-
TOp CTaHy He MOXKe MaTH BiJl'€MHUX BJIaCHUX 3HaUYeHb, TOMY JIJ0OBXKHHA BEKTO-
pa noJsisspu3anii He HOBUHHA NepeBUILyBaTH oguHuLi: |a|] < 1. YucTi ctanu
XapaKTepHU3ylTbCSA YMOBOMO |a| = 1, 1o BiANoBizae MakcUMaJbHiN NOASpHU-
3ayil. HemossipusoBaHi ctany, mo MaloTe @ = 0, € i30TPONHUMHY, | B TAKUX
CTaHaX cepeJlHE 3HAYeHHS Oy/b-KOI0 KOMIIOHEHTA CNiHY JOPiBHIOE HYJIIO.
Henosisspu3oBaHi cTaHU fABJAITL CO600 HaUNpoCTIiKM i HanmomMpeHiKMi
NpUKJ/IaJ 3MilIaHUX CTAaHIB, SIKi He MOXKyTb OYTH ONKMCAaHi BEKTOPOM CTaHY.

Bunagok (ii): cniH oguHuLsa

MaTpuli /151 CiHOBUX ONlepaTOpPiB MOXXHA BU3HAYUTH 3 610Ky 3 X 3 y BUpasi
(7.16). OcraTo4Hui pe3ysabTaT Oy/ie

S0 10 S0 -0
Se=-2{1 0 1|, s,="L]i o —if,
V2[o 1 0 VZlo @ 0
(7.52)
10 0
S,=h|0 0 0.
00 -1

MaTpu1is /i1 KOMIIOHEHTA CIIiHY B HapsAMKy il = (sin 0 cos ¢, sin 0 sin ¢,
cos 0) Mae BUrJIsA/

cos© T sin e~ i® 0
ni-S=n % sin Be'® 0 % sin@e~i® |, (7.53)
0 % sinfe® —cosO

BoHa Mae BsiacHi 3HayeHH4 A, 0 i —A, a BignmoBiHi iM Bj1acHI BEKTOPH €

5 sin6 , cos 0 —5sin® | (754)

(1 + cosB)et® L 7 sin fe~i® 1(1 —cosB)et®
1(1 — cosB)e'® 7; Sin Be’® 1(1+ cosB)e™®
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Ha BiaMiHy Bif BUnagky s = % A5 s = 1 He € clipaBel/IMBUM TBep/KeH-
Hsl, 1[0 KO>KEH BEKTOP Ma€ 6y TH BJIaCHUM BEKTOPOM KOMIIOHEHTA CITiHa B IeB-
HOMY HanpsMKy. [I[pydyrHa noJjsira€ B TOMY, 1110 /i1 BU3HAUYEHHs BiJTHOCHUX
da3 Ta BiIHOCHUX BEJIMYUH [JI1 KOMIIOHEHTIB 3-BeKTOpa MOTPiOHO YOTHUPHU
He3aJIeXKHi MapaMeTpH, a HaBe/leHi BUllle BJAacHi BEKTOPU MalOTh JIMILEe [Ba
Taki napamMeTpu — 0 i @. TaAKMUM YMHOM, UUCTHUH CTaH CUCTEMU 3 S = 1 He Mo-
»KHa MOB’I3aTH 3i CIIIHOM, OPiEHTOBAHUM Y IKOMYCh IEBHOMY ITPOCTOPOBOMY
HaIpAMKY.

3araJibHUM CTaH ONUCYETHCS 3X 3-01epaTOPOM p, IKUU, MiCJIS 3aCTOCYBaH-
HA 10 HbOro o6MexxeHb Trp = 11ip = p', 3anexuTs Big m’aTH napameTpis.
BekTop nosisspuzarii (S) = Tr(pS) 3a6e3neuye yiuiie TpU Taki napameTpy, a
OT>Ke BiH He MOXe €JUHUM YUMHOM BHU3HAYaTH CTaH, fIK e 6yJI0 i § = %
JlolaTKoBi napameTpH, HeobXiAHI /IJIs1 MOBHOTO BU3HAYEHHS CTaHY B I[bOMY
BUIIAIKY, a TAKOX iXHE Qpi3UyHe 3HAUYeHHS, OYAYTb OJ/HI€I0 3 TEM 0OTOBOPEHHS
B Po3ini 8.

Bunagok (iii): cmin 3/2

Y uboMy BUNIAJIKy CHiHOBUI oniepaTop 6yJe NpecTaBJeH0 MaTpULAMU 4 X 4,
SIKi MU He CTaHEeMO BUIIMCYBaTH B IBHOMY BUIJIs/li, X04a Lie ¥ HAaBaXKKO 3pO-
6uTu. CymMa KBaJIpaTiB LIMX MaTPHUIIb [/l CIIHOBUX KOMIIOHEHTIB V¥ TPHOX Op-
TOIOHAJIbHUX HaNpsIMKaxX Ma€ 3aJ,0BOJIbHSATHU TOTOXHOCTI

Sz +S5 452 =h*s(s+ 1). (7.55)

[leBHa piy, 1e clipaBeAJIHUBO JJisl O6y/b-sIKOTO 3HAaYeHHS S. Y BUNAAKY S = %
Ile TPUBiaJibHA TOTOXXHICTh, 60 KOKEH 3 JI0/IaHKIB y JIiBill YaCTHUHI, SIK 3aCBiJI-
yye (7.46), KpaTHUM OJUHUYHINA MaTpuli. ¥ Bunagaky s = 1 kBagpaTu Ma-
Tpulb (7.52) He KpaTHi OAMHUIL, a/le BOHU KOMYTaTHUBHI, TOMy MalOTh MOB-
HUU Habip CHiJIbHUX BJACHUX BEKTOPIB. A 15l TOTOXKHICTbh MPOCTO BUPAXKAE
B32€EMO3B’A30K Mk IXHIMH BJIAaCHUMH 3HAaYEHHSMU: JJI1 KOXKHOI'O TaKOT0 BJIa-
CHOTO BEKTOpa /IBi MaTpMIL{i NOBUHHI MaTH BJIacHe 3Ha4yeHHd h?, a ofHa —
HYJIb.

[loynHaroyu 3 s = %, MaTpuni SZ, SJZ, i S2 yxe He KOMyTaTHMBHi, TOMy
JUIS1 HUX He iCHY€ cniibHOTO Ha60py BJIAaCHUX BEKTOPIB, a BiATaK TOTOXHICTb
(7.55) He 3BOAUTHLCS JI0 CHIiBBiIHOIIEHHS MiXX BJIACHUMU 3HayeHHsAMH. Ha-
crpaB/i 1ie 1 HEMOXJIMBO, 60 BJlacHE 3HaYeHHS KOXKHOT0 Jlo/laHKa B JiBiil ya-
ctuHi Mae 6yTu a6o 972 /4, a6o h? /4, i »ofHa cyma He 3Moxe gaTh 15h% /4 y
npaBiit yacTuHi. Llel cyTo apudMeTHYHUN GaKT 3a/1Iy4aETHCS /10 iHTepnpeTa-

Li1 KBAaHTOBOI MexaHiku. MoxKe BUHMKHYTH CIIOKYyCa pO3IJ/IA4aTH CIIOCTEPEXKHI
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BeJIMYMHU B KBAaHTOBIiM MaxaHilIli, 1K KJaCU4YHi CTOXaCTUYHi 3MiHHi, KO>KHa 3
SIKUX BUMA/[KOBUM YMHOM HaOyBa€ OJJHOTO 3i CBOIX /J03BOJIEHUX 3HAYEHb 3Ti-
JTHO 3 KBAHTOBOMEXaHIYHUM pono/isoM iMoBipHOCTi. [IpoTe BUIleHaBeAeHU I
MPUKJIAJ CBIIUMTh NP0 HEKOPEKTHICTD TaKOl iHTeprnpeTallil, ipuHaluMHi, /15
MOMEHTY iMIYJIbCY, 60 32 TAKHUM TJIyMayeHHSIM CIIOCTEPeXKHi BeJIMYHHH, 110
BiZINOBiJal0Th S,ZC, 532, i Sg, y KO>KeH MOMEHT 4acy [IOBUHHI MaTH LIIJIKOM IIeBHe
3Ha4YeHHS, a 0TKe, cyMma (7.55) MoBHHHA OYTH CYMOIO I[UX 3HAYEHD.

[IuTaHHA iHTepnpeTaLil TaK0X IOCTABAaTUMYTh i B NOAAJBIIUX PO3JiIaX,
Jle MY pO3IJISHEMO IX JieTajlbHille.

§7.5. CkiH4yeHHi 06epTaHHA

[[lo6 omucatu AOBiJibHe OoepTaHHS, Tpeba 3aJaTH Tpu naraMmeTpu. Hampu-
KJIaJ, 1le MoxKe Oy TH HallpsIM oci 06epTaHH4 (ABa mapaMeTpH) i KyT obepTaH-
He, AK y (7.17). IH11a momMpeHa napaMeTpusallis 3aJJla€ThCs ellieposumu Ky-
mamu, ik poistocTpoBaHo Ha Puc. 7.2. [lepexin Bijg pikcoBaHoi cucTeMu Ko-
opauHaT Oxyz no nepetBopeHoi Ox’'y’z’ BinbyBaeThCs 3a TpU KPOKH:

(i) oGepTanHs Ha KyT a A0BKoJa 0z, 1m0 nepeBoauTh Oy B Ou;
(i) obepranHs Ha KyT B moBKOJIa Ou, o iepeBoAuTb Oz B 0Z';
(iii) obepraHHs Ha KyT y AoBKoJsia Oz, mjo nepeBoauTh Ou B Oy'.

Hanpukinni iporo nepersopenns Ox nepexoautsb y Ox'. llum o6epTaHHsAM
BignosigatoTh onepatopu R, (o), Ry (B) i R,/ (y) B mo3HaueHnsx (7.17). Mia-

Z

!

X

Puc. 7.2. O6epTaHHs cUCTeMH KoopauHaT OXYZ Ha eisiepoBi KyTu o, [3 i Y, 10 Ja€
cucreMy KoopauHar Ox'y’z’.
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CYMKOBe 06epTaHHS ONMHUCYEThCSA A06YTKOM IIUX TPbOX ONepaToOpiB y 3BOPO-
THOMY MOPSAJKY:

R(a, B,v) = Rz (v) Ru(B) Rz () =

— e—isz/ e—iBJu e—iochl (7'56)
(Y ubomy naparpadi Mu 6y1eMo nocayroByBaTUCS CUCTEMOIO OUHUIIb, Y SIKiH
h=1)

Lle BUpa3 AJigd onepaTopa 06epTaHHs He HAaATO 3pyYHUH, 60 iBa 3 TPbOX
06epTaHb 3/1iICHIOIOTHCSA JIOBKOJIA OCEH, 1[0 HAJIEXKATh 0 iHIIOi CUCTEMH KO-
opAuHaT. 3acTocyBaBilu popmyay (3.2) A0 06epTaHHS, BKa3aHOr0 B MyHKTI
(i), mu otpumyemo J, = R;(a) JyR,(—a), oTxe,

Ru(B) = Rz(a) Ry (B) Rz(—a).

TakyuM caMUM YMHOM, OCKiJIbKH .J,/ € pe3ysibTaToM o06epTanb (i) Ta (ii), Maemo

Rz () = Ru(B) Rz(0) Rz(Y) Rz (=) Ry (=) =
= Rz(0) Ry (B) Rz(Y) Ry (—=B) Rz (—0).

Y apyromy psiiKy 6ys10 3actocoBaHo Bupa3s ajs Ry (B). [ligcTaBasrouu oTpu-
MaHi pe3ysibTaTH B (7.56) MU B KiHII€eBOMY ITiJICYMKY 3HAX0JUMO

R(a, B,Y) = Rz(0) Ry (B)Rz(y) =
— ol eiliBJy oz (7.57)

Tenep yci onepaTopy BUpa:KEHO B IOYATKOBIHM cucTeMi KoopAuHaT Oxyz.

AKTHMBHI Ta NacUBHi 06epTaHHA

[lepeTBOpeHHs MOXKHA PO3IJ/IAAATH 3 ABOX NO3ULiM: akmueHa To4YKa 30py Mo-
JISITA€e B TOMY, [0 06’€KT 06epPTAETHCA BiJHOCHO HEPYXOMOI CUCTEMU KOOP-
JIMHAT, a hacugHa To4ykKa 30py nepeabavyae pikcoBaHiCThb 06’€KTa i 06epTaHHA
BiITHOCHO HbOI'O CUCTEMHU KOOPAUHAT. fK y>Ke roBOpUJIOCA paHillle, MU Iepe-
BaYKHO Oy/ZIEMO IOTPHMYBATHUCh aKTHBHOI TOUYKH 30PY, IPOTE 00M/[Ba METOAU
€ piBHOLIiIHHMMY, i HaM 6axaHO 3pO3YMiTH, IK BOHU CNiBBiJHOCATBCS MiX CO-
60r10. [lJi1 IpOCTOTH IFOCTpAIiil po3rJissHeMo Jikille 06epTaHHS JOBKOJIA OCi Z,
a MOTiM y3araJJbHUMO Hallli BUCHOBKH Ha BUMA/I0K J0BiJIbHUX 06epTaHb.
[Ipyn akmusHomy o6epTaHHi, nokazaHoMy Ha Puc. 7.3, 06’eKT onepeminy-
€TBbCS Ha KyT oL IPOTU TOJAUHHUKOBOI CTPiziKK (Hapasi 1je € MO3UTUBHUM Ha-
NPSIMKOM 06epTaHHs, 60 BiCh Z CKEpPOBAHO MEPNEHIUKYJISPHO IJIOIUHI 30-
OpakeHHs1, do yuTaya), i ToAi neBHa ¢pisMyHa TouKa B 06’€KTi, 1[0 A0Ci Oy-
Jla po3TalnioBaHa 3a KOOpAWHATaMU (X, V), IepexoJUTh ¥ HOBE MOJIOXKEeHHS
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', ¥

(> ¥

Puc. 7.3. AkTUBHe 06epTaHHs — cUCTeMa KoopAuHaT GikcoBaHa, a Ha KyT oL epeMi-
IYETHCA 06 EKT.

(x/, ¥"). CniBBigHOLIEHHS MXK KOOPJUHATAMM I[UX JIBOX TOYOK 3a/Ia€ThCS Ye-
pe3 MaTpHIl0 aKTUBHUX 00epTaHb:

x| _ZR(“) . (7.58)

Y 3arajibHOMY BUIaJIKy MaTPUIIs R (0( B,Y) € dyHKIli€0 TPHOX ei1epoBUX
KyTiB. [l;151 06epTaHHs LOBKOJIA OCi z BOHA Ma€ BUIJIA[

cosa —sina 0
(@ = | o
R;; (a,0,0) =|sina cosa Of. (7.59)
0 0 1

Hexali 06’ekToM obepTaHHs Oyje ckajspHe noJie abo GyHKUis cTaHy
6e3cninoBoi yacTku W(x). [lepeTBopeHa QyHKIlis 3anucyeTbes, Sk WP/(X) =
R@(q, B,y) ¥(x). OCKiIbKY IpU aKTUBHOMY 0GepTaHHi 3MilllyEThCA TIPOCTO-
poBHMii posnoain ¢yHKIii, To 3HaueHHs ¥’ y HoBil Touni X' = (x/,y/,z") mae
JopiBHIOBaTH 3HayeHHI0 W y crapiii Touni x = (x,y,2): ¥'(X) = Y(x) =
Y([R™]™1x/). A npu6paBIIM BXe HENOTPIGHUY WITPHXIB, MAEMO

R (0, B,7) ¥(x) = Y([R (B, ¥)]'x), (7.60)

1110 € OKPEMHUM BUIMAJKOM 3arajibHoi ¢popmyu (3.8).

[Ipu nacusHomy o6epTanHi (Puc. 3.3) 06’€KT p 3aJUIIAETHCA HEPYXOMHUM,
a MmepeTBOpPEHHs 3a3Ha€ cucTeMa koopguHaT. OTxe, Ta cama ¢pisudHa Touka
3 KoopAuHaTaMu X = (X,y,z) y cTapiil cuctemi, MaTUMe KOOPAUHATH X' =
(x",y",z") y HOBIi¥ cucTeMi. 3B’130K M’k HUMH Jla€ MaTPHI[sl TAaCUBHUX 06ep-

TaHb:
X/ = ZR(”) . (7.61)



§7.5. CkiHueHHi 06epTaHHA 187

" y

Puc. 7.4. [lacuBHe o6epTaHHsA — 00’€KT QiKCOBAHMH, a Ha KYT O EPEMILIIYETHCSA CH-
cTeMa KOOp/IMHaT.

st 06epTaHHSA CUCTEMHU KOOPAMHAT I0BKOJIA OCi Z MaTPULIA R® (o, B,Y) Mae

ij
BUIJIAL
cosa sina 0
RS’)(% 0,0) =|—sina cosa Of. (7.62)
0 0 1

BesimunHa ckassipHOro moJist a6o GyHKIi cTaHy B TOYLi p Ma€ 3aMIIATHCA
He3MiHHOI0, He3aJIeXKHO Bifi 06paHOi cUCTeMH KOOP/JUHAT, X04a ii PpyHKIio-
HasibHa popMa B pisHUX cucTeMax 6y/ie pi3Ho0. OTKe, MU IOBUHHI OTpUMATH
P (x") = Y(x), ne V" i ¥ no3HavatoTh GpyHKIIil B HOBUX Ta CTapUX KOOPAUHA-
Tax. I3 (7.61) maemo cmiBBigHOmeHHs X = [RP)]™1x”, Tomy ¥ (x") = W(X) =
W([R™] 1x"). A n1036yBIIKCH y2Ke HENOTPIGHUX IITPHUXIB,

R®(a, B,7) ¥(x) = Y([RP (o, ,)] %), (7.63)

3azHauuMo, 1o (7.60) i (7.63) MalOThb OAHAKOBUN BUTLJIs], 1110 BKJIIOYAE
06epHeHY /Iit0 MaTPUI[i HAa KOOPAMHATHUM apryMeHT. Pi3HUIS Mi>K TUMHU J1BO-
Ma BUINaJKaMH MOJISITA€E JIULIE B TOMY, 1[0 MAaTPULi aKTUBHUX Ta NAaCUBHUX Ie-
peTBOpeHb KOOPAMHAT € 06epHEHi 0/1Ha /10 oAHOI. Lle criBBiAHOIIEHHS TAKOXK
BHUKOHYETbCA | B 3araJibHOMY BUINIAJKY:

R®(a,B,7) = [R@ (0, B,7)]7* = RD(—y,—B, —a).

llsa piBHiCTb BHpaka€ iHTYITUBHUH I'eOMeTpPUYHUH (aKT, 10 06epTaHHA
006’eKTa Bi/JHOCHO HEpPyXOMOi CUCTEMH KOOPAHUHAT eKBiBaJIeHTHO 06epTaHHIO
B IPOTHUJIEKHUH BiK CHCTEMHU KOOPAMHAT BiJHOCHO HEPYXOMOT0 06’eKTa.'

1206roBopeHHs] aKTUBHYX Ta MAaCHUBHUX 0GepTaHb I'PYHTYETbCA Ha cTaTTi M. ByTena [34], y
sIKill 30KpeMa BKa3aHo, 1o cTaHJapTHi goBigHuku Eamonaca [53] i Poysa [156] micTaTh no-
MUJIKHU B PO3TJIS/i [bOrO MUTAHHSL.
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MaTtpuui o6epTaHHA

MaTpuyHe npe/icTaBieHHs onepaTopa o6epTaHHus: (7.57) y 6a3uci, yrBopeHo-
My BJIACHUMH BEKTOPaMU MOMEHTY iMITyJIbCy

(', m'|IR(a, B,Y)|5,m) = 8;:; DY) (, B, ), (7.64)
MOPOKY€E Mampuyi 06epmaHHs

DD (a,B,y) = (j,m'|e s e By ¢~z | j iy =

: 7.65
_ gmiam’ym) gG) gy (7.65)

ne ‘ |
d9) () = (j,m'le” B |j,m). (7.66)

Matpung (7.64) giaroHanbHa 3a (5',7), 60 R komyTye 3 onmepaTopom J2. A
CIPOIIEHHS B APyromMy psAAKy Bupasy (7.66) Bii0yBaeTbCA 3aBASIKU TOMY, 1[0
0a3uCHi BEKTOPH € BJJaCHUMHU BEKTOPaMHU J.

MaTtpuyHuii eieMeHT (7.67) JIETKO 06UYUCAIOETHCS AJ151 BUNIAAKY j = % To-
Al Jy MOXKHa 3aMIHUTH Ha %hcy, aposkaageHHs e %v/2 g pan Teitnopa, 3 ypa-
XyBaHHAM TOTOXHOCTI 0)2, = 1, 103B0OJISIE 3TPYNyBaTH OKPEMO 4JIeH! 3 NapHU-
MU Ta HEMApHUMHU cTeneHsaMH {3, ki gaoTe BignosigHo sin(B/2) i cos(B/2). B

pe3yanaTi Ma€EMO

e~ B = cos g + ioy sin g (7.67)
OTxe,
2 2

B _ iy B
Cos 5 —SIn

2 B] . (7.68)
Sin 5 CosS 5

4 (B) = [

3a3HayMMo, L0 il MaTpULd NepioAnyHa 3a 3 3 nepiooM 4, a 1pu AoAaBaHHI
Jl0 3 KyTa 2T 3MiHIOE CBill 3HaK He npoTuaexxHuil. Taka deosHayHicmb Xapa-
KTepHa /15 oBHOI MaTpulli o6epTanHs (7.65) 1jopasy, Koy j € HaliBIiJIUM
YHcJoM. A B pasi Lijioro j MaTpuIld oJHO3HAYHA NPU 06EPTAHHAX Ha 2.

I[Ipu j = 1 MM MoxKeMo 3aMiHUTH Jy, 3X3-MaTpulero Sy i3 (7.52), Aka 3az10-
BOJIbHSIE TOTOXKHOCTI S; = Sy (3razakMmo, 110 3apa3 MU NPALOEMO B CUCTEMI
oAuHHULE, e h = 1). lllnaxoM 064KCcIeHb, aHAJOIIYHUX IO THX, 1110 IPUBEJH
Hac 70 (7.67), oTpuMyeMo

e Py =1—52(1 — cos p) — iSy sinp.

Topni Mmaemo
2(1 + cos B) —% sinf 2(1— cosp)
dVP) = % sin 3 cos 3 —% sinf |. (7.69)

2(1 — cos B) %sinﬁ 2(1 + cos B)
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MaTpuyHi eJleMeHTH /151 3arajibHOro BunaJky oouucseHo E. I1. Biruepom.
Ix cTucne BuBesenns e B nigpy4nuky Cakypai [159]. CucTeMaTH4HO J40OC/Ti1-
THU MaTpULi o6epTaHHsA [03BoJsi€ meopia rpyn (AuB. [178]). EqMHUN pe3yJib-
TaT i3 Teopii rpym, AKUN HaM AaJjii 3HaI06UThCS, Lie meopema opmoroHa1bHO-
cmi:

f D ®Y DY) (R)dR = (2 + 1) 8;1; 8y Sury f dR. (7.70)

Tyt R mo3Hayvae edysepoBi KyTu obeptaHHsa (a,3,v), a dR = dasindfdy.
Kyt 3 npo6irae 3HayeHHs Bifj 0 o . KyTu a i y NOBUHHI TOKpHBATH Aiana3oH
[0, 4T], xo4a AJist HisIKX j TA j' BUCTAYUTD i 21t

OGepTaHHs BJIaCHUX BEKTOPIB MOMEHTY iMIyJibCy

MaTtpuui obepTaHHs NPHUPOJAHO BHMHUKAIOTb IPU 3aCTOCYBaHHI oneparTopa
06epTaHHS [0 BJIACHUX BEKTOPiB MOMEHTY iMITyJ/IbCY:

R(a, B,Y)IG,m) =Y 15, m/)i',m/|R(a, B,y) |5, m) =

gt " (7.71)
.y
= 3" 1,9, (o BY):
m/

[IponnoHyeMo yMTauyeBi caMOCTiHO NMepPeBIpUTH, L0 3 LIbOTO BUpPaA3y MOXKHA
OTpUMaTH BJyiacHi BekTopH (7.49) i (7.54) /11 KOMIIOHEHTA MOMEHTY iMIyJIb-
CY B JIOBUILHOMY HaNpsIMKY.

(27 + 1)-BuMipHu#l npocTip, HATArHeHUH Ha Habip BeKTOpiB {|j, m)} ausd
dikcoBaHoOro j i BCiX 103BOJIeHUX —j < m < j € [HBAPIGHMHUM HenpusioHUM
niodnpocmopom BilTHOCHO 06epTaHHA. [H8apiaHMHicmMb NiINPOCTOPY O3HAYAE,
1110 BEKTOP, AKUN HAJIEXKHUTD /10 IIbOTO MiINMPOCTOPY, HaZeXKaTUME 10 HbOro i
nicsisg o6eptanHs. lle cipaBai Tak, 60 *KO/{He iHIlle 3HAYEHHS j HE BXOJUTh /10
Bupasy (7.71). A TepMiH HenpugidHuli yKkasye Ha Te, 1[0 Lie} MiANPOoCTip He Mi-
CTUTbh MEHILIOTO NiAnpocTopy, iHBapiaHTHOrO BiAHOCHO oneparil o6epTaHHs.
JloBe/leHHSI HEMPUBIAHOCTI 3aJUIINMO, IK BIPaBY AJs1 YUTaYa.

3B’A30K 3i cpepUYHUMHU rapMOHiKaMu

CdepuyHi rapomHiku (7.34) 6ysio 3anpoBa/preHHo B (7.30) i (7.31), g9k Koop-
JIMHaTHe Npe/iCTaBJeHHs BJACHUX BEKTOPiB Op6iTaJIbHOIO MOMEHTY iMIy/Ib-
cy |€, m) nnd uinux 3HaveHb € i m. OT>Ke, BOHU MalOTh [IePETBOPIOBATUCS NPU
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obepTaHHAX, BignoBigHO A0 (7.71). 3 iboro piBHSIHHS MOXXHA BUBECTH KOPU-
CHe CIiBBi/{HOLIIEHHS Mi>XX cpepUUYHMMU rapMOHiKaMU Ta MaTPUIIIMU 06epTa-
HHA. HabaraTto 3pyuHillle 6y/ie po3r/isAAaTH He caMe TepeTBOPEHHs], BU3Haye-
He B (7.71), a iHBepCHe /10 HBOTO:

R (o, B,Y) Y78, 0) = Y5'(0, @) =
=>_ v, @)Y (a,8,7)}, (7.72)

nie o6eptanHa R(a, B, y) nepeBoAUTH BeKTOP y HANPAMKY (6, ) A0 HAIPAMKY
(0/, @").* TyT MU cCKOpHCTaIUCA Ti€0 06CTaBMHOI, L0 MaTPULA 06epTaHHA
D yHiTapHa, a TOMy 3BOpPOTHA 0 Hei € TPAaHCIOHOBaHA ¥ KOMIIJIEKCHO CHpsi-
»KeHa.

Jani My nokaxkemo, 1110 1ied BUpa3 MOBHICTIO BU3HAYa€e chepuyHi rapmo-
HiKH, 32 BUHSITKOM HOPMOBOYHHUX MHOXKHHUKIB. [Ipu § = y = 0 Mmaemo

R™*(a,0,0) Y}"(6,9) = R(0,0,—a) Y5*(8,0) = Y7' (8,0 + @) =
=>"r7 0,9 (D) (00,00} =

el My (9, @).
OcTtaHHi# psgok BUmuBae 3 (7.65). fIkujo BctaHoBUTH @ = 0, TO 1Ie Jjae
Y76, a) = e ™ Y7(8,0), (7.73)

110 BU3HAya€ 3a/eHicTb chepUdHOl rapMOHIKM BiJ Jpyroro apryMeHra.
Ockinbku HanpsAMOK 6 = 0 € moJIIpHOIO Biccio, HeMepepBHiCTb chepruIHol
rapMOHiKM BUMarae, 1,06 Y5" (0, a) He 3anexasa Bif o. I3 (7.73) BUNIMBaAE, 0
HeoOxigHa Ana nporo ymosa Y;'(0,0) = 0 gram # 0, a oTKe, MU MOXKEMO
3alycaTu

Y7'(0,0) = cp &m0, (7.74)

Jle Cp — TMEBHUUM HOPMYBAJIbHUN apaMeTp, 3aJIeXKHUH Jiviie Bif .
Jani nigcraBumo 6 = 0 B (7.72), 1[0 BCTAHOBJIKE HANPSAM Y3J0BXK OCi Z.
PiBHSAAHHS 3BOAUTHCA [0

Y5O, ) = cr8mo D (0, By} =

£ *
= ¢, (D (@ B, V)Y,

3]lle pa3s HarosocuMo, 0 0GepTaHHA y NPocTopi GYHKI{iH € MPOTHUIEKHUM 3a HANPAMKOM
Jl0 06epTaHHA KOOpAMUHAT B aprymeHTi ¢yHKuii, Ak ne BkasaHo B (7.60). Mu foTpumyemocs
aKTUBHOI TOYKH 30DYy.
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ne R(a, B,y) nmepeBosuTh BEKTOp, mapajebHuil oci z y Hanpamok (0, ¢').
AcHo, o ne Bumarae o = @' i B = 0/, a KyT y Moxe 6yTH J0BiIbHUM. OCKiJIbKH

£ .
D1(n)0 (o, B,Y) He 3aJIeXKHUTB BiJ| Y, TO MU MOXKEMO 3aMHUCATH

Y5 (6, ¢) = ¢, (DL (0,6,0)}, (7.75)

1110 JIa€ HaM MPOCTe CHiBBiIHOIIEHHS Mi>Xk cGepUUHUMU rapMOHiKaMH i MaTpU-
My obeptanHs. CTaHJapTHE HOPMYBAaHHSA MU OTPUMAEMO, BCTAHOBUBIIU

cp = /2’%1. (7.76)

§7.6. IloBHe oGepTaHHA

3rigHo i3 (7.17), onepaTop AJ151 06epTaHHSA Ha KyT 2T I0BKOJIA OCi, mapaJiesb-
HOi 0ZJMHUYHOMY BeKTOpY A, € Ry (21) = e~2™0I/h (My Byke moBepHYyIHCA 10
3BUYAMHOI CUCTEMU OJIMHUILIb). Pa3ysbTaT Horo fii Ha TUNIOBU BJIacHU Be-
KTOP MOMEHTY iMNyJIbCy AAETHCS BUPA30M

R (2M) |, m) = (=1)% |j,m). (7.77)

TakuM YMHOM, IEPETBOPEHHA € TOTOXHICTIO /4 LIiJINX 3HAa4Y€eHb j, a B pa3i Ha-
niBIi/INX MPU3BOJUTD J10 TepeMHOXeHHs Ha —1. CnpaBeanuBicTs (7.71) ove-
BU/IHA, AKIIO Nl CIPSIMOBaHO B3/I0BXK 0OCi Z, 60 1]i BEKTOPU € BJJACHUMH BEKTO-
pamu onepaTtopa J;. A A5 0OBeleHHS B 3arajibHOMY BUNA/IKy Tpeba po3kJja-
CTH |j, m) 3a BJJaCHUMH BEKTOpaMHu omnepaTopa N - J, aki Mo)kHa OTpUMaTH 3
|7, m) masixom nepetBopeHHs (7.71). OcKiJbKY pi3Hi 3HaUYEHHSA j HIKOJIA He
nepeMillyloThCsl NpU 06epTaHHSX, TO 3BiAcH BUMJIUBAE, 10 (7.77) BUKOHYE-
ThCS U151 J0BIIbHOTO . 3 UX MipKyBaHb MU MOXX€MO BiZJKHYTH MOCHUJIAHHSA
Ha Bich 06epTaHHA i IpocTo 3anucaTu:

R, (27) = R(2M). (7.78)

Mu HaBueHi [yMaTH, 1[0 06ePTaHHSA HA KYT 2T € TPUBiaJIbHOIO Ollepalli€ro,
sdKa HiYoro He 3MiHwE. BiinoBiHO [0 1i€] BIEBHEHOCTI, MU MYCUMO MPHUIIY-
CTUTH, 110 BCi AUHAMiYHi 3MiHHI iHBapiaHTHI BigHOCHO 2T-06epTaHHsA. ToMmy
MOCTYJIFOEMO:

RQmM)AR1(2n) =4, abo [R(2m), 4] =0, (7.79)

Je A Moxke NpeACTaBJIATH OyJb-AKy (pi3uuHy crnocTepexxHy. [IpoTe cam omne-
patop R(2m) He € TpuBiasibHUM (TOOTO, HE JOPIBHIOE OAUHUYHOMY ), A OTIKE,
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iHBapiaHTHIiCcTb BifHOCHO TpaHcdopmMarniii R(21) moBUHHA MaTU HETPUBia/Ib-
Hi HaCJIiJIKH.

HaznzBu4aliHO BaXX/IMBO PO3PIi3HATH HACAI[KM TakKoi iHBapiaHTHOCTI A
CIIOCTepeKHUX BeJUYUH 3 HACAi[JKaMH, IKi BUIJIMBAlOTh 3 IHBApiaHTHOCTI
cTaHiB. OCKIJIBKA BaXXKO YAABUTHM CTaHH, 110 He € iHBApiaHTHUMH BiJJTHOCHO
MOBHUX 06epTaHb, MM 3pOOGUMO BiICTYM i pO3I/ITHEMO HACAiAKHY JOBIIbHOI CH-
MeTpil.

Hexait U — yHiTapHH# onlepaTop, 10 3aJMIIa€ iHBApiaHTHO OKPEMY -
HaMiyHy 3MiHHY F, a 0TXKe, AJ14 oniepaTtopa F, o ii npeacTasiise, cipaBein-
Be cniBBigHOIEeHHd [U, F] = 0. Po3riisiHeMo neBHUH CTaH, 1[0 He € iHBapiaH-
THUM BiJHOCHO nepeTBopeHHs U. fIKI10 Lie YUCTUH CTaH 3 BEKTOPOM CTaHy
|¥), To |¥') = U|¥) # |¥). CepesiHe 3HaYeHHs AUHAMIYHOI 3MiHHOI B nepe-
TBOPEHOMY CTaHi €

(F)y = (W'|F|¥') = (W|UTFUI®) =
= (Y|UTUF|¥) =
= (Y|F|W).

Tox MM 6a4MMO, 1[0 CTATUCTUYHI BJACTUBOCTI CIIOCTEPEXHOI 0OJTHAKOBI /151
nBox craniB |W) i |W'). LliyikoM aHAJIOTi9HO, [IJIS1 3araIbHOTO CTaHY, 1[0 OMHUCYE-
TBCS OIIEPATOPOM p, /ISl IKOTO MM npumnyckaemo, mo p’ = UpUT # p, cepenne
3HayeHH4 BeJUYuHU F €

(F) = Tr(p'F) = Tr(UpUTF) =
= Tr(pUTFU) =
= Tr(pF).

Mu i1 TyT 6a4MMO, BxKe B 3arajIbHilIOMy BUNAZKY, 1110 CTATUCTUYHI BJIACTUBO-
cTi cnoctepexxHoi F MaloThb 6yTH OAHAKOBUMH B IIOB'SI3aHUX CUMETPI€I0, X04
i He TOTOXXHHUX cTaHax. [leBHa piy, TaKMH BUCHOBOK CIIpaBeAJUBUH i /14 olle-
panii cumeTpii R(2m), mpoTe 11e Hac He Jy*e I[ikaBUTb. Ham noTpi6HO m10ch
0c006J1MBe, XapaKTepHe caMe JJIl [bOT'0 [IepeTBOPEeHHs.

BignosigHo no (7.77), onepatop R(2m) noAisnae BeKTOpHUM mpocTip cTa-
HiB Ha JBa mignpoctopy. TUMOBUN BeKTOp i3 mepuioro nianpoctropy (1ii
3HayeHHs1 MOMEHTY iMIIyJ/IbCy) MO3HAYMUMoO, fIK |+), 1 BiH Mae BJIaCTUBICTb
R(2m)|+) = |+). ¥ Toixke yac, THIOBUH BeKTOP i3 Apyroro nignpocropy (miB-
1[iJ1i 3HaYEeHHSI MOMEHTY iMNYJIbCY), AKUM I03HAYHUMO |—), 33JJ0BOJIbHSIE CiBBi-
JHoueHHIO R(2m)|—) = —|—). Tenep, sikiio A € onepaTopoM AOBiJIbHOI hi3u-
YHOI CTIOCTepeKHOI BeJIMYUHU, TO

(+IR(Zm) A|=) = (+|AR(CZm)|-),
(+lA]=) = —(+14]=).
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OTxe, B 1bOMY BUNIaJKy NOBUHHO 6yTU (+|A|—) = 0. TakuMm ynHOM, *KOJHA
¢disuyHa crocTepexHa He MOXe MAaTH BiAMIHHUX Bifi HyJiT MaTpUYHUX eJjie-
MEHTIB MK CTaHaMH 3 L[iI/IMMU 3Ha4eHHSAMUA MOMEHTY IMIyJIbCY Ta CTAHAMU 3
Horo niBIi/IMMU 3HaueHHAMU. Ha niboMy dakTi rpyHTY€eTbCS npasuso cynep-
8id6opy.
[le npaBUJIO CTBEPAKYE, 110 He ICHYE KOJHOI CIOCTEPEKHOI piSHULI MK
CTaHaMU BUTJIALY
We) = [+) +e|-) (7.80)

JUIsl pisHUX 3HauYeHb pa3u w. lle i cnpasai Tak, 60 Ays 6yb-sK01 pisudyHOI
cnoctepexxHoi A, B cuny (+|A|—) = (—|A|+) = 0, MmaeMo (A) = (Y |A|Wp) =
(+]A|+) + (—|A|—-), w0 He 3a1€KUTH Bif w.

LiskoM aHasOriYHe TBEPAXKEHHSI MOKHA 3pOOUTH JJ151 3araJIbHOTO CTaHY,
MpeJiCTaBJeHOr0 OIlepaTopoM p = Zij pi;j10){j|. MaTpuuro p;; # moAioHy Ma-
TPULO A5 Pi3UIHOI ciocTepeXHOI A MOXKHA PO3IJIUTH HA YOTUPH GJIOKU:

=[o o] w=% 0

CepefiHE 3HaUYEHHS AUHAMIYHOI 3MiHHOI A B LIbOMY CTaHi €
A = Tr(pA) = Tr(p, 4 Ass) + Tr(p__A--),

Je Try i Tr— mo3HavaroTh omepali caigy Ha nignpocropax. [lepexpecHi ma-
TPUYHI eJIeMeHTHU P, _ i p_, He JaI0Tb BHECKY B, OCKIJIbKH BiANIOBiJHi MaTpHu-
YHi eJleMeHTHU oniepaTopa A € HyJIbOBUMHU. Lle MoxkHa chOpMyI10BaTH 3arajb-
HILIMM YUHOM: iHTepdepeHLis Mix BeKTopaMu TULIB |+) i |—) He fae ciocTe-
pEeXHUX HACTIKIB.

Ha uii migcraBi iHOAI KaXKyTh, 1110 CTaHIB, IKi ONUCYIOTbCS BEKTOPaMHU BU-
raany (7.80), yaarasi He icHye. lle ekBiBasiIeHTHO TBEP/PKEHHIO, 1[0 MaTPUIHI
eJleMeHTH p,_ i p_, omepaTopa CTaHy MalOTb 6YTH HyJIbOBUMH. X04a Kope-
KTHe pepMyJIl0OBaHHS MpaBuJia CynepBizbopy mojsirae B TOMy, L0 TakKi Ma-
TPUYHI eJIeMeHTH He MaloTh CIOCTEePEKHUX HACJTI/IKIB, a TOMY MU BisibHi 06pa-
TH /19 HUX Oy /ib-SIKi 3py4Hi 3HaueHHs, cKaxiMo, p,_ = p_, = 0. fxuo Takui
BUOIp 3p06JieHO IPU BTAaHOBJIEHHI OYaTKOBOI yMOBU nipu t = 0, TO Lie 3a/1u-
IATUMEThCA CIIPABE/JINBUM V OYAb-IKUA MOMEHT 4acy, OCKiJIbKH I'eHepaTop
4yacoBoi eBoJitoLii H caM € Gpi3UUHOI0 CIIOCTEPEIKHOIO, i /IS HHOTO BUKOHYELCS
yMoBa inBapianTHocTi [H, R(21)] = 0. ToMy piBHSIHHS pyXY pPO3MaAa€ThCS HA
[Ba OKpeMi piBHAHHSA B KOXXHOMY 3 LIUX MiANPOCTOPiB, MDXK AKUMU HIKOJIU He
BUHUKHE HeHYJIbOBUX [IepeXpeCHUX MaTPUYHUX eJIeMeHTIB p,_1p_,.
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CynepBia6ip i 3BMyaiiHa cuMeTpis

Baxk/iMBO po3yMiTH pi3HHII0 MiXK I'eHEpaTOPOM MpaBuja CynepBigdbopy, Ha
3pasok R(2m), i reHepaTopoM onepauii cuMeTpii, 1[0 TOPOAKYE YHIBEpPCATbHY
36epexeHy BeJIMUUHY — SIK, HAIIPUKJ/Ia/[, OIlepaTop NpOCTOPOBOTO NepeMile-
HHA e @P/M o NOPOo/IKy€ MOBHUM iMMyJibc P. OcKiibKY ramMisibTOHiaH 6y/b-
sIKO1 3aMKHEHOI CUCTEMU Ma€ OYTH iHBapiaHTHUM BiJIHOCHO 060X I[UX Iepe-
TBOpPEHb, TO Mi>k HUMU iCHYE MO3ipHa cX0XKicTb. 060€ Aal0Th KBAHTOBI YK CIIa,
10 MalTh 36epiraTucs B Npoleci eBoJIONil CHCTEMU: B MEPIIOMY BUNAJIKY,
e BjacHi 3HaueHHs +1 onepatopa R(2m), a B ApyroMy — BJIacHi 3Ha4eHHS
olepaTtopa INoBHOro iMnyJibcy P.

A pi3HULA nOJIATAa€E B TOMY, L0 iICHYIOTh CIIOCTEPEXKHI, IKi He KOMYTYIOTb
i3 P (HanpukJ/aj, onepaTop NoJ0xeHHs Q), MpoTe He MoXe 6YTH criocTepe-
YKHUX, 1[0 He KOMYTyBaJH 6 i3 R(2m). A 0TKe, Ipy BUMipIOBaHHI MOHa poO3-
PI3HUTH CTaHU, lIepeTBOPEHi BHAC/IIOK IPOCTOPOBOr0 IlepeMillleHHs; aJle Hi-
sIKe BUMipIOBaHHS He 03BOJIMTh 3HAUTH Pi3HUIIO Mi*K CTaHAMH, 1110 BUHHUKJIU
B pe3yJibTaTi 06epTaHHS Ha 2Tt

[[ IpaBuI0O CynepBia6opY, 10 BiIOKPEMJIIOE CTAHU 3 IITUM MOMEHTOM iMIyJIbCY BiJl
CTaHiB 3 HaNiBLiJIUM 3Ha4YeHHSM Iii€l BeJIUYMHHU, € EAUHUM NPABUJIOM TAKOTO TH-
Ny B KBAaHTOBIiM MexaHili cTabi/IbHUX YacCTOK. Y KBaHTOBi# Teopii noJis, e 4acTKu
PO3IIAAI0THCS, K 0JbOBI 30ypeHHs, 1[0 MOXKYTb HapoPKyBaTHUCh | 3HUILYBATHCh,
omepaTop eJeKTPUYHOI0 3apsi/ly TAKOX YTBOPIOE PAaBUJIO CYyNepBiA6opy, 110 3a6e3-
nevyye iHBapiaHTHICTB YCiX CIOCTEPEKHUX BiJHOCHO KaJsibpyBaJIbHUX MEPETBOPEHD
(npo Hux auB. § 11.2). Y uboMy BUNAJKy He iCHyE MOXJIMBOCTiI BUSBUTH iHTepde-
peHIlil0 MiXK CTaHaMHU 3 Pi3HUM NOBHUM 3apsi/loM, OCKIJIbKU HEMAE K04 HOI ¢iznyHOl
CTOCTepeKHOI BeJIMYMHY, OllepaTop AKOI He KOMYTyBaB O 3 OlepaTOpPOM IIOBHOTO
3apsjy. B Teopii cTabiIbHUX YacTOK 3aps/i KOXKHOI YaCTKH, a OT)Ke, i TOBHUM 3aps/
CUCTEMH, € He3MiHHUMH, TOMY OllepaTop 3apsAy NpOCTO KpaTHUM OAUHUYHOMY. Ko-
>KeH ollepaTop KOMYTY€E 3 OAUHUYHUM, a TOMY JJs 3apsaAy NpaBUJIO CyNepBig6opy
MIOCTAE, sIK TpuBiasbHe. ||

§7.7. [logaBaHHS MOMEHTIB IMIyJ/IbCYy

Po3riisiHeMo IBOKOMIIOHEHTHY CUCTEMY, KO>)KeH KOMIIOHEHT fIKOi Ma€ CTeleHi
cBO6GOJM 3 MOMEHTOM iMIy/bcy. /lJjist 3py4HOCTi TOBOPUTHUMEMO MPO I1i KOM-
MOHEHTH, fIK Mpo ,4acTKy 1“1 ,9acTky 2“ i no3Ha4MMo Bi/iNOBiAHI onepaTopu
MoMeHTY iMnyJbcy yepes J(V i J), xoua 3 TakuM caMuM yCIIiXoM Iie MOXyThb
O6yTU opbOiTa/bHi Ta CMiHOBI cTeneHi cBO6OAX OAHIET 1 Ti€l 2K YaCTKHU.

Ak yxe obroBoproBajiocs B § 3.5, 6a3MCHi BEKTOPH /i1 KOMIIO3UTHOI CU-
CTeMHU MOXXHa YTBOPUTH 3 6a3UCHUX BEKTOPIB i1 KOMIIOHEHTIB, Y35BIIU BCi MO-
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»KJIMBI 6iHAapHI J0OYTKU BEKTOPIB 3 060X HAOOPIB:
|j1: jZI mq, mZ) = |j1: m1>(1) ® |j2: mZ)(Z)' (781)

i BEKTOpPM € CHiJIbHUMHU BJIaCHUMM BEKTOPAaMH YOTHPbOX KOMYTaTUBHMX
oneparopis JO . JO, J@. 3@ gD 72 3 gracuumu snavennsamu h2j; (j; +
1), h?j2(j2 + 1), hmq i hkm, BignoBigHO.

YacTo 6yBae 6aaHMM YTBOPUTH HaGip BJACHUX BEKTOPIB MOBHOTO MO-
MeHTy iMnynabcy J - J i J,, ne

J=10 433, (7.82)

[MaTemaTuyHo KopekTHinte 6yo0 6 3anucatu J = JM @ I+ IQJIP; take no-
3HauyeHHs ABHO BKa3ye Ha Te, 1o J fie e va nepmnit MHoxHUK y (7.81),
a J@ — nume nHa apyruit MHOHUK.] Lle KOPUCHO KOJIM cHCTeMa iHBapiaH-
THa BiJHOCHO 06epTaHH4, K O/ HE 1iiJie, ajie HeiHBapiaHTHA MPU 06epTaHHAX
il OKpeMux KOMIIOHEHTIB. Y TakoMy pasi, il TOBHMHA MOMeHT iMnyJibcy J € iH-
terpasnom pyxy, Togi ak J i J@ okpemo He 36epiraroThcs.

BnacHi BekTOopu onepaTtopiB J - J i J, MoxkHa 3anucaty, 9K |a, J, M), e
h2J(J + 1) i AM € ix BraCHUMM 3HAYEHHAMH, a & 03HAYAE AKUHCD iHIIKi Na-
paMeTp, 10 MOXKe 3HaZ0OUTHUCA AJIs1 J0AATKOBOI XapaKTePUCTHKHU BJIACHUX
BEKTOPIB 3 0/JHAKOBUMH 3Ha4yeHHsAMHU J i M. L]i BeKTOpH MO>KHA BUPA3UTH ye-
pes JliHiiiHi KoM6iHanii BekTopis (7.81), ockimpku JM - JM, 3@ . 3@ 3. 3§
Jz B3aEMHO KOMYTAaTHBHI, a 0T>Ke, NOPO/KYIOTh NOBHUN Habip CHi/IbHUX BJa-
CHUX BEKTODIB. ¥ 3B’s13Ky 3 UM, yCi J0JaHKU B KOKHiH Takii koMb6iHanjii no-
BUHHI MaTHU O HAKOBi 3HA4Y€HHH j1 1 j2, TOMYy MU MOKeMO 30CepelUTHU yBary
Ha npocTopi posMipHocTi (251 +1)(25, + 1), HaTArHeHOMy Ha BekTopH (7.81)
3 NeBHMMU GiKCOBAHUMU 3HAYEHHSMU j1 1 jo.

3a pesyJsibTaTamu § 7.5, 1ied npocTip iHBapiaHTHUM BiITHOCHO 0OepTaHHs,
TOMY CKJIaZA€ThCS 3 0JHOI0 a0 KiJIbKOX HenpugidHux iHBapiaHTHUX HiAnpo-
cTopiB. 3 0UEBU/IHICTIO, KOXKEH TaKUK HEMPUBIAHUN MiATIPOCTIp Ma€e yTBOpIO-
BaTH Habip 3 2J + 1 BekTODpIB |01, J, M) npu dikcoBaHUX & Ta J i 3MiHHOMY
3HavyeHHi M y paiamasoni —J < M < J.I copasgi: skimo BekTop |a, J, M)
JlJIsl IKOTOCh OKpeMoro M Ha/leXXUThb J10 IPOCTOPY, AKUM MU 3apa3 po3rJsja-
€MO, TO B CUJIy CBOEI HEPUBiAHOCTI yBech miagnpoctop BekTopiB |, J, M) fas
—J < M < J Mae HaJiekaTu [0 HbOTO.

fAcHo, wo icHy1oTh Taki BeJuki 3HauyeHHA J, Ipu 9KuX |a, J, M) He HaJe-
)aTb A0 npoctopy po3mipHocTi (251 + 1)(2j2 + 1). 3 iHworo 60Ky, He BU-
KJIIOYEHO, 110 AJ14 Aedakux J BekTopH |a, J, M) MOXyTb YTBOPIOBATH GiJblile
OJIHOTO HenpuBiJHOro nignpocropy. Hexait N(J) nosHayae KiJIbKiCTb TaKUX
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) ' : ) N * "M=]‘1—jz

Puc. 7.5. MoxuBi 3HaueHHA M = my + my A5 GiKcOBaHUX j1 = 317, = 2.

He3aJIeXXHUX HaboPiB BJIACHUX BEKTOPiB, an(M) — cTymniHb BUPO/KEHHS BJIa-
CHOTO0 3HaYeHHd M y HawoMy npoctopi. Lli Bi BeJIMYWHM CNIiBBiAHOCATHCA, SIK

n(M) =Y N(D, (7.83)
Jz|M|
a 0TXKe,
N(J) =n(J) —n(J + 1). (7.84)

Takum ynHoM, N(J) MoxkHa oTpuMatH 3 n(M), sike Jjieriie 064UCTIOETbCS.

BekTopu (7.81) € B1acHUMHU BeKTOpaMu omnepatopa J, = Jz(l) + JZ(Z) 3
BJIAaCHUMU 3HaUYeHHAMU AM = (mq + my), | CTYNiHb BUPOAXKeHHS JOPiBHIOE
KinbkocTi pisHuX map (mq, my), Aas akux mq +my = M. lle npointocTpoBaHo
Ha Puc. 7.58, 3 askoro BuziHO, 110 n(M) [0OpiBHIOE KiJIbKOCTI TOUOK, 1110 JIEXKATh
Ha AiaroHasbHii giHil M = mq + my. Tomy

n(M) =0, SKwo  |M| > ji + j2;
=j+j2+1—|M|, saxwo ji1+j2=|M|=|j1—7j21; (7.85)
=2min(jy, j2) +1,  sAxwo |j1 —j2| = M| = 0.
A Topi 3 (7.84) BUIIIUBAE, 1110

N(J) =1 ast g1+ g2 = J 2|51 — jal;
=0 B yCiX iHIINX BUMA/KaX. (7.86)

Ax BuaBunocs, N(J) Hikoau He Moxe OYTH 6inblIMM 3a 1, a TOMY Be-
KTOp |, J, M) €EAMHUM YUHOM BU3HAYAETHCS Yepe3 BJACHI 3HAYEHHS YOTHU-
prox onepaTopis JM - JW, J2) . J@) J . J i J,. Hagani Mu nosHauaTHMeMo
BJIaCHI BEKTOPY IOBHOT'O MOMEHTY iMNYJIbCY, SIK |J1, j2, J, M).



§7.7. JonaBaHHS MOMEHTIB iMIyJIbCY 197

KoedinienTn Kie6ma-Iopgana

Ockinbku BekTOpH {|j1, j2, M1, M2)} yTBOPIOIOTH NOBHUH 6a3UC, TO KOXKEH Be-
KTOp 3 Habopy {|j1, j2, J, M)} MOxKHA BUpa3UTH Yepes IXHIO JiHIHHY KOMGiHa-
1ito:

|j1!j2!JIM)= Z |j1!j2'mlym2><j15j25m15m2|j1;j21J1M>- (787)

mi,m2

KoeodinieHTH Takoro mnepeTBOpeHHs Ha3WBalOTbCA KoegiyieHmamu Kiaeb-
wa-TopoaHa i HajgaIi 6y yTh 3aIUCYyBaTUCh Y BUTJISALI

(91, 32, m1, mz|J, M) = (j1, j2, m1, m2|j1, 52, J, M). (7.88)

®a3zu koedillieHTIB MOKHU 1[0 AOBI/NbHI, OCKINbKHY |j1, j2, J, M) BUSHAUEHO JIU-
1Ie K BJIACHI BEKTOpHU ONepaTopa MOBHOTO MOMeHTY imMmyJbcy. s pisHux
3HaueHb M npu He3MiHHOMY J MU NPUMMAEMO CTaHAAPTHY JJOMOBJIEHICTD,
siKa pu3BeJia 4o Bupasy (7.14). Ase BoHa 3a/IMIIA€E OAHY AOBLIbHY Qa3y Ajs
KO>XHOT0 3HayeHHs J, ToMy MU QiKcyeMo ii 04aTKOBOIO BUMOTOI0:

(41, 92,91, J — 911J,J) € AilicHUM i NO3UTUBHUM. (7.89)

Taka ymoBa, X04 Ile ¥ He O4YeBHUAHO, PoOUTHL yci KoediuieHTu Kieb-
wa-l'opana AiiCHUMHU Ta TO3UTUBHUMHM.

CrniBBigHommeHHs (7.87) Ta o6epHeHe [10 10 HbOTO TEMep MOXKHA 3allUCATH
Yy BUTJIAL]

i1 d2 LMY = ) Ljn j2r ma, m2) (1, ja, ma, ma|J, M), (7.90)
mi,m2
i1, g2, ma,m2) = |i1, g2, J, MY(ja, 2, ma, ma| T, M). (7.91)
J.M

OckisbKY 1ie YHiTapHe NepeTBOPEeHHS BiJl 0JTHOI'0 OpTOHOPMOBAHOI'0 6a3uca
Jlo iHIIOTOo, TO KoedilliEHTH MalTh 33/I0BOJIbHATH CIiBBiHOIIEHHAM OpPTO-
HOPMaJIbHOCTI:

Z (jl:jz, ml,mzlJ, M)(jl!jZ'mlJm2|J/' M,) = SJJ/ SMM/, (792)

mi,m2

> G, da,ma, ma T, MY, G2, my, m |, M) = 8t Sy (7.93)
J,M
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Koeodinientu Knebma-IopsaHa 06epTalThCsl HA HYJIb, KI0 HE BUKOHYIO-
ThCA TaKi YMOBH:

@ mi+mz=M, (7.94)
(b) |1 —Jj2l £ J < j1+ 72 (7.95)
(¢) j1+ j2 +J = uine yucino. (7.96)

YmoBu (a) i (b) Mu Bxke BUBeJIM Bullle. YMOBa (C) BUILJIMBAE 3 IOBE/[IHKU PiBHS-
HHd (7.87) npu o6epTanHi Ha 2m. BianosigHo o (7.77), niBa yactuna (7.87)
mic/Ist Takoro oGepTaHHs Mae mepeMHOXyBaTHcs Ha (—1)27, Togi sk nmpasa
— na (—1)201%92) TlomuoxuBIIN 06MBI YacTHHHM Bupa3y we Ha (—1)%7, Mu
OTPUMYEMO B JIiBil YaCTHUHI (—1)4‘], 1110 TOTO>KHO JIOPiBHIOE OIMHMUII, 60 J MO-
e Oy TH JIMIIIE I[iJTMM 260 HaniBI[IJIUM. A TOA /i1 MHOKHHUKA B TPaBil 4acTUHI
maemo ymoBy (—1)20U1+72+7) = 1 mo eksiBanenTHO (7.96).

PekypcuBHI ciBBifHOLIEHHSA

KoeodinienTun Kinebma-T'opgana MoXHa OTpUMATH LIJIAXOM ITOCJIiJOBHOTO 3a-
CTOCYBaHHA onlepaTopiB J; i J_, BusHayeHux y (7.5), A0 piBHAHHA

v gz T My = > 1, ma)® @ [j2, m2)P (a, o, ma, ma| J, M), (7.97)

mi,m2

siKe € MpocTo iHmuM 3amnucom (7.87).

Lle jierko NpoistoCTpyBaTH AJi BUIAJKY j1 = j2 = % Kosau J i M pocsira-
I0Th CBOTO MaKCUMaJIbHOTO 3HaueHHsd J = M = 1, cyma (7.97) micTUTb JiuLie
OJ\MH NOJAHOK:

1310 =(G 00D 30D 099
YmoBa a5 daszu (7.89) i Ta 06cTaBUHA, 1110 BEKTOPU MAIOTh OJUHUYHY HOPMY,
JLAl0Th
(G222L) =1

Jlani My 3acTocoByemo 10 (7.98) onepatop J- = JMD +.J@ i pukopucrosyemo
(7.15), mo6 oTpumMaTH
11 1 _1\@® 11432 411 1\ 1 _1\®@
V23,3100 =13-3) " ®13.3) 7 +13.3) 7 ® 15 —3) -

[ToBTOpHE 3acTOCyBaHHA J_ J10 IbOTO BUPA3y Ja€

L-1)=13-3)" ®[5,-5)7.
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[TopiBHsABIIM 1ii pe3yibTaTH 3 (7.97), MU OTPUMYEMO MePIi BA CTOBMIL AJIsI
mpunsiemy B TabJIuIl:

3Ha4yeHHA (%, %, mq, mz|J, M)
(Tpumner) (cunrser)
JM=|1,+41]1,0 |1, -1 0,0
mi,mz = +3,+3 | 1 0 0 0 (7.99)
+3,-3| O = 0 =
—2+3 1 O 5 0 -5
--321 0 0 1 0

TpeTiii cToBnenp i TPUILJIETY MOXKHA OTPHUMATH 3 JJOMOBJIEHOCTI IIpo da-
3y (7.89) i Bumory, w06 cuHrsnemuudii ctad |0, 0) 6yB opToroHajJbHUHN [0 BCix
TPbOX TPUILJIETHUX CTaHIB.

3acrocyBaHHd oneparopa J- o (7.97) y 3aralbHOMY BUIIaJKY A€

VU =M+ D + M) |j1,j2, /M = 1) =
= Z VU1 =ma+ D1+ ma) i ma = DD @ |z, ma)®+

mi,m2

+ Gz = mz + Dz + m2) |1, m1)® @ |z, mz — 1)@ }x
X (j1, j2,ma, mz|J,M). (7.100)

Tenep nepenumemo Bupas (7.97), 3aminuBLIM B HboMy M Ha M — 1:

gz /M =1y = > |j1,m)® @ |52, m2)® (jr, j2, ma, ma| J,M — 1),

mi,mz

i mopiBHsEMO Horo foaHKH 3 JogaHkaMu B (7.100) /11 oKpeMux 3HaYeHb 1711
i m,. B pesysibTari,

VU =M+ 1)(J + M) (1, jo, ma,ma|J,M — 1) =
= \/(]'1 —m1)(J1 + m1 + 1) (J1,j2, m1 + 1, mz|J, M)+
+ G2 = m2) (G2 + ma + 1) (Ju, 2, ma, ma + 1|7, M).  (7.101)
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J@

: o . 1
[liskoM mofiGHI 064YMC/IeHHS i3 3aCTOCYBaHHAM onepaTopa J4 = JJE )+
JIal0Th

VU +M+ D (J = M) (j1, j2,m1,mz|J, M+ 1) =
= \/(jl + ml)(jl —mq + 1) (jl!jmel - 1Im2|JIM)+
+ Gz + m2)(a — mz + 1) (ju, jz, ma, ma — 11J,M).  (7.102)

Ili peKypcuBHi cniBBiJHOIIIEHHSI 0COGJMBO KOPUCHI MpPU PO3TJSIi chiH-
opbimasbHoi 83aemMo0dii i eJIeKTPOHA B aTOMIi, KOJH j; = ¥, jp = % Axmo
B3ITU MaKCUMaJIbHe 3HAaYeHHA My = %, TO APYTUU A0AAHOK Y IPaBill YacTUHI
piBHsHHSA (7.101) 06epTa€eThCSA HA HYJIb, 1 TOA1 3aJIUITAETHCS

JI-M+D)T+M)(¢,3M-3,1

121

= (=M )+ M= 1) (6 M= 3, 2],m)

TyT Mu ckopucTaiuch yMoBow (7.94), akagaemy =M —my = M — %
[linctaHoBka M — M + 1 npuU3BOAUTB [0
b—M+L)(e+M+1)]”
11 ( 2
(6,3 M=3,1|J,M) = [ R ES)Y (4,3, M+1,3|J, M+1).

Jna Bunagky J = € + % MU PEKYPCUBHO 3aCTOCY€EMO Lie PiBHAHHSA, aX OKHU

nocaigoBHicte M, M + 1, M + 2, ... HaGy/e CBOro MaKCHUMaJlbHOT'0 3HaYeHHs
1.

4+ 3¢

0+ M+ 117
(eam=23m) = |02 st 3 e e 1) =

| 2 |
£+ M+ 1]

= m (‘g,z, +;,;|‘£+%,M+2):
| 2 |
o+ M+ 117 L

=\ 51| Gztile+ze+3)

Koedinient Kie6ma-I'opaana B ocraHHbOMY psiKy Ma€ BUTJIsA (71, j2, j1, j2 |71+

j2,J1 + j2),14nuTavyeBi NPOMOHYETHCS CAMOCTIMHO IOBECTH, 1110 BiH JIOPiBHIOE
oauHuLi. OTKe, o6uncienns (€, 3, M—3, 3|.J, M) 3aBepueno, i oTpumMaHe 3Ha-
YeHHs PO3Mill[eHO B JIIBOMY BepXHbOMY KyTKy HaCTYTHOI TaG/IHIi:
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3uavenns (¢, 3, M — mg, ms|J, M)

J=20+3 J=20+3
L [emM e [e-M+ 1) 103
T2 2041 | || 2e+1 (7.103)
oL M [eeM 1)
MeTT2 | T2e+1 | |20+ 1

Bupas y iBOMy HI?)KHbOMY KYTKY Ta0J/IMIli MO>KHA BU3HAYUTH 3 TOT0 3K PEKYP-
CHUBHOTO ciiBBigHOmeHHs (7.102), B3BILIU my = —%. [IpoTe Horo Jieriie BU-
BECTH 3 TOro GaKty, uo Bekrop |J = £ + 3, M) € HOpMOBaHUM, a OTIKe, CyMa
KBaJipaTiB 060X KoedillieHTIB 3 JIIBOrO CTOBIL Ma€ AOPiBHIOBATU OJWUHUIL.
Bupasu y npaBoMy cTOMLi, 32 BUHAATKOM [IOBHOTO 3HAKY, BU3HAYalOThCS 3 BU-
MOTH, LLI0 BEKTOP |J ={— %, M) HOPMOBAHHWU Ha OAMHHUIIIO | OpTOrOHANIbHUM
no |J = ¢+ 3, M). A3 somoBeHocTi 1po dpazy (7.89) BUIIMBAE, 1O JOJAHOK
i3mg = —% Ma€ YTH NO3UTUBHUM.

CniH-op6imaavHi 8aacHi @yHKYIl 3aUCYIOThCS, K ng. Ixniit crangap-
THUU BUTJISAJ, Yy MATPUUHOMY NPEACTaBJEHHI €

g1 Jerm+ivi e
¢ V20 + 1 /{,_MJF%YT%(@’CP) '
- (7.104)
ye—%,M_ 1 _J{)_M"'%Yy_%(e'@)
! V2t +1 /£’+M+%Yy+%(9,(p) |

3a cBO€l0 6Y/10BOI0 BOHM € BJaCHUMU QyHKLisiMU onepaTopiB L-L,S-S,J-Ji J;.
Tako BOHM € BJIacCHUMU QYHKIiIMU onlepaTopa criH-op6iTanbHOI B3aEMO/|l
L - S, ockinbku

L-S=2J-J-L-L-S-8). (7.105)
Bs1acHi 3HaYeHHS 1IbOTO ONlepaTopa €
in%e ansij =4+ 1,

‘ (7.106)
—2h2(£+1) paj=4- 31

LG+ L+ 1) -] ={
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[Ipuknaz cniH-op6iTasbHOI B3aEMOIii MU po3r/issHeMo B § 16.4.

Birmeposi 3j-cumBOJIH

Koeodiunientun Knebma-T'opgana nos’a3aHi i3 caMeTpuyHimuMu KoedinieHTa-
MM, 1[0 MalOTh Ha3By BirHEPOBHUX 3j-CUMBOJIIB:

1 J2 J3 _ (_1)j1—jz—m3
mi Mz M3 V2753 +1

PoTeHn6epr i cniBaBTopu [157] yki1aau BU4epIHi TabaMLi UX Ta e CKIaAHi-
muX KoedirieHTiB pa3oM 3 epeslikoM HaWBaXKJIUBIIINX CNiBBiJHOLLIEHb, AIKUM
BOHHU 33/I0BOJIbHAIOTE. ¥ BifimoBigHOCTi 10 (4.94), (4.95) i (4.96) BirHepoBi 3 ;-
CHMBOJIU MAalOTh 06€PTaTHUCA HA HYJIb, AKIIO 1M1 + My +m3 # 0, BEJIUYUHH jq,
J2 1j3 He 3aJ0BOJILHAIOTH HEPIBHOCTI TPUKYTHUKA, a j1 + j2 + j3 He € LiJIUM
YHCJIOM.

[TosdHauuMo 3j-cumBoJu (7.107) abepesiaTypoto (1, 2, 3). Iy HUX BUKO-
HYIOTbCA TaKi CIIBBIJHOIIEHHA CUMeTPil:

(J1, j2, m1, m2|j3, —ms). (7.107)

(i) Mapna nepecTaHoOBKa:

(1,2,3)=(23 1=, 12).

(ii) HemapHa nepcTtaHOBKa:

(3,2 1)=(213)=(132)=(123)x (-1,

(iii) O6epHeHHs 3HAKIB My, My i M3 TPU3BOAUTDL [0 NMEPEMHOKEHHS 3j-
cuMBoOJIa Ha (—1)717727™s,

CUMeTpUYHICTD BiJHOCHO NepecTaHoOBOK 1 i 2 Gysia o4ikoBaHOO i3 caMoro
o3HaueHHs KoedinienTis Kne6ma-Topaana yepes JojaBaHHA JABOX MOMEH-
TiB IMIyJIbCy, IPOTE NOTPiMHA CUMETPUYHICTD QXK HifIK He 0O4YeBU/IHA 3 LIi€l To-
9KH 30py. ¥ MoHorpadii PoTen6epra HaBeeHo U iHWIi cuMeTpil, iHTepnpeTa-
1lif AKKX 1je 6i/blI He36arHeHHa.

§7.8. HenpuBiaHi TeH30pHIi onepaTopu

OfHa 3 MpUYMH, 1Ka pOOUTH TAKUM BaXXJIMBUM Habip 25 + 1 BJaCHUX BEKTO-
piB MoMeHTYy imnyJbcy {|j,m) : —j < m < j}, nosdara€e B TOMy, L0 NpH
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00epTaHHSX BOHU MepPeTBOPIOIOTHCS 3a NPOCTUM npaBusioM (7.71), bopmy-
104M 6a3uc iHBapiaHTHOro HenpuBigHoro nignpocropy. Ha6ip 2k + 1 onepa-
TOpiB {T,Sk) : —k < q < k}, w0 3a3HaOTh aHAJMOTiYHUX TpaHChOPMaLLiii:

k) p— k) (k
R(o BV TSI R (@ By) = > T DI (a0, B,v), (7.108)
ql
YTBOPIOE HenpugidHUll meH30p paHry k.
CkansspHui onepaTop S, IKUi (32 03HaYeHHSAM) iHBapiaHTHUH BiAHOCHO

o0epTaHHA:
R(o, B, Y) SR (&, B,Y) =S, (7.109)

€ HeNpUBiJHUM TEeH30pOM HYJIbOBOI'0 paHIy. BekTopHui onepartop V € He-
MNPUBIJHMUM TEH30POM IE€PIIOTO0 PAHI'yY, OCKiJIbKHA TPU KO0 KOMIIOHEHTA Iepe-
TBOPIOIOTHCS NPU 00EpPTaHHAX Ha CBOIO JiHiIMHY KoM6iHaLi0. ChepuyHi Kom-
noHeHmMu BEKTOPA, sIKi 3aJ0BOJIbHAIOTh 03HaYeHH (7.108), 3aatoThcs BU-
pasaMu

L Lw,-w,. (7110
V2 V2

Xo4ya HeNpUBIAHUN TEH30P O3HAYEHO Yepe3 NepeTBOPEHHS PU CKiHYEH-
HUX 06epTaHHAX, AOMy TaK caMO MOXXHA JJaTH O3Ha4YeHHd 4yepe3 iHiHiTe3HU-
MasibHi 06epTaHHs. 3raiaBIliv BUpa3 Ji/ist MaTpulli 06eptaHHs (7.64), MU Mo-
»keMo nepenucaru (7.108), s

Vit =-— (Vx + iVy): Vo=V, V_1=

K) p— k
RT{OR™ =" 18(k, q'|Rlk, q).
q/
st 06epTaHHsA Ha iHQiIHITE3MaNIbHUM KYT € IOBKOJIA OCi B HANPSIMKY OJTUHU-

YHOTr0 BeKTOpa N omepaTop nepeTBopeHHs Ma€ BUrjasiAi R = 1 —ien - J/Ah, i
TOJA] onepesHE PiBHAHHA A€

~ k k -~
m-3, 791 = 1%k, q'|8 - J|k, q). (7.111)
q/
3acTocyBaBIIHU Lied Pe3y/bTaT /10 HANPSAMKIB Y3[0BXK KOOPJAUHATHUX OCeH x,

Y, Z i ckopucTaBIIKUCh QyHJAMEHTAIBHUMU BiaacTuBocTaMu (7.14) i (7.15)
CX0l0BMX onepaTtopiB J4 = Jy +iJy Ta J- = Jx — i.Jy, MM OTPUMYEMO

[T, 7§71 = /G = @k +q + DTG,
[T TE = /e + @k —q+ DT, (7.112)
[JZ: Tt(gk)] = th((Ik).
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[i koMmyTaliiHi cniBBiAHOLIEHHS MOXXHa PO3IJISAAATH, K aJbTepHATHBHE
O03HaueHHd i cpepUyHHUX KOMIIOHEHTIB HENMPUBIAHOTO TEH30pa 3aMiCTh
(7.108).

[3 mpocTux o6epTajbHUX BJACTUBOCTEN TEH30pPHUX ONEpaTOpiB BUIJIU-
Ba€ KiJIbKa KOPUCHUX pe3yJbTaTiB. AJle 11 IX BUBeJJeHHA MU MyCUMO CIlep-
Iy OTPUMATH JesKi BaXKJIUBI CHiBBiTHOIIEHHS MiXK MAaTPULSIMU 0GepTaHHS
i koedinientamu Kne6ma-I'opaana. [lepefioBciM 3acToCyeEMO 06epTaHHA [0
106y TKY BekTOpiB BUTAsy (7.91):

RIk, ) ® |j,m) = Y _Rlk,j,J, M)(k, j,q,m|J], M),
J,M

3 BukopuctanHsam (7.71) e nae

> Ik d) ®1j,m)DE® DY (R) =

7!
q,m

> 1k g, J,MYDSY (R (k. . q,ml T, M).
M,J .M’

Tenep mijicTaBUMO B AAPYTUHN PSAJIOK BUPa3

kg, My = Y |k q'y ® i, m') (k. 5, q',m/|.], M)

q/,m/
i npupiBusiemo koediuientu np# |k, q') & |j, m'). B pesysnbraTi oTpumMyemMo

Z (k,5,q",m/|.J, M"Y D) (R) (k. j, q,ml|J, M).
M,J,M’

(7.113)

(Take npuBeZieHHA JJOOYTKY MaTPHUIb 06EPTAHHSA 10 CyMU OKPEMHUX MaTPHUIlb
iHKo/11 Ha3uBaTh psagoM Kiebuia-T'opaana.) Tenep, 3a 0MOMOrorw Teope-
MU opToroHasbHOCTi (7.70), MU MOXXEMO OGYUCAUTH iHTEIPas BifJ| JOOYTKY
TPbOX MaTpHULb 06epTaHHA:

f 0D Ry DY R) DD, (R) dR =
(7.114)
= (k,5,q,m'|J, MY(j1, j2, m1, m2|J, M)(2J + 1)*de.
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MaTpu4Hi eJileMeHTH TEeH30PHUX OllepaTopiB

O6uuCIeHHs MaTPUYHUX eJIEMEHTIB MOXHa iCTOTHO CPOCTUTH, BJABUIUCH
0 meopemu Birnepa-Exkapma, 1Ky MU 3apas J0BeZeMO.

Hexail |t, J, M) 6yZie BAaCHUM BEKTOPOM OllepaTopa NOBHOTO MOMEHTY iM-
yJIbCY, /i€ BJIACHe 3Ha4YeHHsd T NpeJCTaBJIsg€ AKICh iHIII onepaTopH, 10 MO-
KYTb 6yTH noeHaHi 3J - J i J; Ag yTBOpeHHs MOBHOTO KOMYTaTUBHOTO Ha-
6opy. CkopucraBmuce (7.71), (7.108) i yuiTapaicTio R, oTpumMyemo

O, T MO, g, My = (¢, J, M'|RIRTSORTR|t, 7, M) =
J! « (k J
= > DY R DG (R) DI (R) X
w,o,n
X (€, WITE T L.
JliBa yacTHHa LbOTO PiBHSAHHS He 3aJIeXKUTh BiJl 06epTaHHS, TOMY MU MOX€EMO

npoiHTerpyBaTy ii 3a Bcima kytamu R = (a, B,y) i ckopuctaTtucs (7.114), mob
OTpUMaTHU

@, MITP I, My = > 2 + D7 kol W) x
W,o,u
x(t, J,WITP %, J, (T, kM, q|.J", M.

OcranHiii koedinient Kne6ma-I'opaHa MoKHa BUBHECTH 3a 3HAK CYMH, i TaM
3aJIMIIATbCA MHOKHUKHY, 3a/1eHi unie Bin v, T, J’, J i k. k1o no3gayuTu

@, IO Ty = Y @F + D7 kol W), T W TS T, ),
W,o,un

TO ManI/I‘—IHI/Iﬁ €JIEMEHT MOXHa 3allUCaTUu y BI/II‘J'IHﬂi
«, J M T, J,My =, J|IT®||t, J)(J, k, M, q|J", M").  (7.115)

Lle i € TeopeMa Birnepa-Ekapra. Benuuuna (v, J'||T®||t, J) HasuBaeThcs
NpUBEJEeHUM MaTPUYHUM eJieMeHTOM. Bin He 3anexuTs Big M', M i q, a Bca
3aJIEXKHICTh MOBHOT'0 MaTPUYHOTO eJIEMeHTa Biff UX 3MiHHUX Y IBHOMY BH-
Al faeTbesa koedinientom Kne6ma-T'opgana.

IMpuknaag (1). HaftnpocTimuM npukaagoMm TeopeMu Birnepa-Ekapra € cka-
JIsIpHUHA onepaTop S, a4 sikoro k = q = 0. I3 o3HavyenHsd (7.90) i goMoB-
JeHocTi npo ¢asy (7.89) 3 oueBuaHicTIO BuauBae, mwo (J,0,M,0J, M) =
6.7/ 78y’ p, TOMY MAaTPUYHUM eJIEMEHT

(', J,M"|S|t, J, My = (T, J||S||t, J) 8.5 18 mrma (7.116)
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JiaroHa/JbHUH 3a iHZeKCaMU MOMEHTY iMIyJIbCy i He 3a/1exuTh Big M’ = M.

Ipuknaag (2). Xoua piBHAHHSA, 10 nepeaye (7.115), nae 9aBHUM Bupas AJs
NpHBEJIEHOr0 MaTPUYHOTO eJleMeHTa, HabaraTo 3py4Hille oTpUMaTH Horo
LIJIIXOM NPSIMOro 064K caeHHs JiBoi yacTUHU (7.115) /15 SKOTOCb OKpPEMOT0
BUNAAKY. MU NPOLIIOCTPYEMO Lie Ha IPUKJIAZi OllepaTopa MOMEHTY iMIYJIbCY
J, nnisa sikoro (7.15) HabyBa€e BUTISAAY

, T, M IO I, My = (7, T35 T, 1L, M, gl T, M), (7.117)
[IpoTe HaM BigoMo, 1110
(0, I, M IO T, MYy = (0, T, M| T, 1%, J, M)y = M 85058y S,

TOMY ZI0CUTh 6yze obuncautu (7.117) pas unagky M = M’ = J = J'. Big-
noBigHui KoedinieHT Kinebma-I'opjaHa MoxHa 3HAATH B CTaHAAPTHUX 10~
Biguukax: (J,1,J,0|J,J) = {J/(J + 1), Bigrak mu maemo (v, J||J||t, J) =

J/(J + 1) 6y Y 3araibHOMY BUNIZIKy MAaTPUUHUH eJleMeHT y JiBil yacTu-
Hi (7.117) mae o6epraTucsa Ha HyJb ipu J' # J. Ockinbku KoedinieHnT Kie6-
ma-T'opjaHa He 060B’I3KOBO HYJIbOBHIA IpH J' # .J, TO 3Bi/ICK BUIIMBAE, 1110
HYJIbOBUMH MaKTh 6yTH PUBEJieHi MaTPUYHI eJleMEeHTH:

, TN, Iy = T/ (T + 1) 8ueBr. (7.118)

Ipuknaag (3). CoiBeignowenHs (7.75) Mixk cpepudHUM rapMoHiKaMH 1 eJie-
MEeHTaMH MaTpuli 06epTaHHs [,03BOJISIE HAM 0GYMCIUTH iHTerpas Big f06y-
TKy TpbOX chepUUHUX rapMoHik. [3 (7.114) oTpumyemo

L * k [ .
[ || ® .0y D@ 8.1 Dow ) dasinpap ay =
= (£,k,m,q|L, M)(£,k,0,0|L,0)(2L + 1)~* f f f dasin B dp dy.
OckinbKY paBa YacTUHA PiBHSAHHS € JiCHOIO BEJIMYMUHO0, MU MOXKeMOo $op-
MaJIbHO 3aMiHMTH MiAiHTerpajbHUN BUpa3 y JiBid YacTUHI HA KOMILJIEKCHO

cupsikeHui. [lificTaHoBKa BUpasy AJs chepUIHUX FapMOHIK Yyepe3 MaTpHUIli
ob6epTtaHnHus (7.75) nae

[ [ [wteenvieeriee snodode=

) \/ (21\{4::(12);1{);)r 2 6,k 0,01L,0) (8, m,glL, M), (7:119)
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lla piBHicTh Bizoma, Ak @opmyasa Tonma. Takox iHTerpas MoOKHa pO3-
rJ/laTy, SIK MaTPUYHUU eJleMeHT HeNpHUBIJHOrO TEH30PHOr0O OIepaTo-
pa, 10 AKOro 3aCTOCOBYETbCA TeopeMa BirHepa-Ekapra: (L,M|YZ|{’, m) =
(L||Yk||€)(£, k, m, q|L, M). Takum unHOM, popmy.ia [oHTa € OKpeMHM BHUIA/-
KOM TeopeMu Birnepa-Ekapra.

J0GYyTKHU TeH30piB

Jlo6yTOK JBOX HENMPHUBI/IHUX TEH30PHHUX ONEPATOPIB He KOHYE J]a€ HENMPUBI-
JHUH TeH3op. [IpoTe 3 Takoro 06y TKY Jierko No6y/lyBaTH HENMPUBIJHUM TeH-
30pHUM onepaTop. Hexal ng) ifo:) TEH30Hi onepaTopu paHry k i € Bianosia-
Ho. Tozi

TS = (k£,q,mlL M) X 2 (7.120)

qam

6y/le HempUBiJHUM TeH30pOM paHry L. Lle piBHAHHA Ay>e noAioHe g0 (7.90).
JloBeJleHHSI HENPUBIAHOCTI T,V],“ 3 BUKopucTa"HaM (7.113) 3anuinaemo, K
BIpaBy AJIs YA Tava.

B okpemomy Bunagaky M = L = 0 TeH30p T((,O) € CKaJISIpOM:

T = > (i jrm, —m|0,0) X9, z0) =
m
7.121
0) 70) ( )
-m m "

B v 2]'1— 1 Z(_1)J’—mx

Tyt koedinient Knebma-I'opaana o6uucaoerbes 3 (4,0, m, 0|7, m) = 113 38-
crocyBaHHAM (7.107) i nepectaHOBO4YHOI cuMeTpil 3j-CUMBOJIIB.

Axmo X i Z 3Bu4aiini BekTopHi onepaTtopy, To (7.121) npocTo Aae ix cka-
NApHUI fo6yTok: X - Z = —/3 Tgo).

Ipukiaag (4). Ak ocTaHHINA NPUKJIAJ, PO3T/ITHEMO MAaTPUYHI eJIeMEHTH Olle-
patopaJ -V, ne J — moMeHT iMnyJibcy, a V — J0OBIJIBHUK BEKTOPHUU onepa-
Top. Ockinibku J - V € ckansapom, To (7.116) nmigkasye Ham, 110 MaTpHUId Gye
JliaroHa/IbHOIO 3a iH/leKcaMX MOMEHTY iMIyJIbCY, a TOMY HaM Tpeba Jiulie 06-
YUCJIUTH

(, M3 -V, J My = (7, T, M|(=1)" JD VDlx, J, M) =
m
= > O™ L MITD R, T M x
.EII’JII,M"’m

x (1", J",M" |V |r, J, M).
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MaTpuLi Bcix koMnoHeHTIB J AjiaroHasbHi 3a J i T, TOMy CyMa BKJIIOYAE JIMAILE
nopanku 3" = tv'iJ" = J. Kpim Toro, sik Mu nokasasnu y [lpuknagi (2), 3Ha-
YyeHHs] MaTPUYHHUX eJleMeHTIB J He 3aJ1eXXUThb Bif, T. 3aCTOCYBaBILIM TEOPEMY
Birnepa-EkapTa 70 eJieMeHTiB y OCTAaHHbOMY PALKY, OTPUMYEMO

(, ,MIT -Vt T, My =) (=1)"™(J,M[JG)|T", M") x
M" m
x (J,1,M,m|J, M"Y, J||V||t, J) =
= Cyu (T, J||V]|T, J).

(7.122)

fcHo, wo C jp He 3a/eXUTh BiJ T i T, a TaKOX BiJi KOHKPETHOI PUPOAH Be-
KTOpHOTO onepaTtopa V. OTKe, MU MOKeMO 0GYHUCIUTU Kel KoedilieHT, mi-
craBuBiu V = J:

(t, J,M|J - J|t, J, M) = C yp (T, J||J]|T, J)-
CkopucTaBiuch (7.118), Mu 6a4rmo, 1110
Cim =MJJ(J +1). (7.123)

lle# Bupa3 MoxkHa migcTaBUTH B (7.122) njis oTpUMaHHS NMPUBEAEHOT0 Ma-
TpuuHoro ejemenTa V (ass1 J' = J) yepe3 MaTpUUHUE esieMeHT ckassipaJ-V,
SIKUM 3a3BUYAl Jierlie 06UUCIUTH.

3acrocyBaHHA TeopeMmu Birnepa-Epkapra 10 oneparopiB ViJ fae

(', J, M \VvDt, 7, My =, J||V||t, J)(J, 1, M, m|.J’, M"),
(t, J,M'|JV |1, J, M) = (t, J||I||t, J)(J, 1, M, m|.J, M").

V apyromy piBHsIHHI MM BcTaHOBWJIM T = TiJ' = J /i1 yHUKHEHHsI TPUBI-
asibHoI ToTOXHOCTi 0 = 0. TaKUM YHMHOM, MAEMO

(v, J'lIV]|t, J)

ey © M L M. (7.124)

(o, J MWD, J, M) =
Jlist Bunaaxy J' = J npuBejieHi MaTPUYHI €JIEMEHTH MOXXHA OTPUMATH i3
(7.118) i (7.122), w0 B NifiICYMKY Aa€

(t, J,M|J - V|t, J, M)
RJ(J+ 1)

(', J,M'\VD|1, ], M) = (J,M'|JD|J,M). (7.125)

A OCKiZIbKM MaTpUYHUH eJIEMEHT CKaJIIpHOTO A00yTKY J - V pakTH4YHO He 3a-
JIEXKUTD Bifi M, TO 11e PiBHAHHS CTBEPIXKYE, 10 A1 ¢ikcoBanux T, T iJ = J'
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MaTpUYHUM eJleMeHT 6y/ib-IKOT0 BEKTOPHOTO OIlepaTopa NpoNopLiiHUN Ma-
TPUYHOMY eJIeMEeHTOBI orlepaTopa MOMEHTY IMIyJIbCY.

Ha mpakTuui 1eil pesybTaT 3aCTOCOBYIOTD IepeBaXkHO 11 T = T. Y BU-
MaZIKy, KOJIM CUCTeMa Ma€ TaKy JUHaMIKy, 110 i3 3a/J0BiJIbHUM CTyIlleHeM Ha-
OJIM>KeHHSI MOXKHA BBaXKATH, 110 BOHA BECh Yac 3aJIMILIATUMEThCS B CTaHi 3 ¢i-
KcoBaHUMHU TiJ, To (7.125) no3B0oJIsl€ onMcaTH ii 3a JONOMOTO0 raMiJibTOHIa-
Ha, AKUU MICTUTB JIMLIE OllepaToOp MOMEeHTY iMnyJibcy. Hanpukiaaz, onepatop
MATHIMHO020 MOMEHMY aTOMa Ma€ BUIJIA,

_ e
n= Tnec(gLL +959), (7.126)

nie onepatopu L i S BifnoBigaoTh opbiTajbHOMY Ta CIIHOBOMY MOMEHTaM
iMIly/IbCY aTOMa, e — BeJIMYMHA 3apsi/ly eJleKTpoHa (I03UTHUBHA, 3HAK MiHYC
BpaxoBaHO y ¢opMy.Ji), m. — Maca eJIeKTPOHa, a ¢ — WBUAKICTb cBiTJa. [1a-
pameTpu g, i g¢ MalOTb NpU6IM3He 3HadyeHHA 1 i 2 BignoBigHo. CKOpUCTaB-
much (7.125), MU MoXkeMo 3anucaTH BUpas AJIs CEpeJHbOro 3Ha4eHHS MarHi-
THOTO MOMEHTY aToOMa 4Yepe3 cepeJjHe 3Ha4eHHS WOro NOBHOTO MOMEHTY iM-
MyJbCy:

(t, J,M'|p|t, J,M) = _ﬁ Jese{J, M'|J|J, M), (7.127)

neJ =L+ S € onepaTopoM NOBHOI'0O MOMEHTY iMIyJIbCYy aTOMa, a

— (T'J'M|I1'J|T'J:M) —

Ielt = " Tp2500+ 1
(v J,M|g,L-J+ gsS-J|t, J, M)
B R2J(J +1) '

[lporeL-J = %(J-J+L-L—S~S)iS-J= %(J'J+S'S—L'L);TOMYMa€MO

_ (nJJMI{(g,+95)I I+ (9, —95)(L-L—S-S}|t,J, M)
eff 2R2J(J + 1) '

(7.128)

Y HabamxkeHHi LS-83aeM00ii BEKTOp CTaHy aTOMa € BJAaCHUM BeKTopoM L - L
i S-S 3 BaacuuMu 3HaveHHaMu h2L(L + 1) i A2S(S + 1) BignosigHo. ko
BTaHOBUTH g; = 11 gs = 2, T0 (7.128) 3BOANTBCA [0

o JUAD - LL+ DS+
Geft = 2J(J+1) '

(7.129)

lle#t pesysibTaT, BifoMuii sk g-gpakmop Jlaude, y>ke KOPUCHUM B aTOMHIiH crie-
KTPOCKOIIi Ta B 3aCTOCYBaHHAX ABUIA MAal'HITHOrO pe30HaHCy.
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§7.9. O6GepTasibHMI PyX TBEpPAOro Tijia

KBaHTOBa Teopist 6araTo4acTKOBUX CUCTEM, Ha 3PA30K MOJIiaTOMHOI MaJleKy-
Ji1 abo s/pa, HeMUHYy4Ye NPU3BOJAUTDb A0 CKJIAAHUX i TPOMi3IKUX 06YHC/IEHD.
Ta K10 BCi cKIaZ0Bi LiET CUCTEMH XXOPCTKO 3B’s13aHi Mixk co6010, BOHA 06ep-
TaTUMEThCH, IK EAUHE IiJe, i 1l 00epTaJbHUI PyX MOXKHA PO3TJisIaTh He3a-
JIEX)KHO BiJi KOHKpPETHOI BHYTPIlIHbOI CTPYKTYpHU. ['aMizibTOHIaH y IbOMY BH-
naJKy:

J? Jb J?

+

H=1lZay

2\, T, T (7.130)

nelg, Iy, [ — rosoBHi MOMeHTH iHep1i, a Jg, Jp, J. — onepaTopu KOMIIOHEH-
TiB MOMEHTY IMIyJIbCy B3/I0BX 'OJIOBHUX OCeH iHepLii TBepAoro Tija.

[ xo4a KBaHTOBa TeOpisi MOMEHTY iMIyJIbCy B 06epTalbHii CUCTEMI KOOp-
JUWHAT, 3arajioM HeCKJIaJiHa, BOHA MiCTUTD [eBHI HECITOIiBaHKM. fIK HaM Jj06pe
BijoMO, KOMyTalliiiHe CliBBiIHOLIIEHHS /151 KOMIIOHEHTIB OllepaTopa MOMEH-
Ty IMIIyJIbCYy B HEPYXOMIH y MPOCTOPIi CUCTEMI KOOPAMHAT MalOTh BUTJIA[

[ Jy] = iR, (7.131)

[IpocTopoBa opieHTallist 0celt x, y i Z MoxKe 6y TH 0BIJIbHOI0, TOMY B KOXKEH MO-
MeHT 4acy icHye Taka ¢pikcoBaHa cUCTeMa KOOPJIUHAT, 1110 ii oci 36iraTuMyThcs
3 TOJIOBHUMH OCSIMH iHEPIIii TBEP/IOTO TiJIa, a TOMY CJIif 6yJi0 6 09iKyBaTH, 110
ans Jg, Jp i Jo BAKOHYBAaTUMETbCS TaKe K caMe KOMyTalliliHe CHiBBiIHOIIIEH-
He. Asle HacnipaB/j 1ie CiBBiAHOILIEHHS Ma€ MPOTUIEXKHUU 3HAK:

[Ja, Jp] = —ihJe. (7.132)

[IpyyrHa HOro modABH MOJIATAE B TOMY, 10 MOMEHT IMIYJbCYy B CHUCTEMI,
NOB’si3aHil 3 TBEPJUM TiJIOM, BUPAXKAETHCS Yepe3 MOMEHT iMIyJIbCy B iHep-
LiMHIN ranisieesiit cucremi, ik J;, = J - 4, e OAMHUYHUEN BeKTOp A mpej-
CTaBJIsl€ JUHAMIYHY 3MIHHY TiJIa, aHAJIOI1YHY OIlepaTOPOBi NOJIOXKeHHA. Jlyig
o64ucieHHsl KoMyTaTopa [Jq, Jp| CKOPpUCTAEMOCS CMiBBiJHOIIEHHSM, 1[0 BU-
IJIMBAE 3 TOTOXKHOCTI fAKO6I:

[AB, CD] = A[B, C|D + AC[B, D] + [A, C]|BD + C[A, D]B. (7.133)

Tenep Hexal u i v 6yAyTb BEKTOPHUMU OllepaTOpaMH Ha 3pa3oK olepaTopa
noJIoXKeHHSA. BOHU KOMyTYI0Th MiK C06010, 2 IXHi KOMYTaTOPHU 3 KOMIIOHEHTA-
MU MOMEHTY iMIyJIbCy MATUMYThb TUIIOBUM BUTJISA/

[Jo ugl = theagy Uy, (7.134)
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lle €qgy AHTUCUMETPUYHUU TEH30p, 3anpoBajxenui y § 3.3. [ligcraBuBiuu
(7.134) y (7.133) oTpumyeMo

[uo(e]o(, VBJB] ua[Ja, U[g]J[g + uavB [Jo(, JB] +
+ [ua, uB]JBJa + vg[ua, JB]Ja =
U (iheagyVy)Jg + Uavg(iheqgyJy) +

+ 0 + vg(—iheqgyty) Ja.

(7.135)

[lizcymyBaBIy 3a «, 3, y i nepenpru3HavMBIIM HiMi iH/IeKCH B KiJIbKOX J10/1aH-
Kax, 11106 X Mo>KHa 6yJio 06’€AHATH, MAEMO

[u-J,v-J] = (iheagy (-1 + 1+ 0 — Dugvpty} =

By (7.136)
Z —ihEaByu(x‘lJB Jy.
aBy

Tenep, aAKkmo MU 06epeMo U i V OJUHUYHUMHU BeKTOpaMH, COPSMOBAaHUMU
B3/10B FOJIOBHUX Ocell iHepuii a i b, To oTpuMaeMo piBHsAHHS (7.132). 3a3Ha-
4YMMO, 1110 Lie CIpaBeJIMBO caMe /IS BEKTOPHHUX OllepaTopiB; AKOU U i vV 6y/i1
IpPOCTO OJMHUYHUMU BEKTOPAMHU, BOHU 6 KOMYTYBaJIM 3 yciMa KOMIIOHEHTa-
Mu J,iTozai 6 y npaBiii yactuHi (7.135) 3anumaBcs 6 aulie oJH HEHYJIbOBUM
AOAaHOK UgVg[Ja, Jg], o mpusBesio 6 fo piBHOCTI TUMy (7.131). [IpoTHe-
*KHUM 3HaK y (7.132) 3’9BJISETHCSA 3 Ti€El IPUYUHY, 1[0 BEKTOPH, OB’s13aHi i3
CUCTEMOI0 KOOPAUHAT TBEPAOro TiJa, € JUHAMIYHUMU 3MIHHUMU 3 HETPUBI-
aJIbHUMU KOMYTaLiiHUMH BJIaCTUBOCTAMHU.

CreKTp BJIaCHUX 3Ha4YeHb MOMEHTY IMIYJIbCY B CUCTEMI KOOPAWHAT TBep-
JlOro TiJla MOXKHA O6YHCJIUTH 3a METO/IOM, BUKJIaJleHUM ¥ § 7.1. BoHnu 36iraTu-
MYTbCS 3 BJACHUMU 3HAYEHHSIMU MOMEHTY IMIyJIbCY B HEPYXOMIl CHUCTeMi,
aJie mpoTuaexHui 3Hak y (7.132) npusBefe [0 3MiHe AesKUX 3HAKIB y Ma-
TPUYHUX eJIeMeHTax.

Pi3ni cumeTpil TeH30pa MOMEHTY iHeplii JalOTh KiJbKa LIiKaBUX Cleli-
aJIbHUX BUNAaAKIB. ChepuuHo cumempuyHa d3ura Ma€ oJHaKOBi 3Ha4eHHH BCiX
TPbOX I'OJIOBHUX MOMEHTIB iHepuii I = [ = I, = I, i Togi ramisibTOHiaH
HabyBae Burasay H = J - J/21, a ioro BJ1acHi 3Ha4YeHHS €

_ G+

E; 21

(7.137)

Jpyra HecroAiBaHKa MOJIATAE Y JO0LATKOBOMY BUPOJKEHHI LIMX BJIACHUX
3HayeHb. [ MO’KHA BUABUTH, YTBOPUBILH I0BHUI KOMYTaTUBHUI Habip ole-
paTopiB A4 cucteMHu. BiH ckiagaeTbed 3
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(i) a6cosII0THOI BEJIMUMHM TIOBHOTO MOMEHTY iMNyJIbCY (sIKa € 0/JHAKOBOIO
i B HepyXOMHX y IPOCTOPi KOOPIMHATAX, i B MOB’s1I3aHUX i3 ocsaMu iHepiil
TBepgoro Tina) J - J = JZ + Jp + JZ = JZ + Jf + JE;

(ii) ofHOrO KOMIIOHEHTA B HEPYXOMUY KOOpAHUHATAX — 3a3BUYal Jy;
(iii) ogHOrO KOMIOHEHTA B30BX OCi iHep1il — 3a3BUYail J,.

[lepwi fBa onepaTopu LiJIKOM 04iKyBaHi, a OT 10S1IBa TPETHOT'0 JJOCUTh HECIIO-
JliBaHa, 60 J; BUAETHCA KOMIIOHEHTOM OllepaTopa MOMEHTY iMIyJIbCy B Ha-
NpAMKY, BIIMiHHOMYy BiJ OCi z, TOMy BiH He IOBUHEH KOMYTYBaTH 3 J;. Ha-
cupaBai xk Jo = € -J € ckaJlsIpHUM OmepaTopoM, i BiH KOMYTYE 3 yciMa re-
HepaTopaMHy 06epTaHb y HEPYXOMill cHcTeMi KoopAUHAT. TOMy BUPOJKEHHS
eHepreTHYHOro0 CNeKTpPy 3 KpaTHicTio (25 + 1) 3amicTb 25 + 1 € HacaigKoM
cbepuuHOi cuMeTpil CKIaIHOI CUCTEMU.

AkcianbHo cumempuyvHa d3ura Mae Ba OJTHAKOBI rOJIOBHI MOMeHTH iHep1iil
Ig = Ip # Ic. Ockinbku J2 + Jpy=J-J— JZ, raminibTOHIaH MOXKHa 3aMKcaTH,
AK

1J-J 2 1
H=300+ 17 (Ic Ta>' (7.138)
BsiacHi 3HaueHHs eHepril €
o _hrjG+1) h2k2(1_1)
Ejw=5="T—+=\."1,) (7139

Jie hk € BJlacHUMU 3Ha4eHHSMHU onepartopa J. y npoMixkky [—j, j]. CTyminb
BUPO/PKEHHS JOPIBHIOE 2§ + 1, BiAMOBi/IHO [0 BJaCHUX 3HAY€EHD J5.

JliHiliHy Mo/1eKy/1y MO>KHA 3MOJ,0/II0BaH, sIK TPaHUYHMI BUNIAJI0K aKciaib-
HO CUMeTpPUYHOI A3uru npu I, = 0.Y uit Mmexi goctynHi auiie cranuu 3 k = 0,
60 Mpu iHIIMX 3HAYEeHHAX K eHepreTUYHi PiBHI CTAlOTh JA0BIJIbHO BEJIMKUMH,
a oTxe, pizuuHO HepeasisoBaHUMHM. JIOCTYIHI piBHi eHepril MalOTh Take came
3HAYeHHS, SK i /19 chepUIHO CUMETPUYHOI I3UT'H, IPOTE CTYIIiH IX BUPOJIKe-
HHS 3aJIMIIA€EThCA 25 + 1.

AcumempuyHa d3ura Mae TpH pi3Hi rosioBHi MoMeHTH iHepii. [[/is piBHSH-
Hfl Ha BJIACHI 3Ha4eHHS eHepril He iCHY€E 3araJibHOTO pilleHH B 3aMKHEHOMY
BurJsji, npote Jlangay i Jlibmun y [114] HaBesu dopMyau A1 OKPEMUX BU-
Ma/iKiB 3 TOBHUM MOMEHTOM iMnyJbcy j = 1,21 3.

Jlitepatypa go Po3ainy 7

Y 36ipui Quantum Theory of Angular Momentum, 3a pefakuieto JI. JI. BigeprapHa
i I.Bau /lama ([28], 1965), MicTUTbCSA YMMaso 1[iKaBUX PENPUHTIB Ta OpUTi-
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HaJibHUX cTaTel. Oco6IMBUM iHTEpec CTaHOBJATH CTAaTTi Birnepa Ta llIBiHre-
pa, ki 1o TorO He My6JIiKyBaMKCS.

3agaui

7.1. 3HalfiTh po3n0AiJa iIMOBIPHOCTI 3HaUYeHb AWHAMIYHUX 3MiHHUX L?>ilL,
op6iTaJILHOTO MOMEHTY IMNYJIbCY JIJI1 TAKUX QYHKIIiH CcTaHy:

(@) Y(x) = f(r)sinBcos @,
(b) W(x) = f(r) cos? 0,
(c) Y(x) = f(r) sin B cos O sin ¢.

7.2. Yu MoXe iCHyBaTH 8HYmMpIwHILl iMNy/1bC 3a aHAJIOIi€10 i3 BHYTPILlIHIM MO-
MeHTOM iMnyJibcy (TO6TO criHOM)?

IlosicHeHHs do 3adayi. MaTeMaTUYHO CIIiH MOXOAUTH i3 BJAACTUBOCTEHN 0bep-
TaAJILHOTO [IePETBOPEHHS 6AaraTOKOMIOHEHTHOI QYHKIii cCTaHYy:

¥ (x) ¥, (R™1x)
Rn(0) |W2(X)| = Da(6) [¥2(R7'®) .

OnepaTop oGepTaHHs Mae BUTAA Rn(0) = e~ ®WL/Ap (6). Mepmuit MHO-
’KHUK NPU3BOJAUTH /10 IepeTBOPEHHS KOOPAUHAT B apI'yMeHTI KOXKHOI OKpe-
Moi GyHK1i], a APYTrUM € yHITAPHOIO MAaTPHUIIEID, 1110 TEPEBOJUTH KOMIIOHEHTH
B ixHi JIiHiMHI KOM6iHawnil. 3po6uBLIM O iHiHITE3UMaTbHUM TapaMeTPOM, MU
oTpuMaeMo reseparop obepranbJ = L+ S, 1e L = —ihix X V,a S — epwmiTo-
Ba MaTpHUL, 10 BUBOAUTHCS, L0 € reHepaTopoM as Dy (0). Li ABa gogaHku
iHTepnpeTyeTbCH, sIK 0pbiTasbHa Ta CiIHOBA YaCTHHU NIOBHOT'O MOMEHTY iM-
MYJIbCY.

Tenep TakuM caMUM YMHOM PO3IJISHEMO MPOCTOPOBI NepeMilieHHs1. Onepa-
TOPOM TaKuX nepeTBopeHb € T(a) = e~@P/" i g paitsaranpuimomy Bunasky
Moro i Ha 6araToKOMNOHEeHTHY QYHKLiI0 CTaHy Ma€ JaBaTU TaKUM pe3yJib-
TaT:

Y1 (x) Yi(x—a)
T(a)|Y2(x)| = F(a) [Y2(x—a)],

Jle F(a) e meBHOI0 yHiTapHOIO MaTpulelo. BaaBuivce 10 iHQiHiTE3MMaIbHOTO
nepeMilleHHs, 3HaX0JUMO, 1110 I'eHepaTop NPOCTOPOBUX NepeMillleHb Ma€ BU-
raan P = —ihV + M, e maTpung M e reaepatopoM A F(a) = e~ @M/ Tj my
iHTepnpeTyeMo, IK BHyMpIiwHill iMNy/16C CHCTEMH.
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[Ilo BU Mo>keTe Mpo BjaacTUBOCTI MaTpuli M? flk BoHa cniBBifHOCUTBCA 3 S?
Yu Moxxe BoHa OyTH BiAMiHHOIO Bij Hy/1517

7.3. Hexait A i B 6yayTh BeKTOpHUMU ollepaTopamu. lle o3Havae, 110 BOHU
MaloTh NEBHI HETPUBiaJbHI KOMyTalilHi CiBBiAHOIIEHHS 3 OIIEPaTOPOM MO-
MeHTY iMnyJibcy. CKopucTalTecs I{MMU CHiBBiIHOIIEHHSMH, 11106 T0BECTH KO-
MyTaTUBHICTb A - B 3 Jy, Jy 1 J3.

7.4. JloBeJiTh, 10 B pasi, KoJIK ollepaTop KOMYTYE 3 ;BOMA KOMIIOHEHTaMHU J,
TO BiH HEOAMIHHO Ma€ KOMYTYBAaTH i 3 TPETIM KOMIIOHEHTOM.

7.5. Cni"oBi MaTpuui a5 s = 1 3aAat0Thces piBHSAHHAM (7.52). [TokaxiTs, 0
ixHi KBagpaTHu B3aeMHO KoMyTaTUBHI. [lo6yayiTe Habip IXHIX CHiIbHUX BJa-
CHUX BEKTOPIB. flKi reOMeTpHYHI BJJACTUBOCTi MalOTh 1ii BEKTOpHU?

7.6. 3HaNiTh MAaTPUUHI eJleMeHTH CHiHOBUX MaTpUllb AJs s = 1y 6a3uci,
YTBOPEHOMY BJIACHUMU BEKTOpPAMHM i3 nlonepesHbOI 3a4a4i.

7.7. Po3ryigHbTe cUCTEMY [BOX YAaCTOK 3i CIIIHAMU Sq 1 S2.

(a) fkuio yacTKy MOXOAATH i3 ABOX JXKepeJsi, OMMCAHUX BEKTOpaMU CTaHy
|s1,m1) i |S2, m3) BifmoBigHO, TO sfika UMOBipHicTH TOrO, 1[0 yTBOpPEHA
HHUMH JIBOYACTKOBA CMCTeMa MaTHUMe IMOBHUH CITiH S7

(b) fkumo o6buABi YaCTKHU MOXOJATH i3 HENMOJIIPU30BaHUU pKepeJi, TO sKa
HWMOBIpHICTB, 1110 TaKa CHCTeMa MaTUME CIIiH S?

7.8. JloBefiTh ToTOXHICTh (6-A)(0-B) = A-B+io-(AXB), 1e 0 — mMaTpuui
[lay.si,a AiB— BekTopHi onepaTopy, 1110 KOMYTYIOTb i3 @, ajie He 060B’I3KOBO
KOMYTYIOTb Mi>K COO0I0.

7.9. Po3rJisHbTE CUCTEMY JBOX YACTOK 3i CIIIHOM % O6uMCIITh BJIACHI 3HaYe-
HHA i BnacHi BekTopu onepartopa oY) - 6(2), BukopucraiiTe, Ak 6a3uc, Ha6ip
BEKTODIB |m1) ® |m2).

7.10. /IBiyacTkwu 3i cniHOM % B3a€EMOJIIOTh Yepes 3aJIeXKHUH Bif CliHYy NOTeH-
mian V(r) = Vi(r) + Vo(r) 6 - 63, MokaxiTk, o piBHAHHS, AKe BU3HAYAE
3B’s3aHi CTaHH, PO3MAIAETHCA HA ABa PiBHAHHS, OJJHE 3 AKUX Ma€ ePeKTUB-
Hul notennian Vi + Vy, ainme V, — 3V5.

7.11. [loBeniTp, 110 onepaTop, o3HayeHui y (7.120), cnpaB/i € HENPUBiJHUM
TEH30PHUM OIIEPATOPOM PaHIYy L.
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7.12. Cxopucrtaitecs piBHsAHHAM (7.120) 1151 064McieHHs chepUIHUX TEH-
30pHUX KOMIIOHEHTIB onepaTtopa L = QX P, po3rzisarodu BeKTOpHi onepaTo-
pH, IK TEH30pH NEPLIOT0 PaHIy, a ixHil 00y TOK, AK HENPUBIAHUN TEH30PHUI
JIOGYTOK.

7.13. fKi HenpHUBiAHI TEeH30PHU MO>KHA YTBOPUTH 3 JIeB’IM KOMIIOHEHTIB OiBe-
Ktopa AqBg (o, B = x,y,2)?

7.14. JloBeniTs, o saapo 3i cninom 0 a6o % He MOXe MaTH eJIeKTPUYHOI0 KBa-
JpynoJybHOoro MoMeHTy. (,CliH" iipa HacOpaB/Ai € HOEAHAHHSAM CITiHIB Ta Bij-
HOCHUX Op6iTaJlbHUX MOMEHTIB iMITy/IbCIB HYKJIOHIB, 3 IKUX BOHO CKJIaJla€-
ThCA.)

7.15. EneKTpUYHUN KBaJPYNOJbHUNA MOMEHT B3aEMOJIE 3 eJIEKTPUUHUM I10-
JieM 4yepes I'paJlieHT — abo, 1110 eKBiBaJIeHTHO, Yepe3 APYTY MOXiHY Bij 1mo-
TeHLia1y @. K110 0Cci KOOpAUHAT 30PiEHTOBAHO B HANIPSIMKY FOJIOBHUX OCEU
I'pajiieHTa NOTeHLiaay, TO KBaAPYNOJbHUM raMijJibTOHIaH HabyBa€ BUTIAAY

%
x?

% %
Hy=C S§+ay25§+6225§ )

Jie @ 3a10BOJIbHSAE piBHAHHIO Jlamiaca V2@ = 0, a apyra noxijgHa 6epeThbcs B
TOYLi 3HAXO0PKEHHS YaCTKHU.

(a) MMokaxiTp, 1[0 raMJIbTOHIaH MOXKHA 3aMKCcaTH, K
Hq = A(3S2—S-S) + B(5% + 5%),

e A1 B 3anexarts Bif C i NOXiIHUX BiJ .

(b) 3naiiziTh BiacHi 3Ha4eHHA H [J19 CUCTEMH 3i CITiHOM %

7.16. Po3risiHbTE CUCTEMY TPbOX YaCTOK 3i CHiIHOM % Basuc cniHoBUX cTaHiB
YTBOPIOE Habip BOCbMM BEKTOPiB BUIIAAY |[m1) @ |m2) & |m3), Ae KoxxHe m
HaOyBa€ 3HAYEHb i%. 3HalAiTh y LboMY 6a3uci BjacHi BekTopu A J - J i J,
neJ =SM + 8@ 4+ 86,
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